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Abstract 



In this paper we study the dynamics of Bcrnoulh flows and their subflows over 
general countable groups. One of the main themes of this paper is to establish the 
correspondence between the topological and the symbolic perspectives. From the 
topological perspective, we are particularly interested in free subflows (subflows in 
which every point has trivial stabilizer), minimal subflows, disjointness of subflows, 
and the problem of classifying subflows up to topological conjugacy. Our main tool 
to study free subflows will be the notion of hyper aperiodic points; a point is hyper 
aperiodic if the closure of its orbit is a free subflow. We show that the notion of 
hyper aperiodicity corresponds to a notion of k-coloring on the countable group, a 
key notion we study throughout the paper. In fact, for all important topological 
notions we study, corresponding notions in group combinatorics will be established. 
Conversely, many variations of the notions in group combinatorics are proved to 
be equivalent to some topological notions. In particular, we obtain results about 
the differences in dynamical properties between pairs of points which disagree on 
finitely many coordinates. 

Another main theme of the paper is to study the properties of free subflows 
and minimal subflows. Again this is done throiigh studying the properties of the 
hyper aperiodic points and minimal points. We prove that the set of all (minimal) 
hyper aperiodic points is always dense but meager and null. By employing notions 
and ideas from descriptive set theory, wc study the complexity of the sets of hyper 
aperiodic points and of minimal points, and completely determine their descriptive 
complexity. In doing this we introduce a new notion of countable flecc groups and 
study their properties. We also obtain the following results for the classification 
problem of free subflows up to topological conjugacy. For locally finite groups the 
topological conjugacy relation for all (free) subflows is hyperfinite and nonsmooth. 
For nonlocally finite groups the relation is Borel bireducible with the universal 
countable Borel equivalence relation. 

The third, but not the least important, theme of the paper is to develop con- 
structive methods for the notions studied. To construct fc-colorings on countable 
groups, a fundamental method of construction of multi-layer marker structures is 
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ABSTRACT 



developed with great generality. This allows one to construct an abundance of k- 
colorings with specific properties. Variations of the fundamental method are used 
in many proofs in the paper, and we expect them to be useful more broadly in 
geometric group theory. As a special case of such marker structures, we study 
the notion of ccc groups and prove the ccc-ness for countable nilpotent, polycyclic, 
residually finite, locally finite groups and for free products. 



CHAPTER 1 



Introduction 



In this paper we study Bernoulli flows over arbitrary countable groups (these 
are also known as Bernoulli shifts, Bernoulli systems, and Bernoulli schemes). The 
overall focus of this paper is on the development and application of constructive 
methods, with a particular emphasis on questions surrounding free subflows. The 
topics, methods, and results presented here should be of interest to at least re- 
searchers in descriptive set theory, symbolic dynamics, and topological dynamics, 
and may be of interest to researchers in C*-algebras, ergodic theory, geometric 
group theory, and percolation theory. In Section ll.il we remind the reader the def- 
initions of Bernoulli flow and subflow and also discuss the importance of Bernoulli 
flows to various areas of mathematics. In Section [1.2l we introduce some basic nota- 
tion and terminology which is needed for this chapter. In Section [13] we discuss the 
question of the existence of free subflows. This question has been recently answered 
and is of importance to this paper. In Sections II. 4[ 11.51 11.61 and 11.71 we discuss 
the main results of this paper and at the same time discuss relevance to and mo- 
tivation from various areas of mathematics, namely descriptive set theory, ergodic 
theory, geometric group theory, symbolic dynamics, and topological dynamics. A 
significant aspect of this paper is the invention of some versatile tools which add 
structure to arbitrary countable groups and offer significant aid in constructing 
points in Bernoulli flows. These tools are developed in great generality and likely 
have applications beyond their use here. These constructive methods and their po- 
tential utility to various areas of mathematics are discussed in Section [1.81 Finally, 
in Section fl.QI we give a brief outline to the paper and discuss chapter dependencies. 
We encourage the reader to make use of the detailed index found at the end of the 
paper which includes both terminology and notation. 

1.1. Bernoulli flows and subflows 

Let us first begin by presenting the most general definition of a Bernoulli fiow 
(also known as Bernoulli shift, Bernoulli system, and Bernoulli scheme). If G is a 
countable group and K is a. set with the discrete topology and with a probability 
measure i/, then the Bernoulli flow over G with alphabet K is deflned to be 

K'^ ^ {x : G ^ K} = Yl K 

geG 

together with the product topology, the product measure i/'^ , and the following 
action of G: for x G and g £ G, g ■ x G K'^ is deflned by [g ■ x){h) = x{g~^h). 
The set K is always assumed to have at least two elements as otherwise K'^ consists 
of a single point. 

The action of G on is quite intuitive. For example, if G = Z and K = {0, 1} 
then = {0, 1}^ can be viewed as the space of all bi-inflnite sequences of O's and 
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I's. Z then acts by shifting these sequences left and right (the action of 5 £ Z 
shifts these sequences 5 units to the right). Similarly, {0, 1}^ can be visualized as 
the space of {0, l}-labelings of the two dimensional lattice 1? C with the action 
of 1? moving the labels in the obvious fashion. Comprehension of these examples 
should lead to an intuitive understanding of the action of G on K'^ . 

Under the product topology, the basic open sets of are the sets of the form 

e /f'^ : VI < i < n x(hi) = fcj 

where hi,h2, ■ ■ ■ ,hn S G, ki,k2, ■ ■ ■ ,kn € K, and n > 1. Thus the action of G on 
K'^ is continuous. It is not difficult to see that the basic open sets of K'^ are both 
open and closed (i.e. clopen). Since every point is the intersection of a decreasing 
sequence of basic open sets, it follows that K'^ is totally disconnected (meaning 
that the only connected sets are the one point sets). fC*^ is also seen to be perfect 
(meaning that there are no isolated points). Furthermore, K'~^ is compact if and 
only if K is finite. Thus by a well known theorem of topology, K'~^ is homeomorphic 
to the Cantor set whenever K is finite. On basic open sets the measure i/^ is given 

by 

i^'^iix £ : VI < i < n x{hi) = ki}) = J| i^(fc,). 

l<i<n 

Therefore the action of G on is measure preserving. It may not be so clear, 
but this action is in fact ergodic. 

In addition to Bernoulli fiows, we are also very interested in their suhflows (also 
known as subshifts or subsystems). A subfiow of a Bernoulli flow K'^ is simply a 
closed subset of K'^ which is stable under the action of G. Bernoulli flows and 
their subfiows show up in many areas of mathematics. One reason is that they 
have a rich diversity of dynamical properties which allow them to model many 
phenomenon. This "modeling" shows up in many contexts, such as in ergodic 
theory, descriptive set theory, percolation theory, topological dynamics, and sym- 
bolic dynamics. In ergodic theory and descriptive set theory, the orbit structures 
of Bernoulli fiows are used to model the orbit structures of measurable group ac- 
tions on other measure spaces. More generally, they are used to model countable 
Borel equivalence relations as a well known result of Feldman-Moore states that 
every countable Borel equivalence relation on a standard Borel space is induced 
by a Borel action of a countable group ( jFMj ). In the site percolation model of 
percolation theory, Bernoulli fiows of the form {0, 1}*^ are used to model the fiow 
of liquids through porous materials. In topological dynamics, it is known that if 
a group G acts continuously on a compact topological space X and the action is 
expansive, then there is a Bernoulli flow K*^ over G, a subfiow S C K'^ ^ and a 
continuous surjection (p : S ^ X which commutes with the action of G (meaning 
(l){g-s) = g-(j){s) for all g G G and s G S). Furthermore, if X is totally disconnected 
then (j) can be chosen to be a homeomorphism. Similarly, if X can be partitioned 
by a collection of clopen sets, then there is a subfiow 5 of a Bernoulli fiow K*^ and 
a continuous surjection cf) : X ^ S which commutes with the action of G. These 
types of facts can be used to study Bernoulli fiows via topological dynamics (for ex- 
ample, as in |GU| ). but more frequently topological dynamical systems are studied 
via Bernoulli fiows. This latter approach led to the invention of symbolic dynamics 
( [MHj ) and its subsequent growth over the past seventy years. A classical example 
of the use of symbolic dynamics is the modeling of geodesies flows on manifolds by 
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(the suspension of) subflows of Bernoulli flows over Z. Traditionally only Bernoulli 
flows over Z and Z" are studied in symbolic dynamics, but more recently Bernoulli 
flows over hyperbolic groups have been used to model the dynamics of hyperbolic 
groups acting on their boundary ([CP]). 

A key aspect of the importance of Bernoulli flows is their modeling capabilities, 
but there are several other reasons to study them as well. Indeed, Bernoulli flows 
may be considered interesting in and of themselves. This viewpoint can be seen in 
at least descriptive set theory, ergodic theory, and symbolic dynamics. Bernoulli 
flows serve as very natural examples of orbit equivalence relations, of measure pre- 
serving ergodic group actions, and of continuous group actions on compact spaces. 
At the same time, Bernoulli flows have very simple definitions yet their dynamical 
properties are very difficult to fully understand. A particularly nice and many times 
useful aspect of Bernoulli flows is that they are susceptible to combinatorial argu- 
ments, something which is typically not seen in other dynamical systems. Indeed, 
combinatorial approaches are a predominant feature both in symbolic dynamics 
and in this paper. Another source of motivation for studying Bernoulli flows is to 
understand the relationship between the algebraic properties of the acting group 
and the dynamical properties of the Bernoulli flow (a research program suggested 
by Gottschalk in [Go,). There are some known results of this type. For example, 
with complete knowledge of the dynamical properties of a Bernoulli flow K'^ , one 
can determine if G is amenable f jCFW] ). if G has Kazhdan's property (T) ( |GW| ). 
and the rank of G if G is a nonabelian free group f jGaj ). to name a few. This is 
another aspect of Bernoulli flows which appears on several occasions in this paper. 
Finally, in topological dynamics Bernoulli flows are also studied in order to reveal 
properties of the greatest ambit of G, since it is known that the greatest ambit of 
G is the enveloping semigroup of the Bernoulli flow {0, 1}'-' (see |GU| ). 

In this paper we study the dynamics of Bernoulli flows from the symbolic and 
topological viewpoints and employ ideas from descriptive set theory to gain further 
understanding. Although we do not study Bernoulli flows from the ergodic theory 
perspective, there is a topic we study (tileability properties of groups) which could 
be of interest to researchers in ergodic theory and geometric group theory. 

1.2. Basic notions 

We study Bernoulli flows from the symbolic and topological perspectives. We 
therefore only want to consider Bernoulli flows over finite alphabets (these are 
precisely the compact Bernoulli flows, as mentioned in the previous section). So 
throughout the paper the term "Bernoulli flow" will always mean "Bernoulli flow 
over a finite alphabet." We will also not make use of any measures (aside from 
a single lemma). So we will never specify measures on the alphabets or on the 
Bernoulli flows. Since the alphabet K is always finite and the particular elements 
of K are unimportant, we will always use K = {0, 1, . . . , fc — 1} for some positive 
integer fc > 1. As is common in logic and descriptive set theory, we let the positive 
integer k denote the set {0, 1, . . . , fc— 1}. We therefore write k'^ = {0, 1, . . . , fc— l}*^. 

Let G be a countable group and let X be a compact Hausdorff space on which 
G acts continuously (such as the Bernoulli flow fc*^). A closed subset of X which 
is stable under the group action is called a subflow of X. We denote the closure of 
sets A C X hy A. If x £ X, then the orbit of x is denoted 

[x] = {g-x : g£ G}. 
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Notice that [x] is the smahest subflow of X containing x d X. li g E G — {^g}, 
X d X, and g ■ x — x then we caU g a period of x. We call x X periodic 
if it has a period and otherwise we call x aperiodic (notice that here "periodic" 
and "aperiodic" differ from conventional use since most commonly these two terms 
relate to whether or not the orbit of x is finite). A subflow of X is called free 
if it consists entirely of aperiodic points, and x € X is called hyper aperiodic if 
[a;] is free (in [DS] such points are called limit aperiodic). In the specific case 
where X is the Bernoulli fiow k'^ , we use k-coloring interchangeably with "hyper 
aperiodic." Notice that x € X is hyper aperiodic if and only if x is contained in 
some free subfiow, and furthermore the collection of all hyper aperiodic points is 
precisely the union of the collection of free subflows. A subflow 5 C X is minimal 
if [s] = S for all s € S. Similarly, a point x € X is minimal if [x] is minimal (this 
again differs from conventional terminology, since such points x are usually called 
"almost periodic"). Two points x,y £ X are called orthogonal if [x] and [y] are 
disjoint. Finally, two subfiows 81,82 ^ X are topologically conjugate if there is 
a homeomorphism (j) : 81 ^ 82 which commutes with the action of G (meaning 
4>{g ■ s) — g ■ (/)(s) for all g (z G and s G 81). From the viewpoint of symbolic and 
topological dynamics, topologically conjugate subfiows are essentially identical. 

As mentioned in the previous section, a useful property of Bernoulli flows is that 
many topological and dynamical properties are found to have equivalent combina- 
torial characterizations. In fact, it is known that hyper aperiodicity, orthogonality, 
minimality, and topological conjugacy can all be expressed in a combinatorial fash- 
ion. We heavily rely on the combinatorial characterizations of these properties 
within the paper, and as a convenience to the reader we include proofs of these 
characterizations. Our heavy use of the combinatorial characterization of hyper 
aperiodicity led us to frequently use the term "fc-coloring" in place of "hyper ape- 
riodic." The term emphasizes the combinatorial condition and is also reminiscent 
of the term "coloring" in graph theory as both roughly mean "nearby things look 
different." We use the term "hyper aperiodic" within this chapter in order to em- 
phasize the dynamical property as well as to avoid the possibility of the reader 
confusing "fc-colorings" with arbitrary elements of fc*^. 

Now having gone through the basic definitions, let us repeat the second sentence 
of this introduction. The overall focus of this paper is on the development and 
application of constructive methods for Bernoulli flows, with a particular emphasis 
on questions surrounding free subflows. 

1.3. Existence of free subflows 

The most basic, natural, and fundamental question one can ask about free 
subflows is: 

Does every Bernoulli flow contain a free subflow? Equivalently, 
does every Bernoulli flow contain a hyper aperiodic point? 
This question is an important source of motivation for this paper, so we discuss it 
here at some length. One may at flrst hope that this question is answered by an 
existential measure theory or Baire category argument. Indeed, a promising well 
known fact is that the collection of aperiodic points in a Bernoulli flow always has 
full measure and is comeager (i.e. second category, the countable intersection of 
dense open sets). However, it is not clear if a comeager set of full measure must 
contain a subflow, and furthermore a simple argument (included here in Section 
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IS.ip shows that the collection of all hyper aperiodic points in a Bernoulli flow is 
of measure zero and meager (i.e. first category, countable union of nowhere dense 
sets) . The failure of measure theory and Baire category arguments suggests that a 
constructive approach to this question is needed. This is a bit concerning because 
even in the case of Bernoulli fiows over Z constructions for hyper aperiodic points 
are not very simple. Nevertheless, we are led to ask: for which groups G can one 
construct a hyper aperiodic element in at least some Bernoulli fiow The two- 
sided Morse- Thue sequence provides a well known example of a hyper aperiodic 
point for all Bernoulli fiows over Z, so the existence of free subflows of Bernoulli 
fiows over Z (and possibly Z") has been known since at least the 1920's (when 
the Morse-Thue sequence was introduced). Only very recently were constructions 
for hyper aperiodic points found for other groups. In 2007, Dranishnikov-Shroeder 
proved that if G is a torsion free hyperbolic group and fc > 9 then k'^ contains a 
free subflow ([DS]). Their proof essentially used the Morse-Thue sequence along 
certain geodesic rays of G. Shortly after, Glasner-Uspenskij proved in |GU) that if 
G is abelian or residually finite and fc > 1 then k'^ contains a free subflow. They did 
this by constructing topological dynamical systems with certain properties and then 
using the modeling capabilities of Bernoulli flows to conclude that these Bernoulli 
fiows contained free subfiows. 

The existence question of free subfiows was finally resolved in a recent paper 
by the authors ([GJS]) which provided a method for constructing hyper aperi- 
odic points in fc*^ for every countable group G and every fc > 1. In this paper 
we spend a great deal of time reproving this fact here, and in fact this paper en- 
tirely supersedes | GJSj . In addition to presenting a general proof which applies 
to all Bernoulli fiows, we also present alternative specialized proofs in the case of 
Bernoulli flows over abelian groups, solvable groups, FC groups, residually finite 
groups, and free groups (a group is FC if every conjugacy class is finite). As men- 
tioned previously, a signiflcant aspect of this paper is the development of powerful 
tools for constructing elements of Bernoulli flows. A very primitive and obscure 
form of these tools appeared in jGJS| under a dense and technical presentation. 
Thankfully here the presentation is much more spread out, the tools are clearly 
distinguished and greatly generalized, and significant effort was put into making 
these tools understandable and more widely applicable. It is with the use of these 
tools that we prove essentially all of the results mentioned in the next four sections. 
The tools we develop in this paper come from [GJSj and hence come from trying to 
answer the existence question for free subfiows. We therefore place a lot of focus on 
the existence question in the first half of the paper and use the question as primary 
motivation for developing our tools. 

For those readers who have a background in descriptive set theory, we would like 
to remark that the flrst two authors' original motivation for proving the existence 
of free subflows (in [GJS]) came from the theory of Borel equivalence relations and 
in particular the theory of hyperfinite equivalence relations. In proving that the 
orbit equivalence relation on 2^ = {0, 1}^ is hyperfinite, a key marker lemma by 
Slaman and Steel was the following ( SSJ. 

Lemma 1.3.1 (Slaman-Steel). Let F['L) be the set of aperiodic points in 2^. 
Then there is an infinite decreasing sequence of Borel complete sections of i^(Z) 
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such that n„eN Sn — 0- 

This lemma remains true when Z is replaced by any countably infinite group 
G. The existence of decreasing sequences of complete sections that are relatively 
closed in F(Z) would allow one to easily construct a continuous embedding of Eq 
into the orbit equivalence relation on F(Z). However, the existence of a free subflow 
of 2*^ immediately implies (by compactness) that for every countable group G there 
cannot exist a decreasing sequence of relatively closed complete sections of F{G) 
whose intersection is empty (although a continuous embedding of Eq into the orbit 
equivalence relation on -F(Z) still does exist). The relationship of free subflows to 
this type of marker question is discussed a bit further in jGJS| . 

In the following four sections we discuss the results of this paper followed by a 
section discussing this paper's methods and tools. Again, we would like to empha- 
size that although the existence question of free subflows was previously resolved, 
we use the question here as primary motivation for developing our tools, and these 
tools in turn are vital to the proofs of nearly all of the results mentioned in the 
next four sections. 

1.4. Hyper aperiodic points and fc-colorings 

When work began on this paper, one of the original goals was to investigate 
some of the basic properties of the set of hyper aperiodic points since at the time 
it was merely known that hyper aperiodic points existed. A natural first question 
is: How many hyper aperiodic points are there? Of course, this phrasing of the 
question is rather trivial since if x is hyper aperiodic then [x] is uncountable and 
consists entirely of hyper aperiodic points. However, this question becomes more 
meaningful when attention is restricted to sets of hyper aperiodic points which are 
pairwise orthogonal. In this case, the answer to the question is not at all clear. A 
second natural question is: Is the set of hyper aperiodic points (equivalently, the 
union of the collection of free subflows) dense? Even more restrictive versions of 
these questions exist where one considers points which are both hyper aperiodic and 
minimal. Recall the fact mentioned in the previous section that the set of hyper 
aperiodic points is always of measure zero and is meager. This tells us that there 
is a dividing line after which these "largeness" questions regarding the set of hyper 
aperiodic points will have negative answers. Nevertheless, the results mentioned in 
this section reveal that the set of hyper aperiodic points is surprisingly large in a 
few respects. The above questions are all answered in succession over two chapters. 
The following is the crowning theorem of these investigations. 

Theorem 1.4.1. Let G be a countably infinite group, and let k > I be an 
integer. If U C k'^ is open and nonempty, then there exists a perfect (hence un- 
countable) set P Q U which consists of pairwise orthogonal minimal hyper aperiodic 
points. 

We remind the reader that the proofs of all of our main results, including the 
theorem above, are entirely constructive. This theorem has three nice corollaries, 
all of which are new results. The first corollary ties in with the descriptive set 
theory connection mentioned in the previous section and requires further argument 
after the theorem above. The other two corollaries follow immediately from the 
theorem above but are also given direct proofs within this paper. 
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Corollary 1.4.2. Let G be a countably infinite group, let k > 1 be an integer, 
and let F{G) denote the set of aperiodic points in k'^ . If {Sn)nen decreasing 
sequence of (relatively) closed complete sections of F{G) (meaning each Sn meets 
every orbit in F{G) ) then 



is dense in fc*^. 

Corollary 1.4.3. If G is a countable group and k > 1 is an integer, then the 
collection of minimal points in k'^ is dense in k^ . 

Corollary 1.4.4. If G is a countably infinite group and k > 1 is an integer, 
then the collection of hyper aperiodic points in k'^ ( equivalently the union of the 
free subflows of k^) is dense in k^ . 

This last corollary is equivalent to the statement: if ^ C (7 is finite and y : 
fc = {0,l,...,fc — 1} then there is a hyper aperiodic point x € k^ which extends 
the function y. The above result therefore leads to the question: Which functions 

y : A k with A (- G can be extended to a hyper aperiodic point x ^ k'^1 While 
we were unable to answer this question in full generality, we do prove two strong 
theorems which make substantial progress on resolving the question. The first such 
theorem is below. It completely characterizes those domains A C-G for which every 
function y : A ^ k can be extended to a hyper aperiodic point. 

Theorem 1.4.5. Let G be a countably infinite group, let AC G, and let k > 1 
be an integer. The following are all equivalent: 

(i) for every y : A ^ k there exists a perfect (hence uncountable) set P C k*^ 
consisting of pairwise orthogonal hyper aperiodic points extending y; 

(ii) for every y : A ^ k there exists a hyper aperiodic point x G k'^ extending 



(iii) the function on A which is identically can be extended to a hyper aperi- 
odic point X € k'^ ; 

(iv) there is a finite setT C G so that for all g G G there ist gT with gt ^ A. 

Furthermore, if A C G satisfies any of the above equivalent properties then there 
is a continuous function f : k"^ ^ k'^ (where k^ has the product topology) whose 
image consists entirely of hyper aperiodic points and with the property that f{y) 
extends the function y for each y G k^. 

Notice that the set A can be quite large while still satisfying clause (iv). For 
example, one could take G = Z" and A = Z" - (lOOOZ)". Clearly any finite set 
A satisfies (iv) if G is infinite, so this theorem greatly generalizes the previous 
corollary. Also, since H satisfies (iv) if i? < G is a proper subgroup, we have the 
following. 

Corollary 1.4.6. Let G be a countably infinite group and let k > 1 be an 
integer. If H < G is a proper subgroup of G, then every element of k^ can be 
extended (continuously) to a (perfect set of pairwise orthogonal) hyper aperiodic 

point(s) in k'^ . 

The second and final theorem addressing the extendability question stated 
above is the following. Recall that fc*^ = {0, 1, . . . , A; — 1}*^. 
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Theorem 1.4.7. Let G be a countable group and let k > \ be an integer. If 
A Q G and y : A ^ k, then let y^, E {k + 1)^ be the function satisfying y*{a) — y{a) 
for a € A and y*{g) — k for g E G — A. Then y can be extended to a hyper aperiodic 
point in k^ provided G — A is finite and [y^,] H k^ consists of aperiodic points. 

We remark that for many groups one thinks of, such as Z", the above theorem 
is rather obvious. However, this is not always the case as there are groups whose 
BernouUi flows have quite strange behavior. An example somewhat related to the 
theorem above is that for certain countable groups G, there are x,y G k^ which 
differ at precisely one coordinate and yet x is hyper aperiodic while y is periodic. 
This particular phenomenon is carefully studied in this paper and is discussed in 
Section [mi 

Regarding the extendability question stated above, we make the following con- 
jecture. 

Conjecture 1.4.8. Let G be a countable group, let A C G, let k > 1 be an 
integer, and let y : A k. Define y^, G {k + by setting y*(a) = y{a) for a A 
and y*{g) = k for g G G ^ A. Then y can be extended to a hyper aperiodic point in 
k'^ if and only if [j/*] H fc*^ consists of aperiodic points. 

If y can be extended to a hyper aperiodic point in fc*^, then it is easy to see 
that [y^] n k'-^ consists of aperiodic points. The difficult question to resolve is if this 
condition is sufficient. Clearly this conjecture implies Theorem 11.4.71 Also, if A 
satisfies clause (iv) of Theorem 11.4.51 and y and are as above, then [y^] n k'^ must 
be empty. Thus the implication (iv) => (ii) appearing in Theorem 1 1 . 4 . 51 also follows 
from the above conjecture. We would like to emphasize that in all of the work we 
have done studying Bernoulli flows, we have always found the obvious necessary 
conditions to be sufficient. This is the main reason for us formally making this 
conjecture. 

Related to the extendability question discussed above, one can ask a similar 
question of which functions y : A ^ k have the property that every point in fc*^ 
extending y is hyper aperiodic. There is a combinatorial characterization for this 
property, but it is rather trivial. However, if A = H < G is a subgroup, then one 
can characterize this property through dynamical conditions on y when y is viewed 
as an element of the Bernoulli flow k^ . It is easy to see that if y € k^ and every 
extension of y to k^ is hyper aperiodic, then y must itself be hyper aperiodic (as 
an element of k^). So the question comes down to: for a subgroup H < G, which 
hyper aperiodic y G k^ have the property that every point in k^ extending y is 
hyper aperiodic? This is answered by the following theorem. 

Theorem 1.4.9. Let G be a countable group and let k > \ be an integer. For 
a subgroup H < G, the following are equivalent: 

(i) there is some hyper aperiodic y G k^ for which every x € k^ extending y 
is hyper aperiodic; 

(i) for every hyper aperiodic y G k^ and every x k^ extending y, x is hyper 
aperiodic; 

(ii) H is of finite index in G and (g) f] H ^ {1g} for every Ig 7^ g G G. 

Moreover, if every nontrivial subgroup H < G satisfies the above equivalent condi- 
tions, then G — Z. 
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In proving the above theorem, we prove the following interesting proposition. 
The proof of this proposition is nontrivial, and we do not know if its truth was 
previously known. 

Proposition 1.4.10. If G is an infinite group and every nontrivial subgroup 
is of finite index, then G — Z,. 

1.5. Complexity of sets and equivalence relations 

In this paper we study some complexity questions related to Bernoulli flows, 
and we approach such questions from the perspective of descriptive set theory. We 
remark that it is natural to use descriptive set theory as other notions of complexity 
(such as computability theory) are not generally applicable to Bernoulli flows since, 
for instance, not all groups have solvable word problem. There are two complexity 
issues we study here. The first is the descriptive complexities of the set of hyper 
aperiodic points, the set of minimal points, and the set of minimal hyper aperi- 
odic points. The second is the complexity, under the theory of countable Borel 
equivalence relations, of the topological conjugacy relation among subflows of a 
common Bernoulli flow. We do not expect all readers to have previous knowledge 
of descriptive set theory and so we include a section which briefly introduces the 
notions and ideas surrounding the theory of countable Borel equivalence relations. 
The material should be readable to those who are interested. Also, we do review 
some terminology of these areas here, but only very briefly. 

We first recall a bit of terminology from descriptive set theory. A topological 
space X is Polish if it is separable and if its topology can be generated by a complete 
metric. A set is S2 (i-^- Fa) if it can be expressed as the countable union of closed 
sets. Similarly, a set is Ilg (i.e. F^s) if it can be represented as the countable 
intersection of sets. A subset A C X oi a. Polish space X is Sj'Complete if 
it is S2 and if for every Polish space Y and every subset B C Y there is a 
continuous function f : Y ^ X with B — f^^{A). A similar definition applies to 
Ilg-complete. Intuitively, S^'Complete sets are the most complicated among all S2 
subsets of Polish spaces, and similarly for Ilg-complete sets. 

The study of the descriptive complexity of the set of hyper aperiodic points 
leads us to define a new class of groups which we call flecc. We provide the simplest 
definition here. A group G is flecc if there is a finite set A C G — {Iq} with 
the property that for every nonidentity g E G there is n G Z and h E G with 
hg^h~^ G A. The choice of the name flecc comes from the acronym "finitely 
many limit extended conjugacy classes." Various properties of flecc groups, other 
characterizations of flecc groups, and the meaning of the acronym can all be found 
in Section 18.31 To the best of our knowledge, the class of flecc groups have never 
been isolated despite being associated to an interesting dynamical property. This 
dynamical property is the following. Let G be a countable flecc group, let A C G 
be the finite set described above, and let X be any set on which G acts. Then X 
contains a periodic point if and only if X contains a point having a period in the 
finite set A. To see this, suppose x E X , g E G — {1g}> and g ■ x = x. Then there is 
n G Z — {0} and h G G with hg"h^^ = a E A. So we have that a E Ais a. period of 
the point y = h ■ x. This dynamical property of flecc groups leads to a dichotomy 
in the descriptive complexity of the set of hyper aperiodic points, as seen in the 
theorem below. 
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Theorem 1.5.1. Let G be a countable group and k > 1 an integer. Then the 
set of hyper aperiodic points in is closed if G is finite, S2"Co?7iptete if G is an 
infinite flecc group, and YV^- complete if G is an infinite nonfiecc group. 

The following theorem restricts attention to sets of minimal points and the 
dichotomy related to flecc groups disappears. 

Theorem 1.5.2. Let G be a countable group and k > 1 an integer. Then the 
set of minimal points in k'^ and the set of minimal hyper aperiodic points in k^ 
are both closed if G is finite and are both Ti^-complete if G is infinite. 

Next we discuss the complexity of the topological conjugacy relation on sub- 
flows of a common Bernoulli flow. In other words, we study how difficult it is to 
determine if two subflows are topologically conjugate. For a countable group G 
and an integer fc > 1, let TC denote the topological conjugacy relation on subflows 
of k"^ . Specifically, TC is the equivalence relation on the set of subflows of k'^ 
defined by the rule: Si TC S2 if and only if 5*1 and S2 are topologically conjugate. 
Let TCf, TCm, and TCmf denote the restriction of TC to the set of free sub- 
flows, minimal subflows, and free and minimal subflows, respectively. Also deflne 
an equivalence relation TCp on k'^ by declaring x TCp y if and only if [x\ and \y] 
are topologically conjugate via a homeomorphism sending x to y. We show that 
these five equivalence relations are always countable Borel equivalence relations. 

Before stating the theorems, let us quickly introduce a few notions from the 
theory of Borel equivalence relations. An equivalence relation E on a Polish space 
X is Borel if it is a Borel subset oi X y. X (under the product topology), and the 
equivalence relation E is countable if every equivalence class is countable. Given 
Borel equivalence relations E and F on X and Y respectively, F is said to be Borel 
reducible to E if there is a Borel function f : Y X such that yi F j/2 if and 
only if f{yi) E f{y2)- Intuitively, in this situation E is at least as complicated as 
F, or F is no more complicated than E. There are countable Borel equivalence 
relations which all other countable Borel equivalence relations are Borel reducible 
to (so intuitively they are of maximal complexity), and such equivalence relations 
are called universal countable Borel equivalence relations. Finally, recall that Eq 
is the nonsmooth hyperfinite equivalence relation on 2^ defined by: x Eq y ii and 
only if there is n G N so that x{m) — y(m) for all m > n. 

Theorem 1.5.3. Let G be a countably infinite group and let k > 1 be an integer. 
Then Eq continuously embeds into TCp and Borel embeds into TC, TCp, TCm; o-nd 
TCmf- 

This theorem has two immediate corollaries. We point out that on the space of 
all subflows of A;*^ we use the Vietoris topology (see Section [921), or equivalently the 
topology induced by the Hausdorff metric. In symbolic and topological dynamics 
there is a lot of interest in finding invariants, and in particular searching for complete 
invariants, for topological conjugacy, particularly for subflows of Bernoulli flows over 
Z or Z". The following corollary says that, up to the use of Borel functions, there 
are no complete invariants for the topological conjugacy relation on any Bernoulli 
flow. 

Corollary 1.5.4. Let G be a countably infinite group and let k > 1 be an 
integer. Then there is no Borel function defined on the space of subflows of k'^ 
which computes a complete invariant for any of the equivalence relations TC, TCf, 
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TCm, or TCmf- Similarly, there is no Borel function on k which computes a 
complete invariant for the equivalence relation TCp. 

The above theorem and coroUary imply that from the viewpoint of Borel 
equivalence relations, the topological conjugacy relation on subflows of a common 
Bernoulli flow is quite complicated as no Borel function can provide a complete 
invariant. However, the above results do not rule out the possibility of the exis- 
tence of algorithms for computing complete invariants among subflows described 
by finitary data, such as subflows of finite type. The above theorem also leads to 
another nice corollary. We do not know if the truth of the following corollary was 
previously known. 

Corollary 1.5.5. For every countahly infinite group G, there are uncountably 
many pairwise non-topologically conjugate free and minimal continuous actions of 
G on compact metric spaces. 

The following theorem completely classifies the complexity of TC and TCp for 
all countably infinite groups G. Again we see the interplay between group theoretic 
properties and dynamic properties as this theorem presents a dichotomy between 
locally finite and nonlocally finite groups. Recall that a group is called locally finite 
if every finite subset generates a finite subgroup. 

Theorem 1.5.6. Let G be a countably infinite group and let k > 1 be an integer. 
If G is locally finite then TC, TCp, TCm; TCmpj o-nd TCp are all Borel bi-reducible 
with Eq. If G is not locally finite then TC and TCp are universal countable Borel 
equivalence relations. 

This last theorem generalizes a result of John Clemens which states that for 
the Bernoulli fiow k^ the equivalence relation TC is a universal countable Borel 
equivalence relation ('[C]). 

1.6. Tilings of groups 

A key aspect of the main constructions of this paper is the use of marker struc- 
tures. Marker structures can be placed on groups or on sets on which groups act 
and are a geometrically motivated way of studying groups and their actions. They 
have been used numerous times in ergodic theory, the theory of Borel equivalence 
relations (especially the theory of hyperfinite equivalence relations), and even in 
symbolic dynamics (for studying the automorphism groups of Bernoulli flows over 
Z). In working with Bernoulli flows, it became apparent that solving problems 
through algebraic methods was cumbersome, placed restrictions on the groups we 
could consider, and resulted in case-by-case proofs. However, we found that solv- 
ing problems through geometric methods (specifically through marker structures) 
relaxed and many times removed restrictions on the groups and resulted in uni- 
fled arguments. The stark difference between algebraic and geometric methods can 
clearly be seen in this paper in Chapters [3] (algebraic) and |4] (geometric). It is 
for this reason that we deflne and study marker structures on groups. Naturally, 
better marker structures lead to better proofs. We therefore consider strong types 
of marker structures such as tilings and ccc sequences of tilings. 

For a countably infinite group G and a finite set T C G, we call T a tile if 
there is a set A C G such that the the set {jT : 7 G A} partitions G. Such a pair 
(A,T) is a tiling of G. A sequence of tilings (A„,T„)„gN is coherent if each set 
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7T„+i with 7 G A„+i is the union of left A„ translates of r„. A sequence of tilings 
(A„,T„)„gN is centered if 1g G A„ for all ?i G N. Finally, a centered sequence of 
tilings (A„,T„)„gN is cofinal if r„ C T„+i and G — UneN-^"- abbreviate the 
three adjectives "coherent, centered, and cofinal" to simply ccc. We call G a ccc 
group if G admits a ccc sequence of tilings. 

The study of ccc groups has applications to ergodic theory as it ties in with 
Rokhlin sets and is closely related with the study of monontileable amenable groups 
initiated by Chou f |Chp and Weiss ( [W| ) . In fact, ccc groups form a subset of 
what Weiss called MT groups in |W| . In our terminology, a group is MT if it 
admits a centered and cofinal sequence of tilings. Ccc groups are also pertinent to 
the theory of hyperfinite equivalence relations. Progress in the theory of hyperfinite 
equivalence relations has so far been dependent on finding better and better marker 
structures on Bernoulli flows over larger and larger classes of groups. The study 
of ccc groups, and in fact marker structures on groups in general, gives an upper 
bound to the types of marker structures which can be constructed on Bernoulli 
flows and also may give an informal sense of properties such marker structures 
may have. The notion of ccc groups is also interesting from the geometric group 
theory perspective. Groups and their Cayley graphs display such a high degree 
of symmetry and homogeneity that it is hard to imagine the existence of a group 
which is not ccc, or even worse, not MT. This is strongly contrasted by the fact 
that it seems to be in general very difhcult to determine if a group is ccc. This 
geometric property is therefore somewhat mysterious. 

We prove that a few large classes of groups are ccc, as indicated in the following 
theorem. 

Theorem 1.6.1. The following groups are ccc groups: 

(i) countable locally finite groups; 

(ii) countable residually finite groups; 

(iii) countable nilpotent groups; 

(iv) countable solvable groups G for which [G, G] is polyclic; 

(v) countable groups which are the free product of a collection of nontrivial 
groups. 

Notice that every countable polycyclic group satisfies (iv) and is thus a ccc 
group. Abelian groups are nilpotent, and linear groups (complex and real) are 
residually finite, so these classes of groups are also covered by the above theorem. 

We do not know of any countably infinite group which is not ccc. Ideally, 
the methods of proof used here would help in finding new classes of groups which 
are ccc and in constructing better marker structures on Bernoulli flows and other 
spaces on which groups act. To this end, this paper includes entirely distinct 
proofs that the following classes of groups are ccc: finitely generated abelian groups, 
nonfinitely generated abelian groups, nilpotent groups, polycyclic groups, residually 
finite groups, locally finite groups, nonabelian free groups, and free products of 
nontrivial groups. Despite having a direct proof that polycyclic groups are ccc (one 
which does not use the fact that polycyclic groups are residually finite), we were 
unable to determine if solvable groups are ccc. 
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1.7. The almost equality relation 

Finally, in this paper we study the behavior of periodic, aperiodic, and hyper 
aperiodic points under the almost-equality relation. Points x,y G fc*^ are almost 
equal, written x =* y, if as functions on G they differ at only finitely many co- 
ordinates. In studying the almost equality relation and in establishing the results 
mentioned in this section, we had to make substantial use of tools and notions from 
geometric group theory. To be specific, the proofs of many of the theorems in this 
section relied heavily upon the notion of the number of ends of a group and on 
Stallings' theorem regarding groups with more than one end. 

We also introduce and study a notion stronger than almost equality. If x, y G 
then we write x =** y if x and y disagree on exactly one element of G (so x ^** x). 
We first study the relationship between periodicity and almost equality and obtain 
the following. Below, Stab(a;) denotes the stabilizer subgroup {g £ G : g ■ x = x}. 

Theorem 1.7.1. Let k > 1 be an integer. 

(i) Let G be a countable group not containing any subgroup which is a free 
product of nontrivial groups. Then for every x & kP and every y =** x, 
either x is aperiodic or y is aperiodic. 

(ii) Let G be a countable group containing Z2 * Z2 as a subgroup and with 
the property that every subgroup of G which is the free product of two 
nontrivial groups is isomorphic to Z2 * Z2 . Then for every x € k'^ there 
is an aperiodic y £ k"^ with y =* x, but there are periodic w,z & fc*^ with 
w =** z. 

(iii) Let G be a countable group containing a subgroup which is the free product 
of two nontrivial groups one of which has more than two elements. Then 
there is x G k*^ such that every y =* x is periodic. 

Furthermore for any countable group G, ifx =** y G k'-' then (Stab(a;)UStab(?/)) = 
Stab(a;) * Stab(2/). 

Clearly every countable group is described by precisely one of the clauses (i), 
(ii), and (iii). We point out that torsion groups fall into clause (i) and an amenable 
group will fall into either cluase (i) or clause (ii), depending on whether or not it 
contains Z2*Z2 as a subgroup. As the dynamical properties described are mutually 
incompatible, we see that for each individual clause, the stated dynamical property 
characterizes the class of groups described. Thus, for example, if G is a countable 
group such that for every x G k'^ and every y =** x either a; or y is aperiodic, 
then G does not contain any subgroup which is a free product of nontrivial groups. 
We show that the groups described in clause (iii) are precisely those countable 
groups containing nonabelian free subgroups. Thus the dynamical property stated 
in clause (iii) provides a dynamical characterization of those groups which contain 
nonabelian free subgroups. 

The above theorem docs not require the group G to be infinite, so for finite 
groups clause (i) leads to the following corollary. 

Corollary 1.7.2. If G is a finite group and k > 1 is an integer then k'^ 
contains at least {k — 1)A:I*^I~-^ many aperiodic points. 

We also study the behavior of hyper aperiodic points under almost equality. A 
difficult basic question is if any point almost equal to a hyper aperiodic point must 
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be hyper aperiodic itself. The following theoreni says that, suprisingly, this is not 
always the case. 

Theorem 1.7.3. Let G be a countable group and let k > 1 be an integer. The 

following are equivalent: 

(i) there are x,y G k"-^ with x hyper aperiodic and y not hyper aperiodic but 
y =* x; 

(ii) there are x,y G k'^ with x hyper aperiodic and y periodic but y —** x; 

(iii) there is a nonidentity u £ G such that every nonidentity v G {u) has finite 
centralizer in G. 

We show that abelian groups, nilpotent groups, and nonabelian free groups 

never satisfy the equivalent conditions listed above. However, we find examples of 
groups which are polycyclic (hence solvable) and finite extensions of abelian groups 
which do satisfy the equivalent conditions above. 

As the previous theorem indicates, in general there may be points which are 
not hyper aperiodic but are almost equal to a hyper aperiodic point. We study the 
behaviour of such points and arrive at the following theorem. 

Theorem 1.7.4. For a countable group G, an integer k> 1, and x e k'^ , the 
following are all equivalent: 

(i) there is a hyper aperiodic y £ k^ with y =* x; 

(ii) there is a hyper aperiodic y E k'~' such that x and y disagree on at most 
one coordinate; 

(iii) either x is hyper aperiodic or else every y =** x is hyper aperiodic; 

(iv) every limit point of [x] is aperiodic; 

(v) for every nonidentity s G G there are finite sets A,T C. G so that for all 

g (z G — A there is t G T with x{gt) ^ x{gst); 

Wc remark that clause (v) is very similar to the combinatorial characterization 
of being hyper aperiodic. Specifically, a point x G k^ is hyper aperiodic if and only 
if it satisfies the condition stated in clause (v) with A restricted to being the empty 
set. 

The method of proof of the previous two theorems leads to the following inter- 
esting corollary regarding more general dynamical systems. 

Corollary 1.7.5. For a countable group G, the following are equivalent: 

(i) for every compact Hausdorff space X on which G acts continuously and 
every x € X, if every limit point of [x] is aperiodic then x is hyper aperi- 
odic; 

(ii) for every nonidentity u G G there is a nonidentity v G {u) having infinite 
centralizer in G. 

1.8. The fundamental method 

All of the proofs within this paper are constructive, and nearly all of them 
rely on a single general, adaptable, and powerful method for constructing points 
in Bernoulli flows which we call the fundamental method. A tremendous amount 
of time and effort was put into developing the fundamental method as if it were 
a general theory in itself, and in fact the method was intentionally developed in 
much greater generality than we make use of here. The fundamental method relies 
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on three objects: a blueprint on the group, a locally recognizable function, and a 
sequence of functions of subexponential growth. These objects arc not fixed but 
rather each must satisfy a general definition. We will not give precise definitions of 
these objects at this time, but we will give some indication as to what these objects 
are. 

A blueprint on a group G is a sequence (A„, Fn)neti which is somewhat similar 
to a ccc sequence of tilings. The sets A„ C G are in some sense evenly spread out 
within G as there are finite sets B„ with A„i?„ = G. The left translates of F„ by A„ 
are pairwise disjoint, and if a left translate of Fk by A^ meets a left translate of Fn 
by A„, then the former must be a subset of the latter provided k < n. Furthermore, 
for k < n the left translates of Fk by Afe appear in an identical fashion within every 
left translate of F„ by an element of A„ . It is a nontrivial fact that every countably 
infinite group has a blueprint. In this paper we in fact prove that a very strong 
type of blueprint exists on every countably infinite group. A locally recognizable 
function is a function R: A ^ k where Iq & A <Z G is finite and A; > 1 is an integer. 
This function must have the property that the identity, 1g, is recognizable in the 
sense that ii a & A and R{ab) ~ R{b) for all 6 G ^ whenever both are defined, then 
a = 1g- Again, we show that locally recognizable functions always exist and we 
give several nontrivial examples. Finally, a sequence of functions of subexponential 
growth is a sequence {pn)n>i such that each p„ : N — >■ N is of subexponential 
growth. 

We present a fixed construction which when given any blueprint, locally rec- 
ognizable function, and sequence of functions of subexponential growth (under a 
few restrictions) produces a function c taking values in k and having a large in- 
finite subset of G as domain. This function c has very nice properties related to 
the blueprint, the locally recognizable function, and the sequence of functions of 
subexponential growth. One can in fact determine if g S A„ merely by the behav- 
ior of c on the set gFn- Furthermore, each left translate of Fn by A„ has its own 
proprietary points on which c is undefined. The number of such points is at least 
logPn(l-Fnl)- If t is the number of undefined points within a translate of F„, then 
using k values one can extend c on this translate of Fn in fc* many ways. So the 
logarithm essentially disappears and on each left translate of F„ by A„ one can 
essentially encode an amount of information which is subexponentially related to 
the size of Ffi . The fact thcit the menibers of are distinguishable within c allows 
one to both encode and decode information using the undefined points of c. This 
fact is tremendously useful. Finally, the relationship of c to the locally recognizable 
function R is that near every member of Ai one sees a "copy" of R in c. 

Each of the three objects which go into the construction have their own strengths 
and weaknesses in terms of creating points in Bernoulli flows with certain desired 
properties. In fact, we prove the existence of hyper aperiodic points by using only 
functions of subexponential growth, wc prove the density of hyper aperiodic points 
by primarily using locally recognizable functions, and we prove the existence of a 
point which is not hyper aperiodic but almost equal to a hyper aperiodic point 
by using a special blueprint. The fundamental method refers to the coordinated 
use of these three objects in achieving a goal of constructing a particular type of 
element of a Bernoulli flow. To further aid the use of the fundamental method, 
we develop two general tools which enhance the fundamental method. The first 
tool is a general method of constructing minimal points in Bernoulli flows. The 
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second is a method of constructing sets of points in Bernoulli flows which have the 
property that the closures of the orbits of the points are pairwise not topologically 
conjugate. The fundamental method and these tools have been tremendously useful 
within this paper as nearly all of our results rely on them, and we hope that they 
will be similarly useful to other researchers in the future. 

In view of some basic questions which were only recently answered in jGUj . 
it seems that the dynamics of Bernoulli flows over general countable groups has 
received little investigation from the symbolic and topological points of view. This 
paper demonstrates that this need not be the case. Although there are problems 
in symbolic dynamics which seem too difficult even in the case of Bernoulli flows 
over Z" , there are likely many other interesting questions and properties which can 
be pursued over a larger class of groups or possibly even all countable groups. The 
fundamental method, which is entirely combinatorial, provides at least one way of 
approaching this. Such investigations will also benefit topological dynamics both 
through the modeling capabilities of Bernoulli flows and through supplying new 
examples of continuous group actions with various properties. Such examples may 
lead to quite general results similar to Corollary 11.7.51 (in this corollary, showing 
(ii) implies (i) is quite simple, and to show the negation of (ii) implies the negation 
of (i) one uses a subflow of a Bernoulli flow). On a flnal note, we also mention 
that blueprints provide a nontrivial structure to all countably infinite groups which 
could be useful in various situations. 

1.9. Brief outline 

In Chapter 2 we reintroduce the main definitions, terminology, and notation 
of this paper. This is done in a more elaborate and detailed manner than in 
this introduction. We also state and prove the combinatorial characterizations for 
dynamical properties such as hyper aperiodicity / fc-coloring, orthogonality, and 
minimality (recall that hyper aperiodic and fc-coloring have identical meanings on 
the Bernoulli flow fc*^). We also present other notions, terminology, and ideas 
which are not present in this introduction. Various simple lemmas related to these 
concepts are also presented. It is recommended that readers do not skip Chapter 2 
as the terminology and notation introduced is important to the rest of the paper. 

In Chapter 3 we present various algebraic methods for constructing hyper ape- 
riodic points / fc-colorings. In particular, we present several general methods for 
extending fc-colorings on a smaller group to a larger group. We also give direct (al- 
gebraic) proofs that all abelian groups admit fc-colorings (different proofs are pro- 
vided for different classes of abelian groups), all solvable groups admit fc-colorings, 
all nonabelian free groups admit fc-colorings, and all residually finite groups admit 
fc-colorings. This chapter is independent of all later chapters and can be skipped if 
desired. The chapter should be of interest to anyone with a strong interest in hyper 
aperiodic points / fc-colorings. The chapter also demonstrates the limitations of 
trying to construct fc-colorings through algebraic methods. 

In Chapter 4 we define a general notion of a marker structure on a group. We 
then use marker structures to provide a new (geometric) proof that all abelian and 
all FC groups admit fc-colorings (a group is FC if all of its conjugacy classes are 
finite). These marker methods are more geometrically motivated than algebraicly 
motivated and prove to be much more succesful than the algebraic methods used 
in Chapter 3. For the rest of the paper our proofs rely on these geometric and 
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marker structure methods. We therefore study groups with particularly strong 
marker structures - the ccc groups. The study of ccc groups comprises a significant 
portion of Chapter 4. This chapter contains all of the results mentioned in Section 
11.61 above. Technically speaking, the only thing from Chapter 4 which is used in 
later chapters is the definition of a marker structure. However, the marker structure 
proof that abelian and FC groups admit fc-colorings is a good source of motivation 
for the machinery which is developed in Chapter 5. 

Chapter 5 focuses almost entirely on developing the fundamental method and 
its related machinery. The only result pertaining to Bernoulli fiows in this chapter 
is that the minimal points in a Bernoulli flow are always dense fCorollarv ll.4.3l from 
this introduction). This chapter is of great importance to the rest of the paper. 
The only sections which can be read if Chapter 5 is skipped are Sections 18.11 18.31 



To make up for Chapter 5 being nearly devoid of results pertaining to Bernoulli 
flows. Chapter 6 focuses on presenting short, simple, and satisfying applications 
of the fundamental method. Each section focuses on one of the objects used in 
the fundamental method: functions of subexponential growth, locally recognizable 
functions, and blueprints. Many results are included in this chapter. Those men- 
tioned in this introduction include a weaker version of Theorem ll.4.1l which does not 
mention minimality, Corollarv ll.4.41 Theorem ll.7.3[ and Corollarv ll.7.51 The only 
sections which do not rely on Chapter 6 are those listed in the previous paragraph 
which do not rely on Chapter 5. 

In Chapter 7 we return to developing machinery again. We develop the two 
tools mentioned in the previous section which enhance the fundamental method. 
More speciflcally, we develop tools for using the fundamental method to construct 
minimal points and to construct sets of points which have the property that the 
closures of the orbits of the points are pairwise not topologically conjugate. We 
also investigate properties of fundamental functions - those functions which are 
constructed through the fundamental method. Additionally, we use the tools we 
develop to prove Theorem ll.4.1l and Corollarv ll.4.21 Chapter 10 can be read without 
reading Chapter 7. 

In Chapter 8 we investigate the descriptive complexity of various important 
subsets of Bernoulli flows. Specifically, we study the descriptive complexities of the 
sets of hyper aperiodic points, minimal points, and points which are both minimal 
and hyper aperiodic. We prove Theorems 11.5.11 and 11.5.21 We also spend an entire 
section defining flecc groups and studying their properties. Chapters 9 and 10 are 
independent of Chapter 8. 

In Chapter 9 we study the complexity of the topological conjugacy relation 
among subflows of a common Bernoulli flow. In other words, we study how difficult 
it is to determine when two subfiows are topologically conjugate. This is done 
using the theory of countable Borel equivalence relations. A brief introduction to 
the theory of Borel equivalence relations is included in Section 19.11 In this chapter 
we prove Theorems 11.5.31 and 11.5.61 and Corollaries 11.5.41 and 11.5.51 Chapter 10 is 
independent of Chapter 9. 

In Chapter 10 we study both the extendability of partial functions to /c-colorings 
and further properties of the almost-equality relation. We prove Theorems ll.4.5[ 
ll.4.7[ and 11.4.91 Corollary 11.4.61 and all of the results mentioned in Section 11.71 
aside from Theorem 11.7.31 and Corollary 11.7.51 (Theorem 11.7.31 and Corollary 11.7.51 




18 



1. INTRODUCTION 



are proven in Chapter 6). Somewhat surprisingly, Sections 110.21 110.31 and 110.41 
do not rely on any previous material in the paper aside from a few definitions. 
Furthermore, Section 110.21 has an entirely self contained proof of Theorem 11.4.51 
The dialog present in the proof of this theorem assumes the reader is familiar with 
the fundamental method, but this is only to aid in comprehension of the proof as 
no knowledge of the fundamental method is technically required. 
Finally, in Chapter 11 we list some open problems. 

Chapter dependencies are illustrated in Figure 11.91 below. We again would like 
to remind the reader that there is a detailed index at the end of this paper which 
includes both terminology and notation. 



Chapter 3 



Chapter 4 



Chapter 2 



Chapter 5 



Chapter 6 



Chapter 10 


Sections 
10.2, 10.3, 10.4 


Section 
10.1 



Chapter 7 



Chapter 8 


Sections 
8.1 & 8.3 


Sections 
8.2 & 8.4 



Chapter 9 


Sections 
9.1 & 9.2 


Sections 
9.3 & 9.4 



Figure 1.1. Flowchart of dependency between chapters. Solid 
arrows indicate dependencies; dashed arrows indicate motivation. 



CHAPTER 2 



Preliminaries 



In this chapter we go through the definitions presented in the previous chapter 
in more detail. In the first section we go over some basic definitions and notation. 
The second, third, and fourth sections discuss the three most central notions: k- 
colorings, minimality, and orthogonality. In these sections we prove that these 
notions admit equivalent dynamical and combinatorial definitions. We also present 
a few basic lemmas related to these properties. In the fifth section we tweak the 
definition of fc-colorings in various ways to obtain other interesting notions. These 
notions play an important role in this paper but were not mentioned in the previous 
chapter. Section five also contains several lemmas and propositions related to these 
notions. The sixth section discusses further generalizations of the notion of a k- 
coloring, however the discussion in this section is purely speculative as the notions 
introduced in this section arc not studied within the paper. Finally, in the seventh 
section we discuss generalizations to the action of G on (2^)*-^. This last section 
has connections with descriptive set theory and topological dynamics. 



For a positive integer k, wc let k denote the set {0, 1, . . . , fe— 1}. If G is a count- 
able group, then a Bernoulli flow over G, or a Bernoulli G-flow, is a topological 
space of the form 



equipped with the product topology, together with the following action of G: for 
X & k*^ and g & G, g ■ x & k*^ is defined by {g ■ x){h) = x{g~^h) for h & G. 
Notice that A;^ is compact and metrizable. We will often find it convenient to work 
with the following compatible metric on k'^ . Fix a countable group G, and fix an 
enumeration go,gi,g2, . ■ ■ of the group elements of G with gQ = 1q (the identity 
element). For we define 



Notice that the action of G on fc*^ is continuous. 

Since 1*^ is trivial (it consists of a single point), 2'^ is in some sense the "small- 
est" Bernoulli flow over G. As will be apparent, all of the questions we pursue in 
this paper are most restrictive (i.e. the most difficult to answer) in the setting of 
2'^. We therefore work nearly exclusively with 2'^ , however all of our results hold 
for k"^ (k > 1) by making obvious modifications to the proofs. While our main 
results were stated in terms of fc*^ in the previous chapter, within the body of this 



2.1. Bernoulli flows 



fc^ = {0, 1, . . . , fc - 1}^ = {x : G ^ fc} = {0, 1, . . . , A; - 1}, 



geG 
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paper we will only state our results in terms of 2 . Nevertheless, many definitions 
will be given in terms of fc*^. 

Although we will work primarily with Bernoulli flows, there are times when we 
wish to discuss more general dynamical systems. To accommodate this we introduce 
some notation and definitions in a more general setting. Let G be a countable group 
and let X be a compact metrizable space on which G acts continuously. If a; e X, 
then the orbit of x is denoted 



A suhflow of X is a closed subset of X which is stable under the group action. 
If A C X, then we denote the closure of A hy A. Notice that [x] is the smallest 
subflow of X containing x. 

We call g € G — {1g} a period oi x € X if g ■ x = x. We call x periodic if it has 
a period, and otherwise we call a; aperiodic. As a word of caution, we point out that 
our use of the word periodic differs from conventional use (usually it means that 
the orbit of x is finite). A subflow of X is free if it consists entirely of aperiodic 
points. 

In this paper, aperiodic points and free subflows of 2^ play a particularly 
important role. We denote by F{G) the collection of all aperiodic points of 2*^. 
F{G) is called the free part. It is a dense Gs subset of 2^, is stable under the group 
action, and is closed in 2*^ if and only if G is finite. An important achievement 
of both this paper and the authors' previous paper [GJS] is showing that while 
F{G) is not compact (for infinite groups), it does display some compactness types 
of properties. Notice that in the case of 2*-^, a subflow is free if and only if it is 
contained in F{G). 

If Y is another compact metrizable space on which G acts continuously, then 
X and Y are topologically conjugate if there is a homeomorphism cf) : X Y which 
commutes with the action of G, meaning 4>[g -x) = g ■ 4>{x) for all g & G and x € X. 

Much of this paper is concentrated on constructing elements of 2*^ with special 
properties. These functions G — > 2 = {0, 1} will be mostly defined by induction. 
In the middle of a construction we will be only working with partial functions from 
G to 2. This motivates the following notations and definitions. A partial function 
c from G to 2, denoted c : G ^ 2, is a function c : dom(c) -> 2 with dom(c) C G. 
The set of all partial functions from G to 2 is denoted 2-*^. We also denote the 
set of all partial functions from G to 2 with finite domains by 2^*^. The action of 
G on 2*^ induces a natural action of G on 2-*^ as follows. For g G G andc e 2-*^, 
let 5 • c be the function with domain g ■ dom(c) given by {g ■ c){h) — c{g^^h) for 
h € dom((7 ■ c) — g ■ dom(c). Alternatively, 2~^ may be viewed simply as 3*^. The 
bijection (j) : 2-*^ — > 3^ is given by 



It is easy to see that (/> is a bijection and that (j) commutes with the action of G. 
Therefore, 2-^ may be considered as 3*^ if desired. In particular, this provides us 
with a nice compact metrizable topology on 2-*^. 

There still remains three more definitions which are very central to this paper. 
These definitions are introduced and discussed in each of the three next sections. 



[x] = {g-x : ge G}. 
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2.2. 2-colorings 

The related notions of 2-coloring, fc-coloring, and hyper aperiodic points are 
the most central notions of this paper. We first define these notions. 

Definition 2.2.1. Let G be a countable group, and let X be a compact metriz- 
able space on which G acts continuously. A point x € X is called hyper aperiodic 
if every point in [x] is aperiodic. Equivalently, x is hyper aperiodic if [x] is a free 
subflow of X. 

In the particular context of Bernoulli flows we have the following specialized 
terminology. 

Definition 2.2.2. Let G be a countable group and fc > 2 an integer. A point 
X is called a k-coloring if it is hyper aperiodic. That is, x is a fc-coloring if 

every point in [x\ is aperiodic. Equivalently, a; is a fc-coloring if for every s £ G 
with s 7^ 1g there is a finite set T C G such that 

\/geG3teT x{gt) ^ x{gst). 

We will very shortly prove the equivalence of the two statements given in the 
previous definition. 

In the context of Bernoulli flows, the terms fc-coloring and hyper aperiodic are 
interchangeable. The term fc-coloring, or to be more precise, 2-coloring, is used 
with much greater frequency within the paper than the term hyper aperiodic. The 
reason is that 2-coloring was the original term and the term hyper aperiodic was 
adopted much later on in order to discuss the concept in a more general setting. 
Still, a nice feature of of the term fc-coloring is that it emphasizes the combinatorial 
characterization and is also reminiscent of the term coloring in graph theory as 
both notions roughly mean that nearby things look different. 

Before proving that the two conditions in the previous definition are equivalent, 
we introduce one more definition. 

Definition 2.2.3. Let G be a countable group, fc > 2 an integer, x S fc*^, 
and s € G with s 1g- We say that x blocks s if no element of [x] has period s. 
Equivalently, x blocks s if there is a finite set T C G such that 

\/geG3teT x{gt) ^ x{gst). 

Notice that x € fc*^ is a fc-coloring if and only if x blocks all non-identity s e G. 

The following lemma, which proves the equivalence of the combinatorial and 
dynamical conditions found in the previous two definitions, originally appeared, 
independently, in [GJSj and [GUj . For the convenience of the reader we include 
the proof below. 

Lemma 2.2.4 f jGJSj : Pestov, c.f. [GUj ). Let G be a countable group, fc > 2 
an integer, x € k^ , and s G G with s ^ \g- Then s ■ y ^ y for all y G [x] if and 
only if there is a finite set T C G so that 

\/g eG 3teT x{gt) ^ x{gst). 

Proof. (■^) Assume x has the combinatorial property. Suppose ye [x], that 
is, there are km G G with h„i • a; — > y as m — > oo. We show that s ■ y ^ y. Assume 
not and suppose s ■ y — y. Then by the continuity of the action we have that 
s^^hm ■ X ^ s^^ ■ y — y. Let T C G be a finite set such that for any g £ G there 
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is t Cz T with x{gt) ^ x{gst). Let n be large enough so that T C {f;o, . . . , g™}, 
where f;o,5i, • • • is the enumeration of G used in defining the metric on k'^ . Let 
rn > n be such that d{hm • x,y),d{s~^hm ■ x,y) < 2~". Now fix i e T with 
{hm ■ x){t) = ^ = (s-i/i™ • x){t). Then y(t) = (/i™ • x){t) ^ 

{s^^hrn ■ x){t) = y{t), a contradiction. 

(^) Assume s • j/ 7^ y for ah j/ G [x]. Denote C = [a;]. Then for any y & C, 
s^^ ■ y ^ y, and hence there is t G G with (s~^ • y){t) 7^ Define a function 

T : C — >■ G by letting r(y) = gn where n is the least so that (s^^ • y){gn) 7^ y{9n)- 
Then r is a continuous function. Since G is compact we get that t(C) C G is finite. 
Let T = t(G). Then for any g e G, there is t e T such that a;(5ii) = {g~^ ■ x){t) ^ 
{s^^g^^ ■ x){t) = x{gst). This proves that x has the combinatorial property. □ 

Corollary 2.2.5. Let G he a countable group, k > 2 an integer, and x e k^ . 
Then x is hyper aperiodic, i.e. each y £ [x] is aperiodic, if and only if for every 
non-identity s € G there is a finite set T (- G such that 

V5 e G 3t e T x{gt) ^ x{gst). 

In view of the previous corollary, the problem of constructing free Bernoulli 
subflows is reduced to the problem of constructing elements x € 2*^ with a partic- 
ularly combinatorial property. The combinatorial characterization of 2-colorings is 
therefore vital to our constructions. 

Under the dynamical definition of blocking, the following corollary is rather 
obvious. However, we will tend to focus mostly on the combinatorial definition 
of blocking, and from the combinatorial viewpoint the statement of the following 
corollary is not so expected. It is therefore worth pointing out for future reference. 

Corollary 2.2.6. Let G be a countable group, k > 2 an integer, x € k'~^ , and 
s € G with s Iq- If X blocks g^^s"g for any integer n and g £ G with s" ^ \g, 
then X blocks s. In particular, if x blocks s" for any integer n with s" 7^ Iq, then 
X blocks s. 

Proof. We will use the dynamical characterization of blocking. If x does not 
block s then there is z S [x] with s ■ z = z. Then g^^s"g ■ {g^^ ■ z) ~ g~^ ■ z £ [x]. 
Hence x does not block g~^s'^g for any g G G and n with s" 7^ Iq- □ 

We will also find it useful to discuss blockings for partial functions on G. 

Definition 2.2.7. Let G be a countable group, c e 2-^, and s e G with 
s ^ 1g- We say that c blocks s if for any x £ 2'~^ with c C x, a; blocks s. 

If G is infinite no element of 2^^ can block any s e G. There are, however, 
partial functions with coinfinite domains that can block all s € G with s ^ Iq- 
As an example, suppose 2; G 2^ is a 2-coloring on Z. Consider a partial function 
c : Z 2 defined by c(2n) = y{n) for all n E Z. Then c blocks all s e Z with 
s ^ 0. This is because, for any x G 2^ with c C x, x blocks all 2s with s 7^ 0, and 
therefore by CoroUarv 12.2.61 x blocks all s with s ^ 0. It follows that any x G 2^^ 
with c C a; is also a 2-coloring on Z. 

Before closing this section we remark that in a countably infinite group, a single 
finite set cannot witness the blocking of all shifts. 

Lemma 2.2.8. Let G be a countably infinite group. Then there are no finite 
sets T Q G such that for all s G G with s ^ Iq, there is t G T with x{gt) ^ x(gst). 
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Proof. Assume not, and let T C G be such a finite set. By induction we can 
define an infinite sequence (/i„) of elements of G so that [hnT) are pairwise disjoint. 
In fact, let /iq G G be arbitrary. In general, suppose ho, ■ ■ ■ ,hn have been defined 
so that hoT, . . . , hnT are pairwise disjoint. Let hn+i G G — {hoT U • • • U hnT)T~^. 
Since G is infinite and {h^T U • • • U hnT)T^^ is finite, such hn+i exists. Then 
hn+iT is disjoint from hoT, . . . , hnT. Now consider the partial functions c„ € 2-^ 
with dom(c„) = T defined by c„(t) = x{hnt). Since there are only finitely many 
partial functions with domain T, there are n ^ m such that c„ = c„i. Thus 
x{hnt) = x{hmt) for all t gT. Thus if we let s = h^^hn, T fails to witness that x 
blocks s, a contradiction. □ 



2.3. Orthogonality 

The notion of orthogonality is another central notion to this paper. On the one 
hand, a pair of points being orthogonal says that they are distinct from one another 
in a strong sense, and on the other hand the notion of orthogonality carries along 
with it some nice properties which we will make use of frequently. 

Definition 2.3.1. Let G be a countable group, let X be a compact mctrizable 
space on which G acts continuously, and let xq, Xi € X. We say that xq and xi are 
orthogonal, denoted xo-Lxi, if [xo] and [a;i] are disjoint. If X is a Bernoulli flow, 
then this is equivalent to the existence of a flnite set T C G such that 

^90,91 e G 3t e T xo{got) xi{git). 

The following lemma implies that within the context of Bernoulli flows, the two 
conditions given in the previous definition are equivalent. 

Lemma 2.3.2. Let G be a countable group, k > 2 an integer, and xo,Xi € k"^ . 
Then [xo] and [xi] are disjoint if and only if there is a finite setT C G such that 

ygo,9i e G 3t e T xo{got) xi{git). 

Proof. (^) Suppose [xq] n [a;i] = 0. Since they are both compact it follows 

that there is some 6 > such that for any zq G [xq] and Zi G [xi], d{zo,Zi) > 6. 
Recall that the metric on k'^ is defined in terms of an enumeration Ig = go, ,91, . . . of 
G. Let n be large enough such that 6 > 2^". Then in particular for any go,gi € G, 
d{go^ ■ xo,gi^ • xi) > 2~". This implies that there is t G {go, . . . ,gn} such that 
Mgot) = {go^ ■ xo)it) ^ (gi^ ■ xi){t) = xi{git). 

(<^) Conversely, suppose that T is a finite set such that for every pair go, gi G G 
there is t & T with xo{got) ^ Xi{git). Let n be large enough such that T C 
{go,...,gn}. Then for any jjq G [xo] and yi € [xi], there is t G T such that 
yoit) 7^ and thus d{yo,yi) > 2~". It follows that for any zq G [xq] and 

zi G [xi], d{zo,zi) > 2~", and therefore [xo] n [xi] = 0. □ 

We will frequently work with infinite sets of pairwise orthogonal elements. In 
this situation we remark that the pairwise orthogonality cannot be witnessed by a 
single finite set. 

Lemma 2.3.3. Let G be a countable group, k>2 an integer, and xo,xi, ... be 
infinitely many pairwise orthogonal elements of k'^. Then there are no finite sets 
T C G such that for any n^m there is t gT with Xn{t) ^ Xm{t)- 
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Proof. Assume not, and let T C G be such a finite set. Consider the partial 
functions c„ G 2-*^ with dom(c„) = T defined by Cn{t) — Xn{t). Since there are 
only finitely many partial functions with domain T, there are n ^ m such that 
Cn = Cm- Thus for all t d T, Xn(t) = Xm{t), a contradiction. □ 

2-colorings were constructed on every countable group in |GJS| . and they are 
also constructed in this paper (with a much improved construction). The known 
methods for constructing 2-colorings on general countable groups involve purely 
geometric and combinatorial methods, and the constructions are rather long and 
technical. There is therefore motivation to develop simpler constructions for more 
restricted classes of groups. We do this in Chapter[3]and Section |42] The construc- 
tion in Section 14.21 uses geometric methods, as in the general setting. However, in 
Chapter [3] we construct 2-colorings on all solvable groups, all free groups, and all 
residually finite groups by using algebraic methods. The notion of orthogonality 
plays a key role in these constructions. The following definition will be used in 
Chapter [3l 

Definition 2.3.4. Let G be a countable group, /c > 2 an integer, and A > 1 
a cardinal number. G is said to have the {X, k)- coloring property, if there exist A 
many pairwise orthogonal /c-colorings of G. G is said to have the coloring property 
if G has the (1, 2)-coloring property, i.e., there is a 2-coloring on G. 

We point out that it has already been proven in |GJS| that every countable 
group has the coloring property, i.e. admits a 2-coloring, and moreover that every 
countably infinite group has the (2^", 2)-coloring property. So for any cardinal 
A < 2^" and integer fc > 2, every countably infinite group has the (A, fc)-coloring 
property. The above definition is therefore rather trivial, but nonetheless it will be 
useful for studying algebraic constructions of 2-colorings in Chapter [S] 

It is easy that finite groups have the coloring property. However, it is not clear 
how many orthogonal fc-colorings there can be. 

Lemma 2.3.5. Every finite group has the coloring property. Every finite group 
with at least 3 elements has the (2, 2)-coloring property. The two element group Z2 
does not have the (2, 2) -coloring property. 

Proof. For any finite group G let c(1g) — and c{g) = 1 for all g ^ Iq. 
Then c is a 2-coloring on G. Let c{g) = 1 — c{g) for all g £ G. If |G| > 2 then c 
and c are both 2-colorings and c_L c. Z2 has only two 2-colorings, but they are not 
orthogonal (they arc in the same orbit). □ 

2.4. Minimality 

We now discuss the classical notion of minimality. We again see that in the 
context of Bernoulli flows this dynamical notion has a combinatorial characteriza- 
tion. 

Definition 2.4.1. Let G be a countable group, and let X be a compact metriz- 
able space on which G acts continuously. A subflow 1" C AT is minimal if [y] = Y 
for all y € Y. A point x d X is minimal if [x] is minimal. If X is a Bernoulli flow, 
then X £ X is minimal if it satisfles the following: for every flnite A C G there 
exists a finite T C G such that 



V.g e G 3i e r Va e A x{gta) = x{a). 
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As a word of caution, we point out that our definition of minimality of a point 
is not standard; it is relatively common to call x almost-periodic if [x\ is minimal. 
However, for us almost-periodic will have a different meaning. 

In a moment we will prove that in the context of Bernoulli flows the two stated 
conditions for minimality of a point are equivalent. However, first we prove the 
standard fact that minimal subflows always exist. We first give a standard well- 
known argument for their existence assuming AC. 

Lemma 2.4.2 (ZFC). Let X be a compact Hausdorff space, and let G be a group 
which acts on X . Then X contains a minimal sub flow. 

Proof. Consider the collection of all subflows of X, ordered by reverse inclu- 
sion. This collection is nonempty because it contains X itself. If (A"„)„gN is a chain, 
then each Xn is a subflow and hence is closed, thus compact. So F = HneN"''^" 
is a nonempty compact set. Since X is Hausdorff, Y is closed. Y is also clearly 
G- invariant. The claim now follows by applying Zorn's Lemma. □ 

In fact, AC is not needed to prove Lemma [2.4.21 at least in the case when X 
is Polish. We are not sure if this has been observed before so we give the proof in 
the following lemma. 

Lemma 2.4.3 (ZF). Let X be a compact Polish space on which the group G 
acts continuously. Then there is a minimal subflow. 

Proof. Let {J7„}neN enumerate a base for X. Let F{X) be the standard Borel 
space of closed (so compact) non-empty subsets of X with the usual Effros Borel 
structure (which, since X is compact, is generated by the Vietoris topology on 
F{X)). By the Borel selection theorem in descriptive set theory (c.f. jK] Theorem 
12.13] or [GJ Theorem 1.4.6]) there is a Borel function s: F{X) X which is a 
selector, that is, s{F) g F for all F e F{X). We define inductively closed invariant 
sets Fa satisfying Fjj C for all a < (3. Let Fq = X. If a is a limit ordinal, 
let Fa = n/3<a-^/9 (which is non-empty by compactness). If a = /? -I- 1, stop the 
construction if Ffj is minimal. Otherwise, let n be least such that i^^ n C/„ ^ and 
Ffj — G ■ Un = Fp — UgeG 9 ' ^ ^ ■ Such an n clearly exists if Ff^ is an invariant 
but not minimal closed set. Let A = Fp — Un- Let F — {x A: [x] C yl}. Note 
that X — F = {X ~ A) [J {x : 3g <E G g ■ X ^ X — A} . Since G acts continuously on 
A", this shows that X — is open, so F is closed. Let Xa = s{F)^ and let F^ = \xa\- 
Clearly Fa is a closed invariant set which is properly contained in Fp. The above 
transfinite recursion defining the Fa is clearly done in ZF. The construction must 
stops at some ordinal 0, and we are done as Fg is then a minimal subflow. □ 

In fact, using a little more descriptive set theory one can prove more. We state 
this in the next lemma. 

Lemma 2.4.4 (ZF). Let X be a compact Polish space and let G be a Polish 
group acting in a Borel way on X. Then there is a minimal subflow. 

Proof. We proceed as in Lemma 12.4.31 defining by transfinite recursion a 
sequence Fa of (non-empty) closed, invariant subsets of AT. At limit stages we 
again take intersections, li a — {3 + 1 and Fp is not a minimal fiow, we again let n 
be least such that Fp n C/„ 7^ and Fp — G ■ Un ^ ■ Again let A — Fp ~ Un and 

F ^ {x-.Jx] C A} ^ {x: yg e G {g ■ X e A)}. 
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Note that F is a non-empty II} set, using that the aetion of G on X is Borel. In faet, 
consider the relation R C F{X) x X defined by R{A, x) ^ e G {g ■ x e A). This 
is a n} relation in the Polish space F{X) xX. It is a theorem of ZF that Tl\ subsets 
of products of Polish spaces admit Tli uniformizations (recall a uniformization R' 
of a relation R C X x Y means R' C i?, dom(i?') = dom(i?), and R' is the 
graph of a (partial) function). Here we do not care about the complexity of the 
uniformization, only that the relation R has a uniformizing function, call it s, 
provably in ZF. The proof then finishes as in Lemma 12.4.31 letting x^ — s{F) and 
before. □ 

Now we prove the equivalence of the dynamical and combinatorial characteri- 
zations of minimality (of a point) in the context of Bernoulli flows. 

Lemma 2.4.5. Let G be a countable group and x G . Then [x] is a minimal 
sub flow iff for every finite A C G there exists a finite T Q G such that 

yg eG 3teTyae A x{gta) = x{a). 

Proof. Assume [x] is a minimal subflow. Let A C G be arbitrary but 
finite, and let n be large enough such that A C {go, 5i, • ■ • , ffn}, where go,gi, ... is 
the enumeration of G used in defining the metric on k'-^ . For every z G [x] there 
exists h & G with d{h- z,x) < 2~" since [z] is dense in [x]. Define 0(z) = g^, where 
m is the least integer such that d{g^ ■ z,x) < 2~". Then (f) : [x] G is continuous. 
Since [x] is compact, it follows that (/'([x]) is finite. Set T — 0([a;]). In particular, 
we have that for any g G G there is t £ T with d{t~^ ■ {g~^ -a;), x) < 2~". Therefore, 
for all a £ A, x{gta) — {t^^ • g~^ ■ x){a) = x{a). 

(-4=) Now assume x has the stated combinatorial property. Let z E [x]. It 
suffices to show that x e [z]. For this we fix an arbitrary e > and show that 
d([z],a;) < e. Then since e is arbitrary, we would actually have (i([z],a;) — and 
so X g [z]. For this let n be large enough such that 2^" < e, and set A — 
{go, gi, . . . ,gn}. By our assumption, there is a finite T (- G such that for aU g G G 
there is t £ T with x{gta) = x{a) for all a £ A. Let hi be a sequence in G with 
hi ■ X ^ z as i ^ oo. Let m be large enough such that TA C {30,51, • • ■ ,3m}, 
and fix i with d{hi ■ x,z) < 2^™. Then for some t € T, x{h~^ta) ~ x{a) for all 
a £ A. Thus z{ta) = {hi ■ x)(ta) = x{h~^ta) = x(a) for all a £ A. This implies that 
(i([z],a;) < 2"" < e, as promised. □ 

The combinatorial characterization of minimality allows us to explicitly con- 
struct minimal elements of 2^ without appealing to Zorn's lemma. It also has 
the following immediate corollary about the descriptive complexity of the set of all 
minimal elements. 

Corollary 2.4.6. Let G be a countable group. The set of all minimal elements 
of 2^ is n!]. 

We also note the following basic fact, which provides a useful way to obtain 
orthogonal elements through minimality. 

Lemma 2.4.7. Let G be a countable group and a; G 2*^. If y £ 2'-^ — [x] is 
minimal then y-Lx. 
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Proof. By Lemma [2.3.21 it suffices to show that [y] n [x] — 0. Assume not, 
and let z £ [y] n [x]. Then [z] C [x]. Moreover, by mmimahty of y, [z] ~ [y]. Thus 
y & [y] = [z] C [x], contradicting our assumption. □ 

2.5. Strengthening and weakening of 2-colorings 

In this section we introduce some natural strengthening and weakening of 2- 
colorings which will be further studied in later chapters. We first give their defini- 
tions. 

Definition 2.5.1. Let G be a countable group and x,y £ 2*^. We call x and y 
almost equal, denoted x =* y, if the set {g d G : x{g) ^ y{g)} is finite. 

Definition 2.5.2. Let G be a countable group and x e 2*^. 

(1) For s £ G with s ^ Ic, we say that x nearly blocks s if there are finite 
sets S,T CG such that 

Vg^ S 3teT x{gt) ^ x{gst). 

X is called a near 2- coloring on G if a; nearly blocks s for all s G G with 

(2) X is called an almost 2-coloring on G if there is a 2-coloring y on G such 
that X =* y. 

(3) For s G G with s ^ Iq, we say that x strongly blocks s if a; blocks s and 
there are infinitely many g G G such that x{sg) ^ x{g). x is called a 
strong 2-coloring on G if x strongly blocks s for all s G G with s ^ 1g, 

We first mention that there is an equivalent dynamical characterization for near 
2-colorings. We remind the reader that if A is a subset of a topological space X 
and X € X, then x is said to be a limit point of A if a; lies in the closure of A — {x}. 

Lemma 2.5.3. Let G be a countable group and let a; G 2*^. The following are 
equivalent: 

(i) X is a near 2-coloring; 

(ii) for every non-identity s G G there are finite sets S,T C G so that for all 
g G G — S there is t G T with x{gt) ^ x{gst); 

(iii) every limit point of [x\ is aperiodic. 

Proof. The equivalence of (i) and (ii) is by definition. 

(ii) (iii). Let y G [x] be a limit point of [a;]. Then there is a non-repeating 
sequence (.g„)„gN of group elements of G with y = limgn ■ x. Fix a non-identity 
s £ G. It suffices to show that - y ^ y. Let S", T C G be finite and such that for 
a\\ g £ G — S there is i G T with x{gt) ^ x{gst). Let m G N be such that for all 
n > m and alH G T 

y{t) = (5n • x){t) and y{st) = {g^ ■ x){st). 

Since (5n)neN is non-repeating and S is finite, there is n > m with g^^ ^ S. Let 
t G T be such that x{g^^t) ^ x{g^^st). Then we have 

y{t) = (5„ • x)it) = xig-H) ^ x{g-^st) = (g^ ■ x)ist) = y{st) = (s"! • y){t). 

Therefore s^^ ■ y ^ y. 

(iii) ^ (ii). Fix a non-identity s G G. We must find sets S and T satisfying 
(ii). Let G be the set of limit points of [x]. Then G is closed, compact, and 
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nonempty (since 2*^ is compact). Let go, 91,92, ... be the enumeration of G used 
in defining the metric d on 2*^. Define : C — )■ N by letting be the least n 
with y{gn) ^ y{sgn) = (s~^ • y){gn)- Then </> is continuous. Since C is compact, 
(j) has finite image. So there is a finite T C G containing the image of (p. So for 
every y & C there is t G T with y{t) ^ y{st). Let S be the set of 5 G G for which 
a;((?t) = x{gst) for all t £ T. Towards a contradiction, suppose 5 is infinite. By 
compactness of 2*^, we can pick a non-repeating sequence {gn)nen of elements of 
S such that g~^ ■ x converges to some y e 2*^. Now y G C and for t e T and 
sufficiently large n e N we have 

y{t) = [g'^ ■ x){t) = x{g„t) = x{gnSt) = {g'^ ■ x){st) = y{st). 

So y{t) = y{st) for all t gT, a. contradiction. We conclude that S is finite. □ 



Lemma 2.5.4. Let G be a countable group. Then the following hold: 

(a) Every strong 2-coloring on G is a 2-coloring on G. 

(b) Every 2-coloring on G is an almost 2-coloring on G. 

(c) Every almost 2-coloring on G is a near 2-coloring on G. 

(d) Every aperiodic near 2-coloring on G is a 2-coloring on G. 

(e) X is a strong 2-coloring on G iff for all y =* x, y is a 2-coloring on G. 

Proof, (a) and (b) are immediately obvious and (c) follows from the previous 
lemma. We only show (d) and (e). 

For (d) assume that x is an aperiodic near 2-coloring on G. By the previous 
lemma all of the limit points of [x] arc aperiodic. Since [x] is the union of [x] with 
the limit points of [x], it follows that [x] is free (i.e. consists entirely of aperiodic 
points). Thus a; is a 2-coloring. 

Now for (e) we first show (^). Assume a; is a strong 2-coloring on G. Let 
y =* x and A = {g G G : x{g) ^ y{g)}- Then y is an almost 2-coloring, and in 
particular a near 2-coloring. By (d), it suffices to show that y is aperiodic. Let 
s e G with s ^ Ig- Let g G G - {Ayj s~'^ A) be such that x{sg) ^ x{g). Then 
g, sg ^ A, and y{g) = x{g) ^ x{sg) = y{sg). Hence y is aperiodic. 

For (<^=), assume that for all y =* a;, y is a 2-coloring on G. In particular a; is a 
2-coloring on G. Wc show that x strongly blocks s for all s S G with s ^ Ig- Fix 
such an s. Consider two cases. 

Case 1: s has infinite order, i.e., (s) is infinite. Let T C G be a finite set 
witnessing that x blocks s. Since TT~^ n (s) is finite, there is to G N such that for 
all k with |fc| > TO, s'^ ^ TT-^. Fix such an TO. Then we have that for all distinct 
n. A; e N, s"'"Tns'='"r = 0. By blocking we have that for all n G N there is i„ G T 
such that a;(s"™t„) 7^ j;(s""st„). Thus a;(s"™t„) ^ x{ss'^-^tn) for all n G N. Since 
the set {s"'"t„ : n G N} is infinite, we have that x strongly blocks s. 

Case 2: s has finite order. Toward a contradiction, assume that A = {t G G : 
x{t) ^ x{sty\ is finite. Then for all t ^ A, x{st) = x{t). Now define y =* x so that 
{g G G : y{g) ^ x{g)} C {s)A and y is constant on {s)A. Then y(si) = y{t) for all 
t G G. Thus y is not a 2-coloring, contradiction. □ 
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Thus we have the following implications: 

strong 2-coloring 

2-coloring <^=> aperiodic near 2-coloring 

|(^ 

almost 2-coloring 




near 2-coloring 

We will show in Section 16.31 that the converses of (a) and (b) are false. On the 
other hand, in Section [10.31 we will prove that the converse of (c) is true. We are 
particularly interested in the following property for countable groups. 

Definition 2.5.5. A countable group G is said to have the almost 2-coloring 
property (ACP) if every almost 2-coloring on G is a 2-coloring on G. 

The following lemma is easy to prove. 

Lemma 2.5.6. Let G be a countable group. Then the following are equivalent: 

(i) G has the ACP; 

(ii) Every 2-coloring on G is a strong 2-coloring on G. 

(iii) Every almost 2-coloring on G is a strong 2-coloring on G. 

Proof. It is immediate that (iii) is equivalent to the combination of (i) and 
(ii), thus it suffices to show the equivalence of (i) and (ii). For (i)=>(ii), suppose 
G has the ACP. Let a; be a 2-coloring on G. Let y —* x. Then y is an almost 
2-coloring. By the ACP y is a 2-coloring. Thus we have shown that every y —* x is 
a 2-coloring on G. By Lemma [2. 5. 41 (e) a; is a strong 2-coloring on G. The converse 
(ii)^(i) is similar. □ 

We consider the notion of centralizer in a group G in the following proposition. 
For g G G, the centralizer of g in G is defined as 

ZG(g)-{/ieG : gh = hg}. 

Proposition 2.5.7. Let G be a countably infinite group. If for every \q ^ u G 
G there is \q ^ v G (u) with \Zg{v)\ = co, then every near 2-coloring on G is a 
2-coloring on G. In particular, a group G has the ACP if for every 1g ^ u G G 
there is 1g =/= v Cz (u) with \Zg{v)\ — oo. 

Proof. Let G be a group with the stated property. Let a; e 2'-' be a near 
2-coloring. We will show that x is a 2-coloring by showing that x is aperiodic and 
then applying clause (d) of Lemma 12.5.41 Towards a contradiction, suppose x is 
not aperiodic. So there is u G G with u ■ x = x. Let \q ^ v £ (u) be such 

that |ZG(t;)| = oo. Notice v ■ x = x. Let gi,g2, ... be any non-repeating sequence 
of elements in 7jq{v). By compactness of 2'^ and by passing to a subsequence if 
necessary, we may suppose that [gn ■ x)nen is a convergent sequence. Set y — 
limg„ • X. Since each gn G 2iq[v), we have 

V ■ y ~ V ■ (lim gn ■ x) — lim v ■ gn ■ x = lim gn ■ v ■ x = lim gn ■ x = y. 

Thus y is a, limit point of [x] and is periodic. This contradicts Lemma 12.5.31 We 
conclude that x must be aperiodic and is thus a 2-coloring. □ 
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The condition above is in fact both necessary and sufBcient for G to have the 
ACP. The proof of necessity wih be provided in Section 16.31 From the previous 
proposition we can easily hst a few classes of groups which have the ACP. Recall 
the following definition of FC groups. 

Definition 2.5.8. If G is a group in which every conjugacy class is finite then 
G is called an FC group. Specifically, an FC group G is a group such that for all 
g <E G, {hgh"^ : h £ G} \s finite. 

Corollary 2.5.9. Let G he a countably infinite group. Then G has the ACP 
if any of the following is true: 

(i) every non-identity element of G has infinite order; 

(ii) G is a free abelian or free non-ahelian group; 

(iii) G is nilpotent; 

(iv) G is an FC group. 

Proof, (i). For any Iq v e G we have that (v) C Zg(w). So if every 
non-identity group element has infinite order, then every group element has infinite 
centralizer. So by the previous proposition G has the ACP. 

(ii) . This follows immediately from (i). 

(iii) . Set Go = G and in general define Gn+i = [G, G„]. Since G is nilpotent, 
G„ is trivial for sufficiently large n. Let n be such that G„ is infinite and G„+i is 
finite. Fix Iq v & G. We have that for aU g e G„, [g,v] G G„+i. If /i G G„ 
satisfy [g, v] = [h, v] then 

g^^v^^gv — [g,v] = [h,v] = h^^v^^hv 

so 

hg~^vgh^^ = v 

and therefore hg~^ G Zg{v). Since G„ is infinite and G„+i is finite, it immediately 
follows that infinitely many elements of G„ lie in Zg{v). By the previous proposition 
G has the ACP. 

(iv) . Fix 1g 7^ w G G. li g,h G G satisfy gvg~^ = hvh~^ then it follows 
h~^g G Zg{v). Since G is infinite and the conjugacy class of v is finite, it follows 
that Zg{v) is infinite. So by the previous proposition G has the ACP. □ 

In Section 16.31 we will show that solvable, polycyclic, and virtually abelian 
groups in general do not have the ACP. In contrast, in Section 16.11 we will show 
that every countably infinite group has a strong 2-coloring. 

2.6. Other variations of 2-colorings 

In this section we introduce some further concepts related to 2-colorings. These 
will not be our main subjects of investigation. However, we will note from time to 
time that our methods for constructing 2-colorings can also be applied to obtain 
these variations. 

First we consider the dual notion of a right action of G on 2*^: 

{g ■ x){h) = x{hg). 

This induces a dual version of all the concepts that we have defined and considered 
throughout this chapter. Consequently we obtain the notion of right 2-colorings. 
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Definition 2.6.1. Let G be a countable group. An element x e 2*^ is called a 
right 2-coloring if for any s G G with s ^ Iq there is a finite set T Q G such that 



It is now natural to ask whether the concepts of 2-colorings and right 2-colorings 
can be combined. 

Definition 2.6.2. Let G be a countable group. An element x £ 2^ is called a 
two-sided 2-coloring if it is both a 2-coloring and a right 2-coloring. 

Of course, for abelian groups 2-colorings and right 2-colorings coincide, hence 
also with two-sided 2-colorings. For non-abelian groups, very little is known for two- 
sided 2-colorings. In Section !?^ we will give for non-abelian free groups examples of 
two-sided 2-colorings and of 2-colorings that are not right (or two-sided) 2-colorings. 

Next we note that the definition of 2-colorings does not explicitly mention 
the inverse operation in a group, and therefore can be similarly defined for any 
semigroup. 

Definition 2.6.3. Let 5' be a countable semigroup. An element 2'^ is called a 
2-coloring on the semigroup S if for any s € S there is a finite set T C 5 such that 



We will not systematically explore 2-colorings on semigroups in this paper. 
Instead, we will just consider some 2-colorings on N. These are intrinsically related 
to 2-colorings on Z. 

Definition 2.6.4. A 2-coloring x e 2^ is unidirectional if for all s G Z there is 
a finite T C N such that 



Thus for unidirectional 2-colorings on Z one can always search for distinct colors 
by shifting to the right. It is clear that, if a 2-coloring on Z is unidirectional, then its 
restriction on N is a 2-coloring on N. However, we have the following observation. 

Lemma 2.6.5. Any 2-coloring on Z is unidirectional. 

Proof. Suppose x is a 2-coloring on Z. Fix s G Z with s ^ 0. Let T C Z be 
the finite set witnessing that x blocks s. Let m be the least element of T. Then 
we claim that |m| -\- T C N also witnesses that x blocks s. To see this let g G Z 
be arbitrary. Consider the element |m| -\- g. By blocking there is i G T such that 
x{\m\+g + t) ^ x{\m\+g + s + t). Therefore a;(c/ (|m| + 1)) ^ x{g + s + {\m\ +t)) 
with \m\ + t Cz \m\ + T, as required. □ 

Thus indeed the restriction to N of any 2-coloring on Z is a 2-coloring on N. 
Conversely, it is also easy to check that if y G 2^^ is a 2-coloring on N then the 
element a; G 2^ defined by 



Vg G G 3t G T x{tg) ^ x{tsg). 



"^geS [g^gs^3teT x{gt) ^ x{gst)]. 



\fgeZ3teT x{g + t) ^ x{g + s + t). 




y{n), if n > 0, 
y{—n), otherwise. 



is a 2-coloring on Z. 
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2.7. Subflows of (2'*)'= 

Some of our results in this paper about Bernoulli subflows can be directly 
generalized to more general dynamical systems. Among continuous actions of G 
the shift action on (2'^)'^ plays an important role. Let us recall the following basic 
fact from ^DJK about this dynamical system. Again for the convenience of the 
reader we give the proof below. 

Lemma 2.7.1. Let G he a countable group with a Borel action on a standard 
Borel space X . Then there is a Borel embedding 9 : X ^ (2^)'-^ such that for all 
g & G and x £ X, 6{g ■ x) = g ■ 9{x). 

Proof. Let Uq.Ui,... be a sequence of Borel sets in X separating points. 
Define 9 : X ^ {2^)^ by 

9{x){g){i)^l ^ g-'-xeU,. 
Then 9 is as required. □ 

Thus (2'*)'' contains a G-invariant Borel subspace that is Borel isomorphic to 
the Borel G-space X. In this sense (2'*)'' is a universal Borel G-space among all 
standard Borel G-spaces. In the case that the space X is a zero-dimensional Polish 
space and the action of G on A" is continuous, we can improve the embedding 9 to 
be continuous. 

Lemma 2.7.2. Let G be a countable group with a continuous action on a zero- 
dimensional Polish space X . Then there is a continuous embedding : A — > (2^)*^ 
such that for all g (z G and x G A, 9(g ■ x) — g ■ 9{x). 

Proof. In the proof of Lemma r2. 7. II if we take the UiS from a countable clopen 
base of A the resulting 9 is continuous. □ 

If A is compact in addition, then the resulting is a homeomorphic embedding. 

Because of these universality properties of (2^)'-^ we are especially interested in 
establishing results about its subflows. Note that (2^)*^ is isomorphic to the space 
2^^*^, and it is more convenient to consider this latter space when we consider 
combinatorial properties of elements. The following lemmas are analogous to their 
counterparts. Lemmas 12.2.41 12.3.21 and I2.4.5[ for Bernoulli flows. We state them 
without proof. 

Lemma 2.7.3. Let G be a countable group and x S 2^^*^. Then x is hyper 
aperiodic iff for any s € G there is N Cz N and finite T Q G such that 

yg e G 3n < N 3t eT x{n,gt) ^ x{n,gst). 

Lemma 2.7.4. Let G be a countable group and xq,xi G 2^^'-^. Then and xi 
are orthogonal iff there is N G N and finite T Q G such that 

Vgo, c/i e G 3n < A 3i e T XQ{n,got) ^ xiin^git). 

Lemma 2.7.5. Let G be a countable group and x € 2'*^^'^. Then x is minimal 
iff for all N (z N and finite A C G there is a finite T C G such that 

Wg e G 3t e T yn < N ya e A x{n,gta) = x{n,a). 
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Note that by Lemma [2.7.31 if x £ 2'*'^'^ is such that a;(0, •) is a 2-coloring on 
G then x is hyper aperiodic. Hence the existence of hyper aperiodic points is an 
immediate corollary of the existence of 2-colorings on G. In Chapter[7]we will show, 
among other facts, that every non-empty open subset of (2^)*^ contains a perfect 
set of pairwise orthogonal minimal hyper aperiodic points. 



CHAPTER 3 



Basic Constructions of 2- Colorings 



In this chapter we give some basic constructions of 2-colorings on groups. The 
methods introduced here are not as powerful as the one explored later in this paper. 
But they are simple and intuitive, and using these methods we are able to construct 
2-colorings on all solvable groups, all free groups and some of their extensions. In 
fact, other than constructing 2-colorings on free groups (including Z), this chapter 
focuses primarily on constructing 2-colorings on group extensions. 

3.1. 2-Colorings on supergroups of finite index 

In this section we consider two constructions to obtain 2-colorings on a count- 
able group from 2-colorings on a subgroup of finite index. 

Let G be a countable group and H < G with 1 < \G : H\ = m < oo. Let 
ai — la, oi2t ■ ■ , otm enumerate a set of representatives for all left cosets of H in G. 
Given x,y & 2^, we define a function kh{x; y) € 2*^ by 

y{h), li g ^ H and g = aih for 1 < i < m. 



KH{x;y){g) 



H 








G 


X 


y 




y 





Figure 3.1. The function KH{x;y). 

Thus KH{x;y) is obtained by imposing x on H and y on every other left coset 
of H viewed as a copy of H (see Figure [3T|) . Apparently the definition of kh{x; y) 
depends on the particular choice of left coset representatives, and they are omitted 
in the notation just for simplicity. However, the results we prove below about 
kh{x\ y) will not depend on this choice. We first observe the following fact. 

Lemma 3.1.1. Let G he a countable group and H < G with \G : H\ < oo. If x 
is a 2-coloring on H and y & 2^ is such that yJ-X, then KH{x;y) is a 2-coloring 
on G. 

Proof. Let Tq — {ai — Iq, a2, • ■ • , ctm}- Since xJ^y, there is a finite set 
Ti C iJ such that for all /io,/ii G H there is r e Ti such that x{hQT) ^ y(h\r). 
Given s € G with s ^ 1g, let 

ls = \X <i <ra : sai G i/}. 
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Since a; is a 2-coloring, for each i E Is, there is a finite set Tsa C H such that for 
all /i G -ff there is r g Ts^i such that x{hT) ^ x(hoL^^ scut) . Let 



We verify that T witnesses that s is blocked by kh{x] y). For this let g E G. First 
there is some 1 < i < m such that g^^ G UiH. Then gai G H. If gsai ^ H, say 
gsai = ajh for 1 < j < m and h E H , then there is t G Ti such that 

KH{x;y){gaiT) = x{gaiT) ^ yQir) = KHix;y)igsaiT), 

which finishes the proof by taking t — aiT G TqTi C T. 

If gsai G -ff, then z G /, since a~^sai — {gat)^^ {gsat) G H. In this case there 
is r G Ts,i such that 

KH{x;y){gaiT) = ^(gair) =^ x{gai{a'l'^ sai)T) = x{gsa.,T) = KH{x;y){gsaiT). 

Again, by letting i = a^r G TqTs^i C T, we have that kh{x; y){gt) ^ kh{x; y){gsi), 
and our proof is complete. □ 

The idea of the above proof can be informally summarized as the following 
procedure. Given s and g we first transfer g back to the "standard" set H . If the 
corresponding element gs is transferred to the same set, then we note that they are 
related by one of finitely many conjugates of s, and use the 2-coloring property of 
X. If gs stays out of H , then we use the orthogonality of y and x to finish the proof. 

If we assume instead that y is a 2-coloring (and x is not), then we can use the 
compliment of H as our standard set, but this idea encounters a difficulty when 
g and gs are transferred to different left cosets (by the right multiplication of the 
same element) outside H. In this case we note that, if we assume that is a 
normal subgroup of G, then the difficulty disappears. Thus we have the following 
corollary of the above proof. 

Corollary 3.1.2. LetG he a countable group andH<G with 1 < \G : H\ < oo. 
Ify is a 2-coloring on H and x G 2^ is such that x J-y, then kh{x; y) is a 2-coloring 
on G. 

Proof. Given s E G with s ^ \q, the witnessing set T for KH{x;y) blocking 
s is the same as in the proof of Lemma 13.1.11 In fact, let be such that gai G H. 
If gsai ^ H then the proof is finished as before since xJ-y. If gsai G H, then 
s = ai{{gai)~^ gsai)a~^ G aiHa~^ = H. In this case let j 7^ i, so that gaj ^ H. 
Then gsaj = gaj{aj^saj) ^ H. Let h £ H he such that gaj — akh for some k. 
Then gsaj = akh{aj^saj), and there is r G Tgj such that 

KH{x;y){gajT) = y{hT) ^ y{h{aJ^saj)T) = KH{x;y){gsajT) 

by the assumption that y is a 2-coloring. Letting t = a^r G TqTsj C T, we have 
that KH{x;y){gt) 7^ KH{x;y){gst) as required. □ 

In particular, this corollary applies when H < G and \G : H\ — 2. 

The same idea of the proof of Lemma 13.1.11 can also be used to study when 
'tj?(a^o; yo) -L yi). For instance, it can be shown that, if either xo or yo is 

orthogonal to both xi and yi, then KH{xo]yo) ^- KH{xi;yi) (note that this holds 
independently from the choice of left coset representatives in the definitions of 
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KHixo;yo) and It follows that if {xq, yo, a^i, yi} is a set of pairwise 

orthogonal elements and {xo,yo} 7^ {xi,yi}, then KH{xo;yo) J- KH{xi;yi). Below 
we state without proof a simple fact that can be justified with similar arguments. 

Lemma 3.1.3. Let G be a countable group and H < G with \G : H\ < 00. If 
X,Y C_ 2^ are disjoint such that XUY is a set of pairwise orthogonal elements of 
2^ , then the set 

{KH{x;y) : X e X, y eY} 
is a set of pairwise orthogonal elements of 2^ . 

Throughout the rest of the paper we use to denote the constant function 
on a group and 1 to denote the constant 1 function. It follows immediately from 
Lemma [2 . 3 . 21 that for any 2-coloring x on H, x ±0,1. 

Recall that H is said to have the (A, 2)-coloring property (where A > 1 is a 
cardinal number) if there exist A many pairwise orthogonal 2-colorings on H. We 
thus have the following corollary. 

Corollary 3.1.4. Let G be a countable group, H < G with 1 < \G : H\ < 00, 
and A > 1 a cardinal number. Suppose H has the {X, 2) -coloring property. Then 
the following hold: 

(i) If X is infinite then G has the {X, 2) -coloring property. 

(ii) // A is finite then G has the {■^X{X + 3), 2)-coloring property. 

Proof. Let X be a set of pairwise orthogonal 2-colorings on H with |X| = A. 
If A is infinite, then note that {kh{x;0) : x G X} is a set of pairwise orthogonal 
2-colorings on G by Lemmas l3.1.1l and l3.1.3l Since \{kh{x; 0) : x G X}\ — \X\ = A, 
G has the (A, 2)-coloring property. If A is finite, we enumerate the elements of X 
as Xi , . . . , xx . Consider the collection 

{KH{xi;Xj) : l<i <j <X}\J {KH{xi;y) : I < i < X, y e {0,1}} . 

By Lemmas 13.1.11 13.1.31 and the remark preceding Lemma 13.1.31 this is a set of 
pairwise orthogonal 2-colorings on G. Its cardinality is ^A(A ~ 1) H- 2A = ^X{X -\- 
3). □ 

For the rest of this section we consider a generalization of k,h{x; y) defined as 
follows. For xi, . . . , Xm S 2^ define 

Kh{xi, . . .,Xm){g) = Hh{xi,. . .,Xm){aih) = Xi{h) 

for g = aih, where 1 < i < m, h € H , and ai = 1g, . • . , oim enumerate a set of 
representatives for all left cosets of H in G. 
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Figure 3.2. The function kh{xi, . . . ,x,n). 
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Figure lOI illustrates the definition of kh{xi, . . . ,Xm)- Clearly, KH{x;y) — 
kh{x, y, . . . ,y). In the following we prove a generalization of Lemma 13.1.11 which 
guarantees that K/f (xi, . . . ,Xm) is a 2-coloring by assuming one of the Xi is a 2- 
coloring orthogonal to all other Xj 's. In the proof we will use a well known lemma 
of Poincare, which we recall below. 

Lemma 3.1.5. Let G he a group and H < G with \G : H\ < oo. Then there is 
K <\G such that K < H and \H : K\ < oo. 

Proof. Let S be the collection of all left cosets of H in G. For each g G G, 
let ip{g) be a permutation of S given by (f{g){aH) = gaH. Then if : G ^ 'S'(S) is 
a group homomorphism, where S'(S) is the group of all permutations of S. Here 
S{T,) is finite since E is finite. Let K — ker((^). Then K < G. It follows from 
the finiteness of that G/K is finite. Hence to finish the proof it suffices to 

verify that K < H. For this let g G K, then ip{g) — 1s(e), and in particular 
ip{g){H) = gH = H, so g e H. □ 

Theorem 3.1.6. Let G be a countable group and H < G with \G : H\ = m < oo. 
Let Xi, . . . , Xm G 2^. // there is 1 < i < m such that Xi is a 2-coloring on H and 
Xi _L Xj for any 1 < j < rn with j ^ i, then kh{xi, . . . , x^) is a 2-coloring on G. 

Proof. Let K < G he given by the preceding lemma. Then K < H and 
\G : K\ < oo. Let 71 ~ Iq, . . . , 7„ enumerate a set of representatives for all cosets 
of K in G. Let 1 < i < be such that Xi is a 2-coloring on H and that Xi _L Xj for 
all j i, I < j < rn. Since K < H there is 1 < p < n such that K^p = jpK C aiH. 
Let To = {jq^lp ■ ^ < q < n}. By the orthogonality assumptions there is a finite 
set Ti C H such that for all j i, 1 < j < m, and h,h' E H there is r e Ti such 
that Xi{hT) ^ Xj{h'T). 

Given s € G with s 7^ Iq, let 

Is = {I < q < n : ip^lqs-iq^-ip e H}. 

Since Xi is a 2-coloring, for each q Cz Is, there is a finite set Tg^q C H such that for 
all h E H there is r e Ts.q such that 

Xiihr) ^ Xii^h-lp'^-iqS-lq'^-ipT). 

Let 

T = To I Ti U y Ts^q 

We claim that T witnesses that s is blocked by kh{xi, . . . , a^m)- For this let g € G. 
First there is some 1 < 9 < n such that g € ^4^7^. Then 37"^ S if and gjq^jp G 
^7p ^ a^i?. Let h G H he such that g^q^^p = onh. If gs^q^^p ^ cti-ff, say 
gsjq^jp — Ujh' for j ^ i, 1 < j < rn, and /i' G _ff , then there is t G Ti such that 

Kh{xi, ■ ■ ■ ,Xm){91q^lpT) = X,{hT) ^ XjikW) = kh{xi, . . . , x^){gs-f~'^jpT) , 

which finishes the proof by taking t — jq^jpT e TqTi C T. 
If gsjq^jp G ctiH , then q E Is since 
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In this case there is r G Ts^q such that 

^ X,{h{j-'^-iqS-l-'^-lp)T) = Kh{xi, . . . ,Xm){.gS-i~'^-ipT). 

Again, by letting t — jq^jpT G T^T^^q C T our proof is complete. □ 

Despite the tedious notation the idea of the above proof is quite simple: we use 
the underlying normal subgroup to transfer the elements to a standard set just as 
we did in the proof of Lemma 13.1.11 and then use the assumptions of 2-coloring and 
orthogonality to finish the proof. The same idea can be applied again to investigate 
when kh{xi, . . . , Xm) -L Kniyi, ■ ■ ■ , ym)- We state the following observation without 
proof. 

Lemma 3.1.7. Let G be a countable group and H < G with \G : H\ = m < oo. 
Let xi, . . . , Xm, yi, ■ ■ ■ , ym G 2^. // there is 1 < i < m such that Xi _L yj for all 
1 < j < m, then 

Kh{xi, . . . ,Xrn) -LKH{yi, ■ ■ ■ ,ym)- 

Using Theorem 13.1.61 and Lemma 13.1.71 one can improve Corollary 13.1.41 with 
the general k,h{xi, . . . , Xm) in place of kh{x; y). 

3.2. 2-Colorings on group extensions 

We begin by defining a natural map 2'-^ x 2-^ — > 2'^^-^. 

Definition 3.2.1. Let G and H be countable groups, x e 2^, and y e 2^. 
Then the product xy is an element of 2*^^^ defined by 

{xy){g-h) = x{g)y{h). 



G 



G 

1 



I 1 — I ^ I 

y 1 Q H H 

Figure 3.3. The product xy viewed from two different perspectives. 

One way to view the product xy is to regard y as labeling the cosets of G in 
G X H and impose the function x on the copy of G when the y label is 1 and 
when the y label is (see Figure [5^ . Of course, by symmetry x could be viewed 
as labeling cosets of H as well. The following proposition collects some elementary 
facts about the product. In the statement we use to denote the constant zero 
element in 2*^, 2^, or 2'^'' -f^. 

Proposition 3.2.2. Let G and H be countable groups, x,xi,X2 & 2^, and 
y,yijy2 G 2^. Then the following hold: 

(i) xy is a 2-coloring iff both x and y are 2-colorings. 

(ii) If Xi±X2 and ^ [yi] U [j/2]; then xiyiJ-X2y2- 

(iii) IfO^ [y], then X1J-X2 iff xiyLx2y. 
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(iv) If xy ^ 0, then xy is minimal iff both x and y are minimal. 

Proof, (i) First assume that x and y are both 2-colorings. Note that ^ [x], 
and therefore there is a finite set A C G such that 

yg G G 3a G A x{ga) = 1. 

Similarly there is a finite set B C H such that 

\/heH3b€B y{hb) = 1. 

To show that xy is a 2-coloring, fix a nonidentity (s, u) G G x H. Without loss of 

generality assume s ^ 1q. Thus \vc can find a finite set T C G witnessing that x 
blocks s. If u ^ 1h then we also have a finite set 5 C witnessing that y blocks 
u. If w = 1h we set S = 0. Then we claim that (T x B) U (^4 x S) witnesses that 
xy blocks (s, u) in G x H. To sec this, let (g, h) E G x H he arbitrary. We consider 
two cases. Case 1: u = 1h- Then we may find b G B such that y{hb) = 1 and t gT 
such that x{gt) ^ x{gst). Note that also y{hub) = 1. We have 

{xy){gt,hb) = x{gt)y{hb) = x{gt) ^ x{gst) = x{gst)y{hub) = {xy){gst,hub). 

Since {t,b) G T x B we are done. Case 2: u^Ih- In this case we find v G S such 

that y{hv) ^ y(huv). If yihv) = 1 we find a G A such that x{ga) = 1; i{y{huv) = 1 
we find a G A such that x{gsa) — 1. Either way we have 

{xy){ga, hv) = x{ga)y{hv) = y{hv) ^ y{huv) = x{gsa)y{huv) = {xy){gsa, huv). 

Since (a, v) G Ax S, our proof is completed. 

For the converse assume without loss of generality that x is not a 2-coloring. 
Then there is some z G [x] with a nontrivial period s Iq- It follows that zy G [xy] 
and that (s, 1h) is a period of zy. Thus xy is not a 2-coloring. 

The proof for (ii) is similar. For (iii) it suffices to note that, ifTxSCGxH 
is a finite set witnessing .tij/_L .T2?y, then T witnesses a;i_Lx2. 

To prove (iv) we first assume that both x and y are minimal. Let A C G x H 
be finite. Without loss of generality we may assume A = BxCiovBCG and 
C C H. Let Tb C G he finite with the property that for all g G G there is t € Tb 
with x{gtb) = x{b) for all b G B. Similarly, let Tc C be finite such that for all 
hG H there is t gTc with y{hTc) = y{c) for all c e G. We claim that T = TbxTc 
works for A. For this let {g,h) G G x H be arbitrary. Let t G Tb be such that 
x(gtb) = x{g) for all b G B, and let t G be such that y{hTc) = y{c) for all cG C. 
Then {t, t) gT and for all (6, c) G A, 

{xy){gtb,hTc) = x{gtb)y{hTC) = x{b)y{c) = {xy){b,c). 

This shows that xy is minimal. 

For the converse we assume ^ is minimal. Note that we have both x ^ 
and y ^ 0. We show that x is minimal, and by symmetry it follows that y is minimal 
too. For this fix ho G H with y{ho) = 1. Let ^ C G be finite. Without loss of 
generality we assume that there is go G A with x{go) = 1- Since A x {ho} is a finite 
subset oi G X H, by the minimality of xy, there is a finite T G G x H such that for 
all {g,h) G GxH there is [t, t) gT with {xy){gta, hrho) = {xy){a, ho) for all a G A. 
Let Tg = {tGG : 3t G H {t, t) GT}. We claim that Tg works for A. For this let 
g G Ghe arbitrary. There is {t, t) GT such that {xy){gta, rho) = {xy){a, ho) for all 
a G A. In particular, t G Tq and {xy){gtgo,Tho) = {xy){go,ho) = x{go)y{ho) = 1- 
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It follows that y(r/io) = 1 and therefore x{gta) — {xy){gta,Tho) — {xy){a,ho) — 
x{a) for all a G A. This shows that x is minimal as required. □ 

Corollary 3.2.3. Let G and H be countable groups, and A, k > 1 cardinal 
numbers. If G has the {X, 2) -coloring property and H has the {n, 2) -coloring prop- 
erty, then G X H has the (A • k, 2)-coloring property. 

One can also consider a slightly more general construction on the product group 
G X as follows. For x,z £2^ and y £ 2^, define xy^ e 2'^^^ by 

{xyz){g, h) = x{g)y{h) + z{g){l - y(h)). 



G 



1 



H 



Figure 3.4. The function xyz- 



Here again y is used to label the cosets of G in G x When the label is 1 
the coset is imposed the function x, and when the label is the coset is imposed 
the function z (see Figure . Then similar to Proposition l3.2.2l (i) one can show 
that, if both x and y are 2-colorings, and zl. x, then xy^ is a 2-coloring on G x H. 
Conversely, if xyz is a 2-coloring, we can only conclude that y is a 2-coloring due 
to asymmetry in this construction. In fact, both x and z can be periodic in this 
case. For example, let xq, ZQ,y be 2-colorings on Z, and let 1 denote the constant 1 
element in 2^. Let x = xqI and z = Izq. Then x and z are both periodic elements 
in 2^^^, and xl. z. It is easy to check that xyz is a 2-coloring on Z^. 

We next consider general group extensions. Recall that in the preceding section 
we have considered the case where iJ is a normal subgroup of finite index in a 
countable group G. The constructions there fail to work when H has infinite index 
in G, because the witnessing sets are no longer finite. In the next theorem we get 
around this problem by making use of fc-colorings on the quotient. 

Theorem 3.2.4. Let m,k > 2 be integers and A > 1 a cardinal number. Let 
G be a countable group and H <G. Suppose G/H has the (X,m)- coloring property 
and H has the (m, k)-coloring property. Then G has the (A, k)-coloring property. 

Proof. We first define a fc-coloring x on G assuming that z is an m-coloring 
on G/H and yo, . . . , j/m-i are pairwise orthogonal fc-colorings on H. Let i? be a 
transversal for the cosets of H, i.e., R contains exactly one element of each coset 
of H. Let CT : G — ?> i? be such that for every g G G, a{g) E Hg = gH . Then define 
a; : G — > fc by letting 

x{g) = yz[Hg){(^{gy^9)- 

We check that a; is a fc-coloring on G. For this fix s e G with s ^ Iq. 
First assume s E H. Since yo, . . . ,y„i-i are all fc-colorings there are finite sub- 
sets Tq, . . . , Tm-i ^ H such that for all h E H and i < m there are ti E Ti such 
that yi{hti) ^ yi(hsti). Let T — lJi<m^j- We check that for any g E G there is 
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t E T such that x{gt) ^ x{gst). Let g e G. If z{Hg) — i then for any t eT, since 
s,t G H, we have 

ajCfi'i) = Viicrigty^gt) = yi{(r{g)~^ gt) 

and 

a^Cfls*) = yi{(^{gst)~'^gst) = yi{a{g)~'^gst). 
Thus if we let t = tt so that yi{hti) ^ yi{hsti) where /i = (T{g)~^g, then a;(5t) ^ 
x{gst). 

Now we assume that s ^ H. Prom the assumption that z is an m-coloring 
we obtain a finite set F C R such that for any g G G there is / € F such that 
z{Hgf) 7^ z{Hgsf). Let T C H witness the orthogonality of j/, and j/j for all pairs 
i,j<m,i^ j. That is, for any i, j < i ^ j, and any gi, gj G H, there is 7 e F 
such that yi{gij) ^ yjigjl)- Let T = FT. We again check that for any g G G there 
ist GT such that x{gt) ^ x{gst). First fix an / e -F such that z{Hgf) ^ z{Hgsf). 
For definiteness let z{Hgf) = i and z{Hgsf) = j. Then for any 7 € F C iJ, 

a;(5/7) = yi{(^{gf)~^gfi) 

and 

x{gsfj) = 2;j(cr(.gs/)"\gs/7). 
Thus letting /ij = cr{gf)~^gf, hj = <j{gsf)^^gsf and applying the orthogonality 
we obtain a 7 e F such that yi{hi^) ^ yj{hj-f). Letting t = f'j, we have thus 
verified that a; is a /c-coloring. 

Now we assume Zq and zi are two orthogonal m-colorings onG/H. Let xq and 
x\ be defined similarly as above. We verify that XQ^-X\, i.e., there is a finite set 
$ C G such that for any go,gi G G there is ip G ^ such that XQ^go^p) 7^ xi(giip). 
Let F C i? be finite such that for all go,gi G G there is f G F such that Zo{Hgof ) ^ 
z\{Hg\f). Let F C witness the orthogonality of all pairs yi and yj for i,j < m 
and i 7^ j. Let $ = FF. Then for any 170, 171 G G, letting f G F he fixed as above, 
ho = o-(S'o/)"^5o/, hi = a{gif)~^gif, i = ZoiHgof), j = zo{Hgif), and 7 such 
that t/i(/io7) 7^ yjihil), then 

Mgofl) = yzo{Hgof){(^{gafl)~^gofl) = yi{hol), and 

a;i(5i/7) = %(/ll7)• 
Thus 0:0(50/7) 7^ 2:1(5(1/7). □ 

The following approach is an alternative way to obtain 2-colorings on an ex- 
tension from those on a normal subgroup. Instead of assuming the existence of 
any 2-coloring on the quotient we consider a strong notion of a uniform 2-coloring 
property on the normal subgroup. 

Definition 3.2.5. Let G be a coimtablc group. We say that G has the uniform 
2-coloring property if there exists a perfect set {x^ ■ <J G 2'*^} of pairwise orthogonal 
2-colorings on G such that 

(i) for any s G G with ,s 7^ 1^, there is a finite set T C G such that for any 
x G {xcr ■ cr G 2^}, we have 

V.g € G 3t e T x{gt) ^ x{gst); 

(ii) for each n G N there is a finite set An C G such that for any a,T G 2^ 
with a{n) ^ T{n), 

V5o,5i GG3aG An Xa{goa) ^ Xr{g\a). 
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Theorem 3.2.6. Let G be a countable group and H <G . If H has the uniform 
2-coloring property then so does G. 

Proof. Suppose H has the uniform 2-coloring property. As in the above 
definition, there is a collection of 2-colorings {j/o- : a G 2^} on H, for each s £ H 
with s ^ 1h there is Th{s) C H, and for each n € N there is yl„ C H satisfying (i) 
and (ii). 

We first deal with the case \G : H\ = oo. Let Iq = ro,ri,... enumerate a 
transversal of the cosets of H in G. Let (/) : N x N {0, 1} be a function with the 
following property: 

for any i, n e N, letting j,k Cz N be the unique integers satisfying 
rjH — rirn+iH and r^iJ = rir^^^H, we have either (j)(i,n) =/= 
n) or n) ^ if)(k, n). 

To see that such a function exists, note that for any fixed n e N, the right mul- 
tiplication by r„_(_i induces a permutation 7r„ on N such that r^^(^,i-^H = rirn+iH. 
Note that 7r„ has no fixed points. Thus in the statement of the property j = n„{i) 
and k = 7r~^(i). The permutation 7r„ can be decomposed into basic cycles of either 
finite or infinite length. In either case it is easy to assign values to indices so that 
no three consecutive indices in each cycle are assigned the same value. Since k,i,j 
are consecutive indices, we must have (p^i, n) ^ (/)(], n) or n) ^ 4>{k, n). 

We then define infinitely many elements e 2'*' for i e N by letting Ti{n) — 
(/)(«, n). We will also use a coding function (•,•) : 2^ x 2^ — > 2^^ defined by 
{T,a){2n) = T{n) and {T,(j){2n -f 1) = cr(n) for all n e N. 

We are now ready to construct a collection {xa ■ cr £ 2^} of pairwise orthog- 
onal 2-colorings on G. For each cr e 2^ define by 

Xa{rih) = y(^.^^)(/i). 

We verify that each x^ is a 2-coloring on G. Let s £ G with s ^ Iq and let 
g £ Ghe arbitrary, li s £ H then there exists t £ Th{s) such that x^igt) 7^ Xa-{gst). 
If s ^ H let s £ r„_|_iiJ, g £ riH, gs £ rjH and gs^^ £ r^H . Then by the property 
of (j) either (j){i,n) 7^ (f>{j,n) or (j){i,n) 7^ (j){k,n). Therefore either {Ti,a){2n) 7^ 
{Tj,a){2n) or (rj, a){2n) 7^ (r^, cr)(2n). It follows that if we let T = U s~^A2„ 
then there exists t £ T such that x„{gt) 7^ xdgst). Note that the choice of T 
does not depend on cr so our collection of 2-colorings on G satisfies property (i) in 
Definition [M^l 

For property (ii) in Definition 13.2.51 it is clear that the set -B„ — A2n+i works 
for n £ N. This finishes the proof in the case H has infinite index in G. 

As for the case |G : -ff | = m < 00, we can use an easy adaptation of the above 
construction. In this case the function (p would be only defined on a finite domain 
(to — 1) X m. We then extend its definition to N x N using value and proceed as 
above. The resulting functions are as required. □ 

3.3. 2-Colorings on Z 

For the rest of this chapter we construct concrete 2-colorings on concrete groups. 
In this section we focus on the group Z. We show that Z has the uniform 2-coloring 
property. 
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We will use the following notation. Let 

2^^= y 21'''']. 
;<rez 

For p e 2^^ wc let IpI = ; - r + 1 if p e 2['-''l. For p G 2^^ wc let = 1 - p{i) 
for all i e dom(p) and call it the conjugate of p. Thus dom(p) = dom(p). For 
p,q € 2^^, we write p C g if dom(p) C dom{q) and g f dom(p) = p. The group Z 
acts on 2^^ naturally: for s e Z and p e 2^^, let 

{s + p){i) =p{i- s). 

Thus doni(s+]3) = s + dom(p). Wc write p ~ g if there is s G Z such that s+p = q. 
For Pq,Pi G 2^^, say po G 2f'"'''ol, pi G 2['i'''il, we write PqPi or simply poPi for the 
unique q G 2l'o'''''+i+''i-'il such that q\[lo, ro] = po and g f [ro + 1, ro + 1 + ri - Zi] ~ 
Pi. By iteration we can define the notation p^Px ■ ■ Pn or poPi ■■ - Pn- 
We also let 

p = y 2[-*^'*=l. 

feeN 

For p,q G P, say p G 2^~'''''^ and g G 2[~'''l, we write pC(7if2A:+l|Z — fc and for 
all i G Z, if £) = [{2k + l)i + fc + 1, {2k + l){i + 1) + fc] C dom(g) then g ~ p or 
q\D^p. 

I l^^^^^IHj I 

Z -I -k k I 

P P P P P P P 
I I I I I I I I 

q 

Figure 3.5. An illustration of p C g. 

Note that C is a transitive relation, i.e., if po E Pi and pi C p2 then po C P2- 
Also for p G 2[~'''''l and x G 2^, we write p C a; if for alH G N, p C a; \ [-i{2k + 
1) — k, i{2k + 1) + k]. We now define two operations on P, $o and $i. For p G P, 
let $o(p) and $i(p) be the unique elements of P so that 

^o{p) jrpppppp and ^i{p) ppppppp. 
Note that p C $o(p), and |$o(p)| = = 7|p|. Also for i = 0, 1, $i(p) = 

Lemma 3.3.1. Letp,q G P andx,y G 2^. //|p| = |g| and^o{p) E a;, $i(g) E 2/, 
f/ien a;_L j/. 

Proof. Let T = {i|p| : < i < 7}. Let 

Po e {$o(p)*o(p),*o(p)*o(p),*o(p)*o(p),*o(p)*o(p)} 

and 

pi G {$i(g)$i(g),$i(g)$i(g),$i(g)$i(g),$i(g)$i(g)}. 
By direct inspection it can be shown that for any < go, gi < 7\p\ there is t G T 
such that Po{p){9o+t) ^ Pi{q){gi +t). In fact, the 0, 1-sequence {po{go + t) : t gT) 
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consists of at least two occurrences of 00 and 11 which are separated by at most 
four digits in between, but this property fails for the sequence {pi{gi +t) : t e T). 
Now for any go^gi £ TL there are po,pi as above and Pq ^ x, p[ ^ y such that 
go G dom(pg), gi S dom{p[), pq and pi p[. Thus there is i € T such that 
Po(5o + t) ^ pi (.91 +t). In particular x{gQ + t) ^ y{gi +t). □ 

In the sequel we use the notation to denote the set of all finite binary 
sequences. I.e., 2<'*' = lj„gj^2". For u G 2<^, let |u| denote the length of u. 

Theorem 3.3.2. Z has the uniform 2-coloring property. 

Proof. We define a system (Pn)ne2<" of elements of P by induction on |u| so 
that the following conditions are satisfied: 

(i) for all u,v€ 2<N with \u\ = \vl K| = K|; 

(ii) for all u G 2<'^, $o(Pn) E Pu-o and $i(p„) C p„^i; 

(iii) for every u € 2^^, there is i G dom(p„) such that i + |u| G dom(p„) and 
Pu{i) 7^Pu{i + \u\). 

To begin the definition, let dom(p0) = {0} and P0(O) = 0. In general suppose all p„ 
where |u| < n have been defined. We first define qu"o^ Qu-i to satisfy the conditions 
(ii) and (iii). For this let i G dom{^o{pu)) so that i + n + 1 ^ dom($o(PM))- Let 
Qu-o 3 ^oipu) be such that g„"o(* + n + 1) ^ ^oij>u)(j)- Then define q^-x 3 
$i(p«) similarly. After all where \v\ = n + 1 have been defined this way let 
I = max{|g,u| : = n + 1} and define Pu^i so that |p„^i| = I, qu^i C Pu^i and 
^i(j>u) E Pu^i- This finishes the definition of (pM)Mg2<"- 

Now for a G 2^ we let = UneN^af"- claim that each Xa is a 2-coloring 
on Z. To verify this let s G Z. Let n = \s\ and u = a \ n. Let i G dom(pu) such 
that z + n G dom(p„) and ^^(i) 7^ Pu(* + '^)- Let T = [0, 2|pu|]. Now let g G Z be 
arbitrary. Then noting that Pu E a;a, there is g C with g G dom(g) and q ^ Pu 
or q ^ Pu- Letting j to be the least integer greater than g with j ^ dom(g), we 
have that Xa(i + j + \^Pu\ — 1)) 7^ Xa{i + n + j + ^(|p„| — 1)). Thus if we let 
i = * + J + 5(K|-l)-5e r (if s >0) ori = z + n + /+i(|p„|-l) G T (if s < 0), 
we must have that Xa{£ + t) ^ Xa{g + s + t). Note that the set T only depends on 
s and not on a, since |p„| only depends on |m| by property (i). This shows that the 
set {xa ■ oi G 2^} satisfies Definition 13.2.51 (i). 

Finally, suppose a,/? G 2^ with a(n) 7^ fOn)- Let u = a \ n and v — fi \ n. 
Without loss of generality assume u'^O C a and w'^l E /3. Then <I'o(p«) E Pm-o E Xa 
and <I'i(p^) C p.y^x E By Lemma 13.3.11 Xq-Lx^. Moreover, the proof of 

Lemma [3.3.11 shows that the witnessing set can be taken as \in : < i < 7}, which 
depends only on n and not on a and (3. This shows that the set {xa '■ ol G 2^} 
satisfies Definition 13.2.51 (ii). □ 

We remark that, using Lemma 12.4.51 it is easy to check that all 2-colorings 
constructed in the above proof are minimal. By an obvious modification of the 
above proof, we have the following corollary. 

Corollary 3.3.3. Let U be any given open subset of 2^. Then there is a 
perfect set of pairwise orthogonal minimal 2-colorings in U. 



The following corollary follows immediately from Theorem 13.2.61 
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Corollary 3.3.4. Let G be a countable group. // Z < G, then G has the 
uniform 2-coloring property. In particular, for any countable group G, G x has 
the uniform 2-coloring property. 

Before closing this section we briefly turn to a curious question about con- 
structing 2-colorings on Z that are orthogonal to their conjugates. Note that our 
construction above does not produce 2-colorings on Z orthogonal to their own con- 
jugates. One needs a slightly different construction to achieve this. 

For any a: G 2^ let a; e 2^ be defined by x{n) = 1 — x{n) for all n e Z. If a; is a 
2-coloring then so is x. For any x £ 2^ we also define x' G 2^ as follows: 



The following facts are easy to see. For any x G 2^, x'l. x' , since x' does not contain 
two consecutive Is. Also, if x is a 2-coloring on Z, then so is x' . This is because x' 
blocks 3n for any n 0, and therefore it blocks n for all n ^ by Corollarv l2.2.6l 
Using Lemma 12.4.51 it is clear that x is minimal iff x is minimal iff x' is minimal. 
Finally if x,y & 2^, then x± y iff x±y iff x'± y' . 
Thus we have the following corollary. 

Corollary 3.3.5. There is a perfect set X of pairwise orthogonal minimal 
2-colorings on Z such that for any x € X, x^-X. 

One can also modify the construction in an obvious way to obtain such families 
of 2-colorings inside any given open set. 



In this section we show that all nonabelian free groups have the uniform 2- 
coloring property. We will need the following observation. 

Definition 3.4.1. Two elements xo,xi € 2^ are positively orthogonal, denoted 
xo-L~''a;i, if there is a finite T C N such that 



Lemma 3.4.2. For xq,xi e 2^, if xqJ-Xi then xqI^xi. 

Proof. This is similar to the proof of Lemma l2.6.5l Let T C Z witness xqI. xi. 
Let TO be the least element of T. Then |to| + T C N witnesses xqI. xi as well. □ 

We are now ready to consider free groups. Let F„ be the free group with n 
generators, where n > 2 is an integer. For notational uniformity we use to 
denote the free group with countably infinitely many generators, where w denotes 
the first infinite ordinal. We will combine the two cases by considering F„ with n 
generators, where 2 < n < uj. 

Fix 2 < n < UJ. For any x G 2^, we define x* G 2^^" by x*{w) — x{\w\), where 
\w\ is the length of the reduced word w. 

Theorem 3.4.3. Let 2 < n < lu. If x is a 2-coloring on Z, then x* is a 
2-coloring on F„. In addition, for Xo,Xi £ 2^, ifxoJ-Xi, then XqJ-X^. 




3.4. 2-Colorings on nonabelian free groups 



V5o,.9i eZ3t eT xo{go + t) ^ xi{gi -I- t). 



3.4. 2-COLORINGS ON NONABELIAN FREE GROUPS 



47 



Proof. Let A — {am ■ m < n} he a generating set of elements of F,i. Let 
s E ¥n with s 7^ 1f„. For each integer i E [— 2|s|,2|s|] with i ^ 0, let Li C N be a 
finite set such that for any j G Z there is I E Li with x(j + I) ^ x{j + i + I). Let 

r={<eF„ : 3t,i' E[-\s\,\s\] \t\EL, + t'}. 

We check that for any g E ¥„ there is t E T such that x*{gt) ^ x*{gst). For this 
let g E F„. We consider two cases. Case 1: \g\ ^ \gs\. In this case let i = \gs\ — \g\. 
Then < |i| < \s\. Let Z G C N be such that x{\g\ + I) ^ x{\g\ + i + l). There 
is t with \t\ = I such that \gt\ = \g\ + I and \gst\ = \gs\ + I. Now t E T (with 
i' = 0) and x*{gt) = x{\g\ + /) ^ x{\g\ + i + I) ^ x{\gs\ + I) ^ x*{gst). Case 2: 
\g\ = \gs\. Then from the structure of the free group we get u,v E F„ such that 
s = u~^v, \s\ = 2\u\ = 2\v\ and \gu~^\ = \g\ - \u\. Note that \gu~^\ ^ \gu~^vu~^\ 
and their difference i < \s\. Thus by a similar construction as that in Case 1 there 
is to with 1^0 1 E Li such that x*{gu~-^tQ) ^ x* (gu^^vu^^to). Now let t — u~^to, 
then x*{gt) ^ x*{gst) and t E T with i' = \t\ - |to| < < |s|. This finishes the 

proof that x* is a 2-coloring on F„. 

Now suppose XqI. xi. Then by Lemmas l2.6.5l and l3.4.2l a;n and Xi are positively 
orthogonal unidirectional 2-colorings on Z. Let i C N be such that for any jo, ji € Z 
there is Z S L with xo{jo + V) ^ + I). Let ao,ai S A be arbitrary and 

T = {a',a^' : z = 0, 1, I E L}. Let .go,.gi E Fn be arbitrary. Let jo = |.go| and 
ji = \gi\- Let Z S L be such that Xo{jo + I) ^ + I). Then there is t G T such 

that \t\ = Z, \got\ = \go\ + \t\ and \git\ = \gi\ + \t\. Then x*oigot) = xoi\go\ + \t\) - 
XoiJo + 1) ^ Xi{ji + = 2:i(|.gi| + \t\) = xKgit). This shows that Xq±xI. □ 

Theorem 3.4.4. For any 1 < n < uj the free group F„ has the uniform 2- 
coloring property. 

Proof. Let {xa ■ ct E 2^} be a collection of 2-colorings on Z witnessing the 
uniform 2-coloring property for Z from Theorem 13.3.21 Then for 2 < n < a;, the 
collection {a;* : a E 2^} witnesses the uniform 2-coloring property for F„. This is 
because, by the above proof, the set T witnessing that a;* blocks s depends on s only 
and does not depend on a; in addition, if the set L witnessing the orthogonality 
of Xa and Xf^ depends only on the index n where a{n) ^ (3(n), then the set T 
witnessing the orthogonality of x* and x*p depends only on n. □ 

Since the free groups have the ACP fCorollarv l2.5.9l fii)). we have the following 
immediate corollary. 

Corollary 3.4.5. Let 2 < n < lj. Let U he any given open subset of 2'^". 
Then there is a perfect set of pairwise orthogonal 2-colorings in U. 

We also have the following immediate corollary from Theorem 13.2.61 

Corollary 3.4.6. Let G be a countable group. If for some 1 < f^ < w, F„ < G, 
then G has the uniform 2-coloring property. 

Note that the definition of x* makes sense even for n = 1. And in this case the 
proofs of the theorems still work and give another collection witnessing the uniform 
2-coloring property for Z. 

Moreover, when only restrictions of 2-colorings on the semigroup N are consid- 
ered, we obtain a collection of 2-colorings on N witnessing the uniform 2-coloring 
property for N. Thus in particular, N has the uniform 2-coloring property. 
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Finally we remark that if x is a 2-coloring on Z, the 2-coloring x* is actually a 
two-sided 2-coloring. This is because, the dual definition of x* would be the same 
for right actions of F„ and the dualized proof of Theorem l3. 4.31 would show that x* 
is a right 2-coloring. 

Before closing this section we give a construction of a 2-coloring on F„, n > 1, 
that is not a two-sided 2-coloring. 

Theorem 3.4.7. For n > 1 there exists a 2-coloring on F„ that is not a right 
2-coloring. 

Proof. It suffices to construct a 2-coloring on F„ that is right-periodic. Fix 
n > 1. Let a be one of the generators of F„, and let F be the free subgroup 
generated by the other n — 1 generators. Let xqJ-Xi G 2^ be 2-colorings on F 
(they can be obtained by Theorem 13. 4. 4p . Let y € 2^ be any 2-coloring on Z, and 
y* be the word- length 2-coloring of F„ (Theorem 13.4.31) . 

We now construct a 2-coloring z on F„ so that z{lw„) = and z{wa) = z{w) 
for all w G ¥n- To define such a z it is clearly sufficient to define the values of 
z{w) for all nonempty words w € F„ that do not end in a or a~^. Such a word 
can be uniquely written as w = uoa^^uiaP^ . . .Uk, where fc > 0, uo, ■■■,Uk G F, 
Po, ■ ■ ■ ,Pk-i € Z — {0} and ui, . . . , Ufc 7^ 1^? if fc > 0. Let wi = wu^^ . We define z 

by 

Z{w) = Xj^.(,„j)(Ufc). 

z is clearly right-periodic, hence is not a right 2-coloring. 

We verify that 2 is a 2-coloring. Fix a nonidentity s € F„. Let Tq be a finite 
subset of F so that for any h,h' G F there is i e Tq such that xo{ht) 7^ xi{h't). Let 
M = max{|u| : u e Tq}. Let iV be a large enough positive integer so that for any 
< fc < |s| and for any m S Z, there isO < I < N such that y{m-\-l) ^ y{m-\-k-\-l). 
Such N exists since y is unidirectional (Lemma 12. 6. 5p . Let 

T = {ieF„ : \t\ <2|.s|+iV + M}. 

We claim that T witnesses that z blocks s. Let g G F„. First notice that 
there is s' € F„ with \s'\ < \s\ such that \gs'\ 7^ |5ss'|. In fact, there is such an s' 
among the initial segments of s. Then note that there is a generator b of F„ (not 
necessarily distinct from o) so that Igs't"^] = |gs'|-)-land \gss'b'^\ = j^ss'l -1-1 for some 
e € {—1, !}■ Thus for to = s'¥ we have that |to| < 2|s| and |.gio| 7^ Ifls^ol- Next we 
consider ti = ti^a^ where < |/c| < N . There is such a fc so that = |to| + |^| and 
y*{gti) y*{gsti). Let i — y*{gti) and i' ~ y*{gsti). Then by the orthogonality 
of and xi there is t — tiu for some nonidentity u F such that 

z{gt) — Xi{u) 7^ Xi'{u) ~ z(gst). 

Obviously \t\ < 2\s\ +N + M. □ 

3.5. 2-Colorings on solvable groups 

In this section we establish the uniform 2-coloring property for all countably 
infinite solvable groups. We first do this for all countably infinite abelian groups. 

If an abelian group contains at least one element of infinite order then we are 
done by Corollarv l3.3.4l Thus we only need to deal with countably infinite abelian 
torsion groups here. There are two concrete situations we need to discuss before 
coming back to the general argument. 
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The first situation concerns a direct sum of infiniteiy many finite groups. Let 
Hq, Hi, ... , Hn, ... be nontrivial finite groups and H — 0„i7„. We sliow tliat H 
Iras tire uniform 2-coloring property. 

Lemma 3.5.1. Let tt G 2^ 6e such that 0, 1 ^ [tt]. For any h e H define 



Then c-^ is a 2-coloring on H. Moreover, if ttq ^ tti and 0,1^ [7ro],[7ri], then 



Proof. First it is easily seen that 0, 1 ^ [tt] iff there is & £ N such that for any 
n € N there is m < 6 with 7r(n) ^ 7r(n + m). We will use this equivalence below 
without elaboration. 

Let s £ H with s 1h- Let be the least n such that s„ ^ Iff,,- Let 
T — ®n<rK,+bHn- Now supposc k £ H IS arbitrary. Let to = (Bn<nji'n^ ■ Then 
for all n < n^, {hto)n = lff„- Similarly, for all n < Ug, {hstQ)^ — /i„s„(<o)n = 
hnh~^ = 1h„- However, (/isto)„^ — hn_,Sn_,h^^ ^ lff„s- Note that for any ti G H 
with (ti)n — lff„ for all n < n^, CTr{hstoti) = c-^{hst{)). Now if c^(/ito) 7^ CTr{hsto) 
we are done since Iq € T. Suppose C7r(/iio) — CT!-{hsto). By the assumption on 
TT there is to < 6 such that 77(71^ + 1) ^ 7r(ns + 1 + m). We consider two cases. 
Case 1: 7r(ns + 1) 7^ CTrihto). In this case let fc„^+i e Hn^+i be any nonidentity 
element and let ti — fc„^+i. Then + 1 is the least n so that {htQti)n 7^ lff„- 
Hence C7r(/iio^i) = 7r(ns + 1) 7^ CT^^hsto) = CTr{hstoti). Thus t = to^i is as required. 
Case 2: 7r(ns + 1 + to) ^ c^{htQ). Let = ©„^,+i<„<„,+i+„/i~i ® fc„^+i+m 
where G -ffria+i+m is an arbitrary element 7^ ^in-Vi+rjx- Then CTr{htoti) = 

7r(ris + 1 + to) 7^ CTr{hsto) = CT^(hstQti). Note that + 1 + to < ng + h, thus 
i = t^ti e T is as required. This shows that c-„ is a 2-coloring. 

Now suppose TTo 7^ tti and 0, 1 ^ [ttq], [tti], and let the witness be 60 and hi. Let 
&2 be the least n such that 7ro(n) 7^ 7ri(n). Let 6 = feo + &i + ^2 and T = (Bn<bHn- 
Then we claim that for any go,gi € H there is t G T such that CT^g{got) 7^ 07^(51^). 
Let 50, 31 G i?. We consider two cases. Case 1: (50)1 = (ffi)i for aU i < 62- Then 
let t G ®n<b2Hn C T be such that {got)i = l^i for all i < 62 and {got)b^ 7^ lij^ . 
Then the same is true for git, and thus Ct^^Xqo^) — ■"'0(^2) 7^ 7ri(62) = c,ri(3ii)- Case 
2: (.9o)i 7^ (31)1 for some i < 62. Then let to G ®„<62^n C T be such that for 
some i < 62, (.goio)i = Iffi 7^ (ffi^o)* and for all j < i, {goto)j = = (.9iio)j- 
If c,ro{ffo^o) 7^ c^i(ffiio) there is nothing more to prove. Otherwise, note that 
c-Kiigito) = 7ri{«) for the above mentioned i < 62 and c^(,((7o^o) = T^o{k) for some 
k > i. Since 0,1 ^ [ttq], there is to < 69 such that 7ro(fc) 7^ 7ro(fc + to). Thus 
there is ti G ®k<n<k+mHn Q T such that C7ro(3ototi) = 7ro(fc -I- to). But then 
Cniigitoti) = 7i'i(i) 7^ 7ro(fc + to) = Ctto (50^0^1), so t = toil is as required. This 
completes the proof of the lemma. □ 

Theorem 3.5.2. Let Hq, Hi, . . . , Hn, ... be nontrivial finite groups and H = 
®nHn- Then H has the uniform 2-coloring property. 

Proof. Let {xa : a G 2^} be the collection of 2-colorings on Z constructed 
in the proof of Theorem 13.3.21 Then each iTa = Xa t N satisfies 0, 1 ^ [tTq]. 

By the proof of the above lemma, for any s £ H with s 7^ 1^, the witnessing 
set T for the blocking of s by c^-^ only depends on s and not on a. This shows that 
the collection {cr^ : a G 2^} satisfies Definition 13.2.51 (i). 




0, ifh^lH, 

7r(n), if h ^ 1h and n G N is the least such that hn 7^ lff„ . 
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To check that {cr^ : a £ 2^} satisfies Definition 13.2.51 (ii). we let An C N be 
given by Theorem 13.3.21 such that for all a,/3 € 2'*' with a{n) ^ I3{n), we have 

Vgo,gi eZ3ae An Xa{go + a) ^ l3{gi + a). 

Note that we could take A„ C N because of Lemma 13.4.21 Let &„ = max An ■ Then 
in particular for any a, jS as above, there is some m < &„ such that Xaim) ^ Xj3{'m). 
By the proof of the above lemma, if we let r„ = (Bm<bri+%Hm, then 

yho,hi e H 3t eTn c^SKt) ^ c^^{hit). 

Since T„ does not depend on a and (3, our proof is complete. □ 

Next we consider the quasicyclic group Z(p°°) for any prime p. 

Theorem 3.5.3. Let p be a prime number. Then Z(p°°) has the uniform 2- 
coloring property. 

Proof. Every element g of Z(p°°) can be expressed as 



7(ao, . . .,aN-i) 



p p^ p"^ p^ 



for some > and < a„ < p for n = 0, . . . , A^ — 1. For notational convenience we 
denote g(ri) = a„ for n = 0, . . . , TV — 1, and more generally, for n > N, let g(n) = 0. 
Now for g E Z(p°°) let Ug be the least n such that g{ng) ^ 0. Then similar to the 
proof of Lemma 13.5.21 we have the following claim. 

Let TT e 2^* be such that 0,1 (^[k]. For any g G Z{p°°) define 
CTr{g) — 7r(ng). Then Cr is a 2-coloring on Z(p°°). Moreover, if 
TTo ^ TTi and 0,1^ [ttq], [tti], then c^^l. c^^ . 
The proof is also similar. In fact, let s G so that s ^ 0. Let T ^ {t E Z(p°°) : 

t{n) = for all n > Hs + b}. Then for aU g e Z(p°°), let to = -7(5 \ {n^ + 1)). 
We have that ng+t^ > Hs. Thus for any ii with nt^ > Ug, 0^(5 + 5 + ^0+^1) ~ 
c^rig + s + to), whereas for some such ti with ut-^ < Ug + b, we can arrange that 
Cnig+to+ti) c^{g+s+to). Hence if we let t — to+ti then CTr{g+t) ^ C7r(.g+s+<). 
The rest of the proof is similar to that of Theorem 13.5.21 □ 

Now we are ready to establish the uniform 2-coloring property for all countably 
infinite abelian groups. As noted before we only need to deal with the torsion case. 
Also recall that any abelian group can be written as the direct sum of its maximal 
divisible subgroup and a reduced subgroup. In the case of a divisible group there 
is at least one prime p such that the quasicyclic group Z(p°°) is contained in the 
group. 

Theorem 3.5.4. Let G be a countably infinite abelian group. Then G has the 
uniform 2-coloring property. 

Proof. Assume that G is a torsion group. If G has a nontrivial divisible 
subgroup then there is some prime p such that Z(p°°) < G. In this case we are 
done by the preceding theorem and Theorem 13.2.61 Suppose G is reduced. We 
consider two cases. Case 1: There are infinitely many prime p for which there 
exist elements of order p. In this case let po,Pi, ■ • ■ ,Pn, ■ • ■ be distinct prime 
numbers and go, gi, . . . , gn, ■ ■ ■ be nonzero elements so that Pngn — 0. Then 
H = {go, gi, . . . , gn, ■ ■ ■) is isomorphic to the direct sum ©„Zp^. Since H <G, 
by Theorem 13.5.21 and Theorem 13.2.61 we have that G has the uniform 2-coloring 



3.6. 2-COLORINGS ON RESIDUALLY FINITE GROUPS 



51 



property. Case 2: There are only finitely many primes p so that G has a nontrivial 
p-component. Let Gp be the p-component of G, i.e., the subgroup of all elements 
of G whose order is a power of p. Let po, . . . ,p„ be all primes such that Gp. is 
nontrivial. Then G = (Bi<nGp-. Thus at least one of Gp- is infinite. Fix such 
a p. Since we assume that G is reduced, we claim that there are infinitely many 
elements in Gp with order p. In fact, define a partial order < defined on Gp by 
h < g iS there is fc > 1 such that p'^h = g. Then since Gp is reduced, < is a 
wellfounded tree on Gp, i.e., there is no infinite <-descending sequence in Gp. If 
there are only finitely many elements of order p in Gp, then the tree is finite split- 
ting. For this, just note that it go, ■ ■ ■ , gn, ■ ■ ■ are infinitely many distinct elements 
with pgo = pgi = ■ ■ ■ = pg^ = . . . , then for any n > 1, p{go — gn) = 0, and thus 
go — gi, . . . , go — gn, ■ ■ ■ are infinitely many distinct elements of order p. It follows by 
Konig's lemma that a finite splitting wellfounded tree is finite, and thus Gp would 
be finite if there are only finitely many elements of order p. 

Finally, suppose there are infinitely many elements of order p in Gp. We define 
by induction a sequence /i„ of elements in Gp as follows. Let ho be any nonzero 
element of order p in Gp. In general, it ho, . . . ,hn have been defined, then note that 
{ho, . . . , hn) is isomorphic to Z^"*"^, hence finite, and let h^+i be any nonzero ele- 
ment of order p not in {ho, . . . , hn). Our assumption guarantees that this construc- 
tion will not stop at any finite stage. Also, when the infinite sequence ho, . . . , hn, . . . 
is defined, we have that {ho, . . . , hn, . . . ) is isomorphic to the direct sum ®„Zp. Now 
by Theorem 13.5.21 and Theorem 13.2.61 G has the uniform 2-coloring property, and 
our theorem is proved. □ 

Finally we expand the result to all countably infinite solvable groups. 

Theorem 3.5.5. Let G be a countably infinite solvable group. Then G has the 
uniform 2-coloring property. 

Proof. Suppose G has rank n > 1 and its derived series are as follows: 

G>G'>G">---> G'") = {1g}. 

Then for each i < n, G^'^ /G^*"'"^-' is abelian. Let uq be the smallest such that G*^""^ is 
finite. Then < no < n. By Theorem [g?^ it suffices to show that G^"''"^' has the 
uniform 2-coloring property. By assumption, G'-"°~^'/G''"''' is an infinite abelian 
group, thus it has the uniform 2-coloring property by Theorem l3.5.4l If no = n then 
we have that G^""~^^ = G'"°~^V^^"°'* ^'^^ we are done. If uq < n, we must have 
that |G("°)| > 2, since otherwise G^"" is in fact abelian; thus by Lemma [2.3.51 
(;j("o) j^g^g ^j^g (^2, 2)-coloring property. Let yo and yi be orthogonal 2-colorings 
on G("»). Let {z„ : a e 2^*} be a collection of 2-colorings on G^""-!)/^^"'') 
witnessing its uniform 2-coloring property. Using the construction in the proof of 
Theorem 13.2.41 to define a collection of 2-colorings on can be easily 

verified that the resulting 2-colorings witness the uniform 2-coloring property for 
G("o-i)_ □ 

3.6. 2-Colorings on residually finite groups 

In this short section we present a final method of constructing 2-colorings 
through algebraic methods. We show how to construct a 2-coloring on any count- 
able residually finite group. 
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Theorem 3.6.1. If G is a countable residually finite group, then G has the 
coloring property. 

Proof. If G is finite then it clearly has the coloring property. So suppose 
that G is countably infinite. Let {Kn)nen be a decreasing sequence of finite index 
normal subgroups of G with P| Kn ~ {1g}- Such a sequence exists by the definition 
of residual finiteness. Define x g 2*^ by setting x{g) = n mod 2 where n satisfies 
g G Kn ~ Kn+i (and define x{1g) arbitrarily). We claim that a; is a 2-coloring on 
G. Fix a nonidentity s d G and let n satisfy s e Kn — Kn+i- Let Tq be a set of 
representatives for the cosets of Kn+i in G, let Ti be a set of representatives for the 
cosets of Kn+3 in Kn+i, and let T = TqTi. Let g £ Ghe arbitrary. Since s ^ Kn+i, 
g and gs are not in the same coset of Kn+i- Consequently, by considering the group 
G/Kn+i we see that there is to G To with gto G Kn+i and gsto ^ Kn+i- Notice 
that if m satisfies gsto G Km — K^+i, then m < n + 1. By considering the group 
if „+i/iir„-i_3, we see that there are ti, t2 € Ti C i^n+i with gto ii G Kn+i—Kn+2 Sind 
gtot2 G Kn+2-Kn+3- So clenrly x{gtoti) ^ x(gto^2)- Also, since gsto G X„i-X„+i 
and the sequence {Kr)reN is decreasing, we have gstoti, gstot2 G Km — K,n+i as 
well (since ti,t2 G i^n+i C Km+i)- So x{gstQti) = x{gstot2)- It follows that either 
x{gtoti) 7^ x{gstQti) or else x{gtot2) ^ x(gsto^2)- Since to^i,io^2 G T, we conclude 
that a; is a 2-coloring on G. □ 

Corollary 3.6.2. ylZ/ finitely generated abelian groups, all finitely generated 
nilpotent groups, all polycyclic groups, all countable (real or complex) linear groups, 
and all countable nonabelian free groups admit a 2-coloring. 

Proof. All of these groups are residually finite. □ 

The discovery of the above construction occurred very late in the developement 
of this paper. In effect, we did not investigate if one can use constructions similar to 
the one above to establish that residually finite groups have the uniform 2-coloring 
property. Of course, we do prove in Section [6. II that every countably infinite group 
has the uniform 2-coloring property. It may be nice though if the methods of 
this section could show this fact directly for residually finite groups. We leave the 
resolution of this question to interested readers. 



CHAPTER 4 



Marker Structures and Tilings 

In this chapter we wiU introduce a general notion of marker structures on 
countable groups and study some of their general properties. As an immediate 
application of this notion we give in Section 14.21 another proof that all abelian 
groups admit a 2-coloring, and in fact the proof will be generalized to establish 
that all FC groups admit a 2-coloring. The concept of marker region will be one 
of the main tools we use for our main results in future chapters. In the remainder 
of this chapter we then introduce and study the related notion of a ccc group. We 
will show that ccc groups include, among others, all nilpotent groups, all polycyclic 
groups, all residually finite groups, all locally finite groups, and all groups which 
are free products of nontrivial groups. The results of this chapter are relatively 
independent and will not be needed for the rest of the paper. 

4.1. Marker structures on groups 

We introduce the general notion of a marker structure on a countable group 
G, and introduce also several specializations of this notion. This point of view 
is crucial for the main results of this paper to appear in the following chapters. 
In Chapter [3] we gave certain more algebraic arguments which showed that every 
countable solvable group has a 2-coloring, in fact, we showed this in a strong form 
already (c.f. Theorem [233]). However, we have not been able to push the methods 
used in those proofs further. In particular, we have not been able to use them to 
show that every countable group G admits a 2-coloring. For this we seem to need 
arguments involving a certain more geometric nature, which leads to the concept 
of a marker structure. The concept of marker structures on various types of groups 
is certainly not new to this paper, and indeed has been a central notion in ergodic 
theory and the theory of equivalence relations for a long time. In particular, it 
plays a key role in most hyperfiniteness proofs. The theorem of Weiss (c.f. |DJK] 
jJKLj ) that all of the Borel actions of the group are hyperfinite uses these 
concepts in the proof. Recall a Borel equivalence relation on a Polish space is 
hyperfinite if it can be written as an increasing union of finite Borel equivalence 
relations. The more recent proof of Gao and Jackson jGJ| that all Borel actions of 
any countable abelian group are also hyperfinite makes use of even better marker 
structures on these groups. Indeed, the best known results on the hyperfiniteness 
problem (determining which groups have only hyperfinite Borel actions) involve 
carefully examining the nature of the marker structures that can be put on such 
groups. Although this is an interesting connection, the arguments of this paper do 
not require familiarity with the notion or theory of hyperfinite equivalence relations. 

In the main results of this paper the existence of certain carefully controlled 
marker structures is also of central importance. However, for many of our results 
the point of view is somewhat different. We are often interested now in what marker 
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structure can be put on arbitrary countable groups. Of course, as we restrict the 
class of groups, we expect marker structures with better properties. The point we 
wish to emphasize is that there is a common thread between many of these other 
arguments (such as hyperfiniteness proofs) and the arguments of this paper, and this 
is what we abstract into the notion of a marker structure. Various specializations 
of this notion result in interesting concepts which have been studied on their own, 
such as the class of MT groups defined independently by Chou |Chj and Weiss [W| 
in their study of monotileable amenable groups. Although the marker structures 
we use in our main results can be put on any group, it is nonetheless interesting to 
ask exactly which types of structures can be put on various groups. For example, 
we will introduce the concept of a ccc tiling of a group. Some very basic questions 
about which groups admit such marker structures remain open. 

We next give the general notion of a marker structure and various specializa- 
tions of the concept. We first use this concept to give a completely different proof 
that all of the abelian, and then all of the FC groups admit a 2-coloring. The proofs 
of this section have a decidedly more geometric flavor than the previous arguments; 
this seems to be inherent in the concept of a marker structure. Part of the reason 
for presenting these proofs is that they foreshadow the more involved arguments 
necessary for general groups. Indeed, the short proofs for abelian and FC groups to 
follow can be seen as a rough outline of the procedure for general groups, with some 
of the key technical difficulties removed. We then introduce the strongest notion 
of marker structure which seems relevant for the type of constructions one might 
do along these lines, and this leads to the notion of a ccc tiling. Again, we will not 
prove these exist on arbitrary groups (nor do we need to for our main results) , but 
it becomes an interesting independent question as to when these exist. As we said 
above, this is likely related to other questions such as the hyperfiniteness problem. 

We point out two technical distinctions before giving the actual definitions. 
First, for the kinds of arguments we do we are mainly interested in not a single 
marker structure (defined below), but a sequence of such structures. This is gener- 
ally also the case in arguments from ergodic theory as well as hyperfiniteness theory. 
Second, for the results of this paper we are interested in the marker structures on 
the groups themselves as opposed to on some Polish space on which the groups act. 
This is in contrast to many of the arguments in ergodic theory and descriptive set 
theory where marker arguments occur. In putting marker structures on the groups 
themselves, there is no issue of definability that enters in as in the Polish space case. 
Thus it becomes easier, at least in theory, to put such structures on the group. So, 
the inability to put a type of marker structure on a group puts an upper-bound 
on what one can do with the equivalence relation defined by a Borel action of the 
group (at least if the action of the group is free). Again, this gives an independent 
interest to questions about marker structures on groups. 

Definition 4.1.1. Let G be a countable group. A marker structure on G is a 
pair (A,7^) where A C G, 7^ C 7'(G) satisfying: 

(1) 7?. is a pairwise disjoint collection. 

(2) For every i? e 7e, | A n i?| = 1. 

(3) Every S G A lies in some R ^ TZ. 

(4) The set U^gA is finite, where Rs denotes the unique R ^ TZ with 
Se R. 
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We call the elements (5 g A the marker points, and the sets R ^TZ the marker 
regions. 

The definition of marker structure in Definition 14.1.11 is quite general. It en- 
compasses all of the marker constructions of this paper as well as all of the known 
hyperfiniteness proofs. For the constructions of this paper, however, we are usu- 
ally interested in marker structures with additional properties. The next definition 
records some of these additional properties, 

Definition 4.1.2. A marker structure (A, 7?.) is regular if there is a single 
(necessarily finite) F C G such that for all S £ A we have S^^Rs = F, where Rg is 
the unique element of TZ which contains d. A marker structure (A, TZ) is centered 
if 1g G A. A marker structure (A, 72.) is total ii G = [JTZ. A marker structure is a 
tiling if it is regular and total. 

In the case of a regular marker structure (A, TZ), we usually present the marker 
structure as (A,F), where F is the common value of 6~^Rs for 6 G A. Thus, the 
marker regions are the sets of the form R — 5F for some 6 G A. Note that for a 
regular marker structure {A,F) we necessarily have £ F since 1g = S^^S and 
6 £ Rs- Conversely, given a A C G and a finite F C G with Iq € F, if we set 
TZ — {SF: S £ A}, then {A,TZ) is a regular marker structure iff whenever Si ^ 62 
are in A, then 61F O S2F = 0. Notice that this is stronger than just requiring that 
{6F: 5 £ A} forms a pairwise disjoint collection (since the latter condition allows 
for the possibility that 5iF = S2F for some 61 ^ 62 in A). 

In the case of a tiling, the 6F ~ S{S^^Rs) = Rs partition the group G, where 
again F is the common value of 6~^Rs. In fact, a regular marker structure (A, F) 
is a tiling iff IJaeA ~ '^^^ ^ ^^^^ ^'-'^ tiling TZ. In particular, we 

usually also present tilings as (A,F), where F is the tile. Total marker structures 
occur in hyperfiniteness proofs, but for most of the main results of this paper we 
must work with marker structures which are not total. Nevertheless, we establish 
certain strong tiling properties for classes of groups in this chapter. 

In the main arguments of this paper, and also in hyperfiniteness proofs, one 
needs to consider not just a single marker structure, but a sequence (A„,7?,„) of 
marker structures. We introduce some more terminology for such sequences. 

Definition 4.1.3. A sequence of marker structures (A„,7?,„) is coherent if for 
k < n and marker regions Rk G TZk, Rn G TZn, we have Rk n i?„ ^ implies 
Rk ^ Rn. A sequence of marker structures (A„,7?.„) is cofinal if for every finite 
A C y TZn there is an rt S N such that for all m > n we have A C R^ for some 
Rm G TZm- A sequence of marker structures {An, TZn) is centered if for each n the 
marker structure {An, TZn) is centered (that is, Iq G An for all n). 

As with single marker structures, we usually present sequences (A.„,72.„) of 
regular marker structures as (A„,F„) where Fn is the common value of S^^Rs for 
S G An and Rs the unique R G TZn containing S. 

Note that a sequence of tilings (A„, Fn) is coherent iff every nth level marker 
region ^„F„ is contained in a (unique) n + 1st level marker region Sn+iFn+i- Also, 
if {An, Fn) is a coherent sequence of tilings then each n + 1st level marker region 
5n+iFn+i is a disjoint union of nth level marker regions 6Fn, for some finite set 
of ^ e A„. Finally, note that for a sequence of total marker structures (A„, ??.„), 
being cofinal is just saying that for every finite A C G, for large enough n we have 
that A is contained in a single nth level marker region i?„ G TZn. Moreover, a 
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sequence of centered regular marker structures (A„,f„) is cofinal iff every finite 
^ ^ UnU^n (where TZn — {SFn: S e A„}) is contained in F„ for large enough 
n. This is because we may assume A contains Iq, and each Fn contains Iq for a 
centered tiling. In particular, a sequence (A„,i^„) of centered tilings is cofinal iff 

The next definition gives a name to groups admitting the strongest form of 
tilings we will consider. 

Definition 4.1.4. A countable group G is a ccc group if G has a coherent, 
cofinal, centered sequence of tilings (A„,i^„). 

The significance of ccc tilings is that they are in some sense the most highly 
controlled marker structure we can get on a group. It is easy to see that various 
simple groups such as Z or Z" are ccc groups. The general situation, however, is 
not clear, which leads to the following question. 

Question 4.1.5. Which groups are ccc groups? 

Recall from Ch and W] the concept of MT groups defined independently by 
Chou and Weiss. A countable group is called an MT group if it admits cofinal tilings. 
Chou and Weiss independently proved that the class of MT groups is closed under 
group extensions and that all countable residually finite groups and all countable 
solvable groups are MT. Chou further proved that any free product of nontrivial 
groups is MT. Chou and Weiss raised the following question. 

Question 4.1.6 (Chou [ Chj . Weiss [W]). Which groups are MT groups? 

The above questions are important for several reasons. The results of this 
paper depend heavily on being able to construct sufficiently good marker regions 
for a general group. We suspect that in future applications of these methods, it may 
become important to identify even better classes of marker regions for groups (or 
some special families of groups). Aside from the applications to the current paper, 
these general questions also arise in other considerations. For example, suppose G 
is a countable group acting in a Borel way on a standard Borel space X. Recall the 
equivalence relation E on X generated by the action is said to be hyperfinite if E is 
the increasing union of finite Borel sub-equivalence relations En on X. That is, E 
is hyperfinite if we can find (Borel) marker regions on X whose equivalence classes 
union to all of X. Here the marker regions are on the Polish space X, and not the 
group G. However, marker regions R for X, assuming the action of G on X is free, 
easily induce marker regions for G by simply fixing a particular equivalence class 
[x] and considering the relation g ^ h iS (g ■ x) R (h ■ x). The other direction does 
not go through, so having marker regions with certain properties on a group G is 
in general a weaker assertion that having marker regions with these properties on 
X. The two questions, though, are certainly related, and having the regions on G 
is a necessary condition for having them on X. 

We will consider the question of which groups are ccc groups later in this 
chapter. For now we note the simple observation that the centeredness requirement 
is mainly for convenience as it can always be achieved. 

Proposition 4.1.7. Every tiling (A,F) of a group G has a presentation as a 
centered tiling. That is, there is a centered tiling (A',i^') having the same marker 
regions (i.e., {5F: S G A} = {d'F': 5' £ A'}J. In particular, if G admits a coher- 
ent, cofinal sequence of tilings, then G is a ccc group. 
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Proof. Suppose (A,F) is a tiling for G. Let 5 G A be such that la e 5F. 
Let A' = A5"i and F' = (5F. This clearly works. □ 

4.2. 2-Colorings on abelian and FC groups by markers 

In this section we use the notion of marker structure to give a proof that 
all abelian groups admit a 2-coloring. This proof is quite different from that of 
Theorem 13.5.41 This rather simple proof foreshadows the proof for general groups 
to be given in Chapters [5] and HI and will serve to motivate some of the later 
constructions. We then extend the argument slightly to show that every FC group 
also admits a 2-coloring (the definition of an FC group is given below). This result 
does not seem to follow from the methods of the previous chapters. It will also 
show some of the difficulties associated with the group being nonabelian, and will 
give further motivation for the general constructions later. 

We remark that we use multiplicative notation throughout, even when the 
group is abelian. 

We will first introduce some notation. For any graph F let V^(F) and E{T) 
denote the vertices and edges of F respectively. For any two graphs Fi and F2 let 
Li U F2 = (y(Fi) U F(F2), E{Ti) U E{T2)). 

Theorem 4.2.1. If G is a countable abelian group then G has a 2-coloring. 

Proof. When G is finite this is clear, so we may assume G is countably infinite 
and let 1g = 50i ffi) ■ • ■ j 5nj • ■ • be an enumeration of the elements of G. 

We begin by constructing a sequence {Fn)nm+ of finite subsets of G. First 
choose Fi such that > 3 and for some ai e Fi, aigi G Fi. We will continue 
the construction inductively and assume that Fi,F2,... ,-Ffc-i have been defined 
for some A: > 1. Choose any Ai,A2,A3 G G with XiFk^iFi^^^ n \jFk~iF^\ — 
for i ^ j i, j e {1, 2, 3} and choose a finite Fk Q G such that 

{Ai, A2, A3,gA:Ai,5fcA2,.gA:A3}i^|_lFj._\ C Ffe. 

Now, for each n e N fix A„ C G such that {'^Fn : 7 € A„} is a collection 
of maximally disjoint translates of Thus, we have defined a sequence (A„, Fn) 
of regular marker structures on G. Note that this sequence is neither coherent nor 
cofinal. 

We claim that for every n > 1 and 7 G A„ there exist distinct zi, Z2, 23 G A„_i 
with {zi, Zign}Fn-i C 7^^ for each i G {1,2,3}. By construction there exist 
Ai, A2, A3 e G such that for i, j e {1, 2, 3} with i ^ j, Aii^„_iF,7_\ n AjF„_i^;7_\ = 
and {Xi, Xign}F^_j^F^\ C F„. Since the A„_i -translates of Fn-i are maxi- 
mally disjoint, for some zi g A„_i, ziFn-i D jXiFn^i ^ and therefore z\ S 
7AiF„_iFj7_1]^. Similarly we find there exists Z2 G A„_i n ^X2Fn-\F^^^ and 
Z3 e A„_i n 7A3F„_iF~_\. Since A,F„_iF-_\ n AjF„_iF,7_\ = for i 7^ j i, j e 
{1, 2, 3}, zi, Z2, and Z3 must be distinct. Finally, for i g {1, 2, 3}, {z;, Zi5n}Fri-i ^ 
{7A„7A.3„}i^2_^j^-i^ C7F„. 

We will now create an increasing sequence of graphs (F„)„gN which we will use 
to construct a 2-coloring on G. By construction there exists a\ S F\ with 01171 G F\. 
Define Fi to be the graph with edge set the set of all (undirected) edges between 
701 and 'jaiQi for 7 S Ai. We will write this as U7gAi{(7'^i' 7'^i5'i)}- Note that 
since the Ai-translates of Fi are disjoint and ai, 01(71 € Fi, Fi is composed of an 
infinite number of disconnected components, each of which contains only one edge. 
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Figure 4.1. The proof of Theorem 4.2.1. 

On this note it is clear that Fi has no cycles. Additionally since |Fi| > 3, for all 
7 e Ai we have |(7Fi) - V{Ti)\ > 1. 

We will continue the construction inductively and assume that for some k > 1 
Fi, F2, . . . , Ffc_i have been defined such that 

(i) Tk-i has no cycles; 

(ii) For aU 7 e Afc_i, |(7-Ffc_i) - V{Tk-i)\ > 1; 

(iii) For all i < fc and 7 G there exists a G Fi such that {7a, jagi} C 
V{Tk-i) and (ja^jagi) G E{Tk-i). 

We know that for any 7 e A^ there exist distinct zi,Z2,Z3 e Afe_i with 
{zi,Zigk}Fk-i C jFk for i e {1,2,3}. Therefore for every 7 e A^, \{'jFk) - 
y(rfe_i)| > 3 and there exists G Fk such that jaj, e 7^^ — y(Ffc_i) and "faj^gu G 
"fFk- We then define F^ to be Ffc_i together with the edges in {}^(z/\^{{ial, jalgk)}- 
Since in each A^-translate of Fk at most two vertices are being appended to Ffc_i 
in constructing Ffc, we see that for all 7 € A^ that [7^^ — V^(Ffc)| > 1. Additionally, 
as Ffc_i has no cycles and for each 7 G A^ we have a]. ^ V^(Ffe_i), F^ cannot have 
any cycles either. Figure |4T] illustrates our construction. 

We let F = U„e Tn and claim that F has no cycles. Towards a contradiction 
suppose F has a cycle. Then the cycle would traverse a finite number of edges, and 
therefore for some sufficiently large n G N F„ would contain this cycle. But this is 
a contradiction since F„ has no cycles. Since F has no cycles it can be 2-colored in 
the graph theoretic sense, that is, any two vertices joined by an edge have different 
colors. Fet ^ : ^(F) — > 2 be a 2-coloring of F and let c : G — )■ 2 be any function 
such that for all g G V{r) c{g) — ii{g). We will now show c is a 2-coloring on 
G. Let gi be given, let T = FfF~^, and let 5 G G be arbitrary. Since the A^- 
translates of Fi are maximally disjoint there exists /i G Fi such that gfi G Ai^Fi. 
It follows there exists /2 G F^"^ with 7 — (7/1/2 G A^. Finally, there exists a £ Fi 
such that {70,703,} C y(F,) C V{T) and (70,7054) G E{Ti) C £;(F). Therefore 
c(ff/i/2a) = c(7a) = Kio.) fJ-ijag^) = c[-fagi) = c{gfif2agi). This completes the 
proof as /1/20 G FfFr^ = T. □ 
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We now extend the previous argument to FC groups (see Definition 12. 5. 8p . 
Theorem 4.2.2. If G is a countable FC group then G has a 2-coloring. 

Proof. When G is finite this is clear, so we may assume G is countably infinite 
and let Iq = go, gi, . . . , gn, ■ ■ ■ be an enumeration of the elements of G. For each 
n G N let Gn denote the finite conjugacy class containing gn- 

We begin by constructing a sequence (i^„)„gN+ of finite subsets of G. First 
choose Fi such that > |Ci| + 2 and for some ai G Fi we have aiGi C Fi. We 
will continue the construction inductively and assume that Fi, F2, . . . , Fk-i have 
been defined for some fc > 1. Let m = \Ck\ and choose any Ai, A2, . . . , Am+i € G 
such that for i, j G {1, 2, . . . , m + 1} with i ^ j 



(4.1) A,Ffc_iFfel\ n \jFk-iF^\ = 0, 

(4.2) \,Fk-iF-\Fk-iCk n \jFk-iF-\Fk-i = 0, and 

(4.3) KFk-iF-\Fk-iCk n \,Fk-iF-\Fk-iGk - 0. 
Finally choose a finite Fk Q G such that for alHG{l;2,...,TO + l} 

(4.4) \,Fk-iF^\Fk-i U hFk-iF^\Fk^iGk C Fk. 



Now, for each n G fix A„ C G such that {"fFn \ 7 G A„} is a maximally 
disjoint collection of translates of Fn- Thus, we have defined a sequence (A„,i^„) 
of regular marker structures on G. 

We claim that for every n G N"*^ and 7 G A„ there exist distinct elements 



zi, Z2, . . . , Zjn+i G A„_i where m = |C„| such that for each ijj G {1, 2, . . . , m + 1} 
with i ^ j 

(4.5) Z,Fn-lCn n ZjFn-1 = 0, 

(4.6) z^Fn-iCn nz J Fn-iCn = 0, a.nd 

(4.7) Z,Fn-l U Z,Fn-lGn Q jFn. 



By construction there exist Ai, A2, . . . , A„i+i G G satisfying (|4.ip through (|4.4p . 
Since the A„_i-translates of Fn-i are maximally disjoint, for some zi G A„_i 
ziFn-i n 7Aii^„_i ^ and therefore zi G 7AiF„_iF~_^j^. Similarly we find there 
exists Zi G A„_i n 7Ai-F'„_i-F',7-i f^^' each i G {2, 3, . . . , m + 1}. It follows that for 
each i, j G {1, 2, . . . , m+1} with i 7^ j that Zi and are distinct since \iFn-iF^\r\ 
XjFn-iF-\ = 0. Finally, for i G {1, 2, . . . , m + 1}, z,F„_i C 7A,F„_iF,7_\F„_i 
and ZiF„_iC„ C 7AiF„_iF^_3^F„_iC„, so properties (|4.5p through (|4.7p follow 
from Ai, A2, . . . , Am+i satisfying (|4.2p through (|4.4p . 

We will now create an increasing sequence of graphs (r„)„gi!}+ which we will use 
to construct a 2-coloring on G. By construction there exists oi G Fi with aiCi C 
Fi. Define Fi to be the graph with (undirected) edges U7eAi U/ie Ci {('T'^i' '^'''•'^i)}- 
Note that 7/iai = ^aiai^hai G 7aiCi C 7i^2 and since the Ai-translates of Fi are 
disjoint, Fi is composed of an infinite number of disconnected components. It is 
clear from the construction that Fi has no cycles. Additionally since | > |Ci | + 2, 
for all 7 G Ai we have |7i^i - T^(Fi)| > 1. 

We will continue the construction inductively and assume that for some k > 1 
Fi, F2, . . . , Ffc_i have been defined such that 
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Figure 4.2. The proof of Theorem 4.2.2. 



(i) Tk-i has no cycles; 

(ii) For all 7 G Afe^i, \-fFk^i - V{Tk-i)\ > 1; 

(iii) For all i < fc, 7 £ A^, and h € Ci there exists a G Fi such that {7a, 7/ia} C 
V{Tk-i) and (7a, 7H e E{Tk^i). 

Enumerate the members of Cfc as /ii, /12, . . . , hm- We know that for each 7 G 
there exist distinct zJ,Z2, ■ ■ ■ , z^i+i G Afc_i satisfying (14.51) through (|4.7p . For each 
i e {1, 2, . . . , m} and each 7 S A^ fix e such that z/^Z ^ ^(r/c-i)- Then 

define to be the graph Tk-i together with the edges between the points z'^a] 
and jhij~^ z] a] . That is, we set 

E{T,) = E{T,^^)U y y {(z7a7,7M-'^7«7)}- 

Since jhij'^zja] = z'^ a] {{zj a])~^jhij~^ z] a]) G zjFk-iCk, it follows from the 
definition of the z/'^ that 

zjaj, '^hi'y^^zjaj, z^a:i,jh2j~'^z]a^, . . . , z:;^aZ^, jh^j-'^z^.a'J^ 

are all distinct and lie in jFk for each 7 e A^. Since Ffc-i has no cycles and for each 
7 e Afe and i & {1,2,..., m} z]a] ^ V(rk-i) it follows that Ffc has no cycles either. 
Additionally for each 7 e A^ and i e {1,2,... ,m} z^a] ,jhij~^Zia] ^ Zm+iFk-i 
by (|4.5p therefore |7-Ffc — y(r/j)| > 1. The third requirement on the induction 
follows as well when we set a — ^^^zjaj . Figure illustrates our construction. 

Wc let F = lJneN+ -'^n- before, F has no cycles and so can be 2-colored in 
the graph theoretic sense. Let /i: V^(F) — > 2 be a 2-coloring of F and let c : G — ^ 2 
be any function such that for all g e ViT) c{g) = We will now show c is a 

2-coloring on G. Let gi be given, let T — FiFf^Fi, and let 5 € G be arbitrary. 
Since the Aj-translates of Fi are maximally disjoint there exists /i € Fi such that 
gfi e AiFi. It follows there exists /2 G F~^ with 7 = g/1/2 € A^. Then we have 
g9ifif2 = lifi f 2)'^ gi{f 1/2) = for some h G Ci. Finally, by construction there 
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exists ae F., such that {70,7/10} C ViTi) C V{r) and (70,7/10) G E^Ti) C £;(r). 
Therefore 0(^/1/20) = 0(70) = /i(7a) 7^ tJ^ilha) = c{"fha) = c{ggifif2a). This 
completes the proof as /i/2a G F^F^^Fi ^ T. □ 

4.3. Some properties of ccc groups 

In the remainder of this chapter we study ccc groups. In this section we first 
establish some basic properties of ccc groups. Recall that a countable group G is 
a ccc group if it has a sequence of tilings (A„, Fn) which are coherent, cofinal, and 
centered. As we noted in Proposition l4. 1 .Tl there is no loss of generality in assuming 
centeredness. 

We first prove a general lemma which shows that starting from a ccc tiling 
(A„, Fn) of the group G we may modify it to get another ccc tiling (A„, Fn) (using 
the same tiles Fn) with some additional uniformity properties. Recall that in a ccc 
tiling (A„, every Fn is a finite disjoint union of translates SFn-i for S G A„_i 
(since Fn — Ic-Pn is one of the sets in the partition corresponding to (A„, Fn)). 

Lemma 4.3.1. Let (A„,_F'„) be a ccc tiling of the group G. Then there is a 
ccc tiling (An, Fn) of G satisfying the following. For each n, let A"_j = {(5 G 
A„_i: 6Fn-i CFn}. Then 

(1) a„ = u„>„a™_ia::-i...a;^+i; 

(2) Fn^K_,A-zl---AlFo; 

(3) A„+i C A„. 

Proof. Let A"_;^ = {5 € A„_i: 5Fn-i Q Fn}. So, A"_i is a finite subset of 
A„_i. For m > n define A™ = A^^.^A^^^I^ • • • A'^+\ Note that by centeredness 
that A™ C A^+\ Set A„ = [j,n>n^n- Since 1g G A„_i and F„ C F„+i, we 
have 1g G A'j+^ and thus 1g G A„ for each n. Since we have not changed the F„, 
we still have [J^Fi — G and so the (A„, Fn) are centered and cofinal. 

To see that (A„, i^„) is a tiling, we first show that the distinct translates of F„ 
by A„ are disjoint. Suppose (SF„ n 7/F„ ^ with S, r/ G A„. Say S = • ■ ■ <5"~'"^, 
V = Vm-i ' ' ' Vn'^^ where Sl~^^ , 77,-"^^ G A-'^^ (we may assume a common value 
for m by centeredness). By an immediate induction on i we have that for all 
i > n that A^Fji = F^. In particular, S™Z2 ■ ■ ■ Sn~^^ Fn C F^^i and similarly 
Vm-l ■ ■ 'Vn^^Fn ^ -Frn-1- By definition, the distinct A™_2 translates of F^-i are 
disjoint, and so = Vm-i- Continuing in this manner gives that S}'^^ — rjl^^ 

for all i. Thus, the two translates of F„ are the same. We next show that the 
A„ translates of F„ cover G. This follows from Fm — A™F„ and the fact that 
G^UmFrn. So,G = A™F„ = U A„F„ . 

To see the tilings (A„,i^„) are coherent, consider SFn for 6 G A„. Say S = 
C-i'-'-^n^^ where again 6^+'^ G A^. Since F„ = A;j_iF„_i we have SFn = 
^s--.^A^.-. '^"-1 • • • ^"+''^n-i^«-i- Each element C-i ' ' ' S?+'S:^,_, lies in A„„i, 
and this is a disjoint union as we already showed. This shows the tilings are 
coherent. 

Finally, note that the sets A„ defined starting from the ccc tiling (A„, Fn) are 
the same as the sets A„. This is because the corresponding sets A^'^^ and A*"''"'^ are 
equal. This in turn follows from the fact that we use the same sets i^i+i, Fi in these 
definitions and that F,+i = A^+^F^ which shows that A*+^ = A*+^ as A*+^ C A^. 
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The second claim of the lemma is a particular case of F„ — ^^Fk which was 
noted above, using fc = 0. The third claim is immediate by centeredness since 
S^-i ■ ■ ■ S:tl = C-i • • • &G G A„ as Ig e A^+\ □ 

Note that the tilings constructed in Lemma [4.3.11 have the following uniformity 
property. For any i < n, any 71, 72 G A„, and for any g € F„, we have 715 G 
iff 723 e A,;. This is because 7i^„ n Aj = 7A;^_;iA"l2 • • • A^+^ for any 7 e A„, 
which follows easily from the properties of Lemma 14.3.11 This uniformity will be an 
important ingredient for blueprints, which will be defined and studied in the next 
chapter (c.f. Definition l5.1.2|) . 

In the rest of this section we show that the class of ccc groups is closed under 
taking direct products, more generally direct sums, and finite index extensions. 

The next basic lemma is used in the proof of Theorem 14.4. II We will prove an 
extension of it also in Lemma 14.3.31 

Lemma 4.3.2. Suppose G, H are ccc groups, and let {An,Fn), (AJ^,_F!^) be ccc 
tilings for G, H respectively. Then (A„ x A^,f„ x F^) is a ccc tiling for G x H. 

Proof. For fixed n, every element of g can be written uniquely in the form 
dfn where d € A„ and f € Fn, and likewise every element of H can be written 
uniquely as S' f for S' G A^, /' e F,'. So, {g,h) can be written uniquely as 
{S, S') ■ if, f) where {5, 5') G A x A' and (/, /') € x F'^. This shows that every 
(A„ X A^j, Fn X i^^) is a tiling oi G x H. Since each J„i^„ ((5„ e A„) is contained 
in some Sn+iFn^i ((5„+i G A„+i), and likewise for H, it follows immediately that 
every {Sn,S'^) ■ (F„ x F^^) is contained in some ((5„+i, (5^+i) • (F„+i x F|^_^_;^) and 
so our tilings on G x H are coherent. The cofinality of the G x H tilings follows 
from that of the G, H tilings, and centeredness follows immediately from Iq e A„, 
Ih G a; and so (Ig, Ih) G A„ x A^. □ 

Of course, Lemma [4.3.21 holds also in the case where a group G is the "internal" 
product of subgroups G and H with the appropriate change of notation. 

Lemma 4.3.3. Suppose G — Gi where each Gi is a ccc group. Then G is a 
ccc group. 

Proof. Let (Aj„F,t) be a ccc tiling for G,. Let F,, = F^F^---F^^. Let 
A„ = A^ • • • ■ Hn where Hn — J^t^n+i ^i- Clearly Iq g A„ for each n. Fix an 
n and we show (A„,i^„) is a tiling of G. Every g € G can be written in the form 
5 = i?i • • ■ gnh where h € Hn- Then 

where 8]^ G A\^ and G F'^. Since Hn commutes with Gi,...,G„, we have 
g={5l... 6lh){fl • • • /^) G A„i^„. So, the A„ translates of F^ cover G. 

Suppose next that (5F„ n rjFn ^ 0, where (5, 77 G A„. So, letting 5 — 5\ - ■ ■ 5^h, 
V = li' ■ ■ Vn^' where (5^^, 77^ G A^, h, h' G i?„, we have 

"n "u'l-Jn J 11 — 'In 'In"- '^n '^ni 

where fc^ G F^. Rearranging this gives 
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iS'nfn)---{mh=irjl,ki)---{rj:K)h'. 

Since G is a direct sum of X]r=i ^^'^ must have h = h' , and then 

^nfn — Vn^li fo'" alH = 1 , . . . , n. Since (A*,, F^^) is a tiling of Gj this gives (5^ = rjl^ 
and = kl^. In particular, 6 — -q. So, (A„, _F„) is a tiling of G. 

Finally, consider a translate T = ^Fn+i of Fn+i where S € A„_|_i. Then 
T = -^i+i • • • d^^,S^XlhF„+i, where h € H^+i. We have: 

= U U U (SiF^) ■ ■ ■ i6nF:)an+ih 

= U ••• U U (<5^••^>n+l/^)F^••F„" 

For some finite sets Ai C A^. This shows that T is a (disjoint) union of translates 
of Fn by elements of A„. □ 

Lemma 4.3.4. Suppose G has a finite index subgroup H which is a ccc group. 
Then G is a ccc group. 

Proof. Let (A„, F„) be a ccc tiling for H and let Hxi,Hx2, ■ ■ ■ , Hxm be the 
distinct right cosets of H in G, where x\ = e. Let F^ = IJ™ ^ FnXi. We claim that 
(A„, F/J is a ccc tiling of G. For each n, every g € G is of the form g = hxi for some 
h Cz H, and thus of the form g ~ SnfnXi where 6n S A„ and /n G Fn. So, g € SnF^. 
So, the A„ translates of the F^ cover G. Suppose next that 5^F/j n 6^F^ ^ 0, 
where S^^^S"^ G A„. Then, Sj^f^Xi = S^f^Xj for some G F„. By disjointness 

of the distinct cosets we have i = j, and therefore 5^/^ = S^f^. Since (A„, F„) is a 
tiling, it follows that 5^ = (and = /^). Thus, the distinct translates of F^ by 
A„ are disjoint. So, each (A„,F„) is a tiling of G. By assumption, Iq = 1h & A„ 
for each n. It is also easy to see that they are cofinal. 

Finally, to show coherence consider a translate T = Sn+iF^^^^, where Sn+i € 
A„+i. So, T = y™ ^ (5„4.iF„+iXi. Let A C A„ be finite such that Sn+iFn+i = 
[JseA^Fn- So, T = {Js^AUlLi^FnXi = [JseA^K- So, each A„+i translate of 
F^_^_i is a (disjoint by above) union of A„ translates of F^. □ 

4.4. Abelian, nilpotent, and polycyclic groups are ccc 

In this section we show that all abelian, nilpotent, and polycyclic groups are 

ccc. 

Theorem 4.4.1. Every countable abelian group is a ccc group. 

Proof. Let G = {Iq — go,gi,- ■ ■} be abelian. Suppose that for i < m we 
have constructed tilings (A^,F^) satisfying the following: 

(1) Each (A^,F^) is a ccc tiling of d = (.go, • • • ,.9i)- 

(2) If z < m each marker region 5^F^ (for S^^ S is contained in a (unique) 
region 5j+^F^+i (for some 5^+^ e Aj+i). 
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We proceed to construct the A™+^, Suppose first that gm+i has mfinite 

order in G/Gm- In this case, Gm+i — Gm © (ffm+i)- Since (gm+i) — we may 
easily get a ccc sequence of tihngs {A[^,F^) for {gm+i)- Let = _F™ • F^, and 

let A;f+i = A™ • a;. From Lemma |4X2] we have that (A™+\i^™+i) is a ccc 
sequence of tilings of Gm+i- Property ([2]) is clear from the proof of Lemma [4.3.21 
(since C^^" = • 1g)F„" C (J^^* • 1g)F™+i = as 5;^+' = ' 1g) e 

A;f+i = A™ a; since 1g G A'„ by centeredness, and F^+i = contains 
as 1g S F^ by centeredness). 

If has finite order k in G/Gm, Let A™+i = A™ and = F™ • 

{9rn+i, This again defines the tiling (A™+i, Clearly U„ = 

G„,+i. The coherence property that for aU e A™+i there is a (5^;!+/ e A;;"+/ 

with ^"^^F™"*"^ C (5JJ!^j^F^"t[^ follows immediately from the coherence property 
for the tilings (A;",F™). Namely, = (C+'^^Diff^+i, • • • , Q 

= C^iFn+W for some C+Y G A™+\ Next we 
show that the A™+^ translates of F™+^ cover G. Since G Gm, every ele- 

ment a; of Gm+i is of the form x — g • gl^^i for some i < k, where g G Gm- So, 
X = lf9\n+i where 7 e A™ and / e F™. Thus, 7 € A™+i and /g^+i € F™+i. 
To see disjointness of the translates, suppose 7i(/i3m+i) = 72(/25m+i)' where 
71,72 e A™+i = A™ and /i, /2 G F™ (without loss of generality, i < j < fc). So, 
g^+i e Gm. As has order fc in G/Gm, i = j- So, 71/1 = 72/2, and thus 

71 = 72 and /i — f2- Property ^ is again clear (since gJL+i is the identity). 

We have now defined (A™, F™) for all 71, to which satisfy the above properties. 
We may assume that each gm 4- {90, ■ ■ ■ , gm-i)- Let km be the order of gm in 
G/Gm-i if this order is finite and otherwise km = 00. 

Claim 1. For each m, let Bm = {gm+i9m+2 ' ' '9]' ■ hn+i < fcm+i, < 
kj}. Then Bm is a set of coset representatives for G/Gm- Also, Bm 12 Bm+i- 

Proof. This is easily checked. □ 

Notice from the above construction that property ^ was actually established 
in the following stronger sense: if x, y G Gm and x, y are in the same marker region 
5'^F^^ then for any i < km+i we have that xgl^^i, 2/5m+i are in the same region 

n 

Let F„ — F^ and A„ = BnA^. This defines the sequence (A„,F„) for G. If 
X € G, then for each n, there is a 7 S Bn and bl y (z Gn such that x — "fy. Then 
is a (5 e A" and / G F" = F„ such that y — 6f. So, x = jSf and jS € A„. 
So, the A„ translates of F„ cover G. To see disjointness suppose 71/1 — 72/2 
where 71,72 G A„ and /i,/2 e F„. Say 71 = 61^1 where bi G B„ and (5i e A^. 
Likewise, write 72 = fc2'^2- So, biSifi — 52'^2/2- Since (5i/i and (52/2 are in G„, this 
implies 61 = 62, and thus (5i = 62 and /i = f2- So, each (A„,F„) is a tiling of G. 
Suppose finally that x,y ^ G and a;, y are in the same n-level marker region for 
G. Say x = 6(S/i, y = 6(5/2 where b G B^, 6 & A", and /i,/2 G F^. So, Sfi and 
(5/2 are in the same rt-level region for Gn- Say b — g^^+i^' where b' E Bn+i- By 
our observation in the first paragraph after the claim, Sfig^^^l and Sf2gl^l^l are 
in the same n-level region for G„+i and by coherence are in the same n + 1-level 
region for G„+i. So, x = (^6')(/i5n'+^i ) is in the same n + 1-level region for G as 

y^m{f29::^i)- □ 
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We now extend Theorem l4.4.1l to nilpotent groups. We use the following lemma, 
in which Z(G) denotes the center of G. 

Lemma 4.4.2. Let H < Z(G) and suppose that both H and G/H are ccc groups. 
Then G is a ccc group. 

Proof. Let (A^, F^) be a ccc tiling for H and fix also a ccc tiling (A„, F„) for 
G/H. For notational convenience we assume (without loss of generality) that Fq 
and Fq both consist of just the identity element oi G/H and H respectively. Let 
the A"//, A'™ be defined as in LemmaEXH So, A;j_i = (S £ A„_i : SFn-i C Fn} 
and A™ = A™_iA™I^ • • • A;^+\ and likewise for the A'". From Lemma SXH we 
may assume that A„ = A"// and A;, ^ A'™. 

Fix coset representatives A''/^_i for the elements <5„_i in A^^^. We may assume 
that 1g € A^^, for all n. Let A^ = A^.^A^I^ • • • A^+\ and A„ = U™>„ A™. 
Thus, A„ is a set of coset representatives for A„. Note that Fn — All_i ■ ■ ■ A^Aj, 
and so if we let Fn — A"_]^ • • • A^ Aj, then F„ is a set of coset representatives for 
Fn- For the group H we have also defined the finite sets A'^^. From Lemma [4.3.11 
we also have that Fn — A'n-i ■ ■ ■ A' J. 

We claim that (A„A^, FnF^) is a ccc tiling of G. We first show that for each n 
that (A„A^,i^„F^) is a tiling of G. We must show that every element g oi G can 
be written uniquely in the form g = dd' ff where d € A„, d' € A^, f G Fn, and 
/' G Fn- To see uniqueness, suppose did[fif[ — (i2'^2/2/2- Since the d' terms are 
in iJ < 'Zi{G), this can be rewritten as difid[f[ — c?2/2rf2/2- G/i/ this becomes 
difi — ^2/2- This implies that in G/H that di = d2 and /i = /2 since (An,^^) 
is a tiling of G/H. Since the distinct points of A„ and Fn are in distinct cosets 
by H, it follows that c?i — c?2 and /i = /2. We therefore have that d'if[ — ^'2/2- 
Since (A^,F^) is a tiling of H we have d'^ — d'2 and /( = /2. To show existence, 
let g £ G. Let d e A„ , f ^ Fn he such that g = df in G/H, that is, g = c?//i where 
h G H. Since (A^,F^) is a tiling of i/, we may write h = d' f where d' € A'n and 
/' G i^;,. So, 5 = dfd'f = dd'ff where dd' G A„A; and //' G FnF^^. 

The tiling are clearly centered as 1g G A„, Iq G A^ and so Iq G A„A^. Also, 
the tilings are easily cofinal since each of the tilings on G/H and on H are. To 
show coherence, consider an n level tile, which is of the form T = dd' FnFn, where 
d G A„, d' G a;. We have F„ = U^eA^^, '^^"-i and F^^ = Ua'eA-., ^'K-i- So, 

T= \J y dd'6Fn-l6'F'n^^ 

= U U d5d'6'Fn-iF'n_^. 

(Sga;j_j (S'gA'^^^j 

This shows that T is a union of translates of Fn-iF'n_i by elements of A„_i A'„_i 
(note that A„A"_]^ C A„_i) and we are done. □ 

Theorem 4.4.3. Every countable nilpotent group is a ccc group. 

Proof. This follows immediately by an induction on the nilpotency rank of G 
using Lemma [4.4.21 □ 

A closer scrutiny of the proof of Lemma l4.4.2| gives us the following more general 
fact. It will be useful when the subgroup H is no longer abelian. 
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Lemma AAA. LetG be a countable group, H <G, andZciH) be the centralizer 
of H in G, I.e., Zg{H) = {g e G : gh = hg for all he H}. If G = Zg{H)H and 
both H and G/H are ccc groups, then G is a ccc group. 

Proof. Note that the assumption G = Zg{H)H imphes that H <G. The 
proof of Lemma 14.4.21 can be repeated verbatim, except when picking the coset 
representatives for ^^-i^ '^^ require them to be chosen from the set Zg{H); this is 
possible since G — Zq{H)H. □ 

We next extend Theorem 14.4.11 to a class of solvable groups. Unfortunately 
we are unable to extend the result to all solvable groups, but we must restrict to 
those with finitely generated quotients in the derived series. We recall the following 
definition. 

Definition 4.4.5. A countable group G is said to be polycyclic if G has a finite 
derived series G = G" > > • • • > 6"= = {la}, where G'+^ = (G')' = [G,, Gi], and 
each quotient group G'^^^ /G^ is finitely generated. 

Being polycyclic is equivalent to having a subnormal series G = Gq !> Gi • • • t> 
Gm = {1g} (i-e., each G^+i is a normal subgroup of Gi) with all quotient groups 
Gi+i/Gi cyclic. 

The collection of polycyclic groups include some finitely generated groups which 
are not of polynomial growth, and therefore not virtually nilpotent (by Wolf jWo) ) . 
Thus Lemma [4.3.41 and Theorem 14 . 4 . 31 do not prove that polycyclic groups are ccc. 
On the other hand, all polycyclic groups are residually finite, and we will prove 
in the next section that all residually finite groups are ccc. Here we present a 
direct proof of the ccc property for a class of solvable groups containing the class of 
polycyclic groups. We hope that this proof may be useful in future generalizations 
of this result to solvable groups. 

Theorem 4.4.6. If G is a countable solvable group and [G, G] is polycyclic, 
then G is a ccc group. In particular, if G is polycyclic then G is a ccc group. 

Proof. Every polycyclic group is countable, and subgroups of polycyclic groups 
are polycyclic. So the second sentence in the statement of the theorem follows from 
the first. So we prove the first sentence. We first show the following simple fact 
about finitely generated abelian groups which we will need for the proof. 

Lemma 4.4.7. Every finitely generated abelian group A has a ccc tiling (A„, f„) 
satisfying: 

(1) Each A„ is a subgroup of A. 

(2) Each An is invariant under any automorphism of A. 

(3) Each (A„,i^„) satisfies the property of Lemma \4-.3.1\ that is, 

A — I I A™ A™^i---A"+i 

m > n 

where the A*_j^ are as in Lemma \4-.3.1\ 

Proof. Write A = Z'^ (B F, where F is a finite subgroup. Let m > 1 be such 
that i^" = {e}. Let A„ = A™", for all n > 1. Clearly, (1) and (2) are satisfied. Let 
Fn = {{zl\z'^\. . . ,z^^/): < ii, . . .ifc < m",/ e F}, where (zi, . . . ,Zfc) generates 
Z*^. Easily, (A„,F„) is a ccc tiling of A. Property (3) is easily checked. □ 
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Consider the derived series of G, G = G° [> !> • • • t> G'' = {1g}, where 
G' = [G^^^y = [Gi-i,Gi-i]. By assumption, for each i > 1 the quotient group 
G*~^/G' is finitely generated. For each quotient group G^~^ /G^, fix a ccc tihng 
(A^,F^) satisfying clause (3) (this can always be done by Lemma [4.3. II and Theo- 
rem l4.4.1]) . Additionally, for i > 1 require this ccc tiling to be as in Lemma l4.4.7l As 
in Lemma r4.3.1l we let (A')5^_]^ C be finite such that is the disjoint union 

of translates of F'^_i by the elements of (A*)5^_]^. We choose coset representatives 
(A»)^i C G-i for (A');j„i in G^-^/G\ Let A^ = U™>„(A^)™-i ' ' ' (AO;i+'- 
Let = (A');^_i • • • (A')i. Then, the G' cosets of the (A^,F^) also give a rep- 
resentation of the given tilings. Note that the G* cosets of the elements of are 
exactly the elements of the given sets F^ . Similarly, from property (3) we have that 
the G* cosets of the elements in AJj are exactly the elements of AJj. 

We summarize some of the properties of these sets. 

(4) Aj,+i C Aj, for all n. 
(5) 

(6) F,:cF^^i._ 

(7) For z > 1, AJj is a subgroups of G* ^/G* and is invariant under every 
automorphism of G'^^/G^ 

Let now 

F„ = [(Ai)^i . . . ■ ■ ■ {^""YnZl] ■ ■ ■ [(Ai)J . . . {^%] 

A„ = U [(Ai)™_i . . . {^'')Z^,)] ■ ■ ■ [(Ai)^! . . . (A'')^!] 

We show that (A„, F„) is a ccc tiling for G. 

By definition, Fn+i is a union of translates of Fn, namely by points of the set 
(A^)5^_]^ • • • (A'°)J^_]^. We show that these translates are disjoint. More generally, 
suppose m > n and 

(4.8) 

(Sin--- C)('5m-1 • • • ^L-l) ■■■{Sl--- S'[) = (p,\, • • • pt){pln-l ' ' ' Pm-l) ' ' ' (Pl ' ' ' Pi) 

where S^, e (A*)^_;^. We show that S'j — pj, that is, all the corresponding terms 
in the two expressions above are equal. 

Lemma 4.4.8. For any (5^^, . . . ,5^, . . . , Sl, . . . S'i in G we have: 

(slJl ■ ■ ■ st){sL^iSl_, ■ ■ ■ si_,) ■ ■ ■ {slsl ■ ■ ■ s'l) 



= ('5r"---^r)(C'"---r^)---(C"---'5r) 
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where — 1g for all m, and (inductively on i) 

„i _ ^1 ...A1a2 ''j-i . . . a2C? ■-i-ic}_l ^i_ic' ^ 

Proof. Repeatedly use the identity xy = yx^ . First move all the terms 
(5^, (5,^„_i, . . . , (5i to the left of the equation. Then move all of the terms 5^„, 
(5^_]^,..., 51 to the left to immediately follow these terms (the terms (5| have 

actually become (5| ^ ~ ^ from the first step). Continuing in this manner 
gives the above equation. □ 

Apply now Lemma [4.4.81 to both sides of equation 14.81 This gives: 

(4-9) 2 2 e" 

where the e* are defined as the Cj using the p's instead of the ^'s. 

Considering this equation in Gp/Gi gives sl^^ - ■ ■ s\ = • • • . Since the sets A 
satisfy (3) we have that (J,,, • • • G A}, and also • • • G A}. Since (Si,pJ £ F^, 
it follows that — pj and 5^^ - ■ ■ — p^„ ■ ■ ■7>2- Continuing, we get that 6j — pj 
for all j = 1, ... , m. It then follows that 6j — pj for all j as well. 

From this and the above equation we then have that 

(SV- ■ ■ ■ Sf) ■ ■ ■ (Si'- ■ ■ ■ Sf') = (pV- ■ ■ ■ pf) ■ ■ ■ ipt'- ■ ■ ■ pf). 
More generally, suppose that after i — 1 steps we have show that 

xi 1 JCl 1 

Pm^---^h= Pi 

8\;,^^(^-\...8r^^pr\ 

; equation for we see t 
and all ^ < i. From equation (|4.9p we therefore have: 



In particular, from the equation for we see that = for all 1 < j < m 



■ ■ ■ ) . . . (5^, -■■■8\^) = (pj„^'" . . . pf^ ) • • • (p^; " • • • )• 

Considering this equation in G^~^ jG^ gives: 



Om •■■Ol = Pm ■■■Pl 



■I ^1 



Conjugating both sides by {c\) gives: 

0,n ■■■02 Pm •••P2 Pl • 

From properties (4) and (7) of the A sets we have that <5„ ■ ■ ■ ^2 and 

Pm^"^^^^ ■ ■ •'P2^'^^'^^'^ are in A^. Since 5\ and p^ are in F^*, and the distinct A*^ 
translates of Fl are disjoint, it follows that 5-^ — p\ and • • • <^2 = 
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" ^ ■ ■ ■ P2 ^ ^ ■ Continuing in this manner yields 6j — for all j = 
1, . . . , m. It follows that dj — for all j = 1, . . . , m. 

Starting from equation 14.81 we have shown that all the corresponding terms on 
the two sides of the equation are equal, that is 5j = for all z = 1, . . . , fc and 
j — 1, . . . , m. From this we have the following. 

Lemma 4.4.9. For each n, the A„ translates of Fn are disjoint. Also, each 
translate of Fn by an element of An is a disjoint union of translates of Fn-i by 
elements of A„_i . 

Proof. Suppose x e SFn D pFn ^ 0, where S, p E A„. By definition of A„ we 
have that 

(pL---Pm)---(Pn+l---P«+l) 

where <5j,p^ G (A*)j_]^ and we may assume a common value of m > n for both 
equations since 1g G (A*)j_-^ for all i and j. Then from the definition of F„ we 
have that x can be written as: 

x = {Sl---S'j--- (Ji+i • • • S^,^,){Sl^ ■ ■ ■ S'JiSl ■ ■ ■ <5f ) 

= (Pm • • • Pm) ■ • • (Pr\+1 ' ' ' Pn+l)(Pr\ ' ' ' pf;)(p} ' ' ' Pi) 

All of the corresponding terms of both expressions are equal, and in particular 
S^P- 

To see the second claim, note that by definition 

Fn^{AX-l---{A'rn_,Fn^l. 

So, Fn = [jliS^n ■ ■ ■ S^)Fn-i ■ 5], ^ ■ Smcc 51 ■■■5i£ A„_i, the first claim 

shows that these translates of are disjoint. □ 

The next lemma show that the A„ translates of F„ cover G. 

Lemma 4.4.10. For every n and every g G, we may write g in the form 
9 = {51 ■ ■ ■ 5t) ■ ■ ■ ■ ■ ■ 5i^^)f, where f = [S^ . . . S^) ■ ■ ■ {5\- ■ ■ 5^) € Fn, for 

some m > n. 

Proof. Fix n and g G G. Every element a; of a quotient G'^^^/G^ can be 
written in the form x = p5„ ■ ■ • Pi for some m = m{x) (which depends on a;), where 
pj G (A*)^-_-^, From this and the fact that the identity element is in all the {Ai)j_^ 
it follows that we may write g as: 

9 = •••'^1)51 
where gi G Gi. This defines the Sj for j < mi. For convenience in the following 
argument, we set = 1q for j > mi. Note from the definition of the that 
c? is now defined for all j. Recall that — S] ,■■■6}. Thus, = cl for aU 
i,P ^ wi + 1. That is, the are eventually constant. 
Assume in general that we have defined 

"mi ! ■ • ■ I "1 J ) • ■ • : "1 1 • ■ • I "mf.i j • ■ • i "l 
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with 

where gi G Gi and aU the i5] he in (A*)j_j^. Again for convenience set J] — \g for 
j > nii, for i = 1. Note that is defined for i = !,...,£— 1 and all 

j. Also, inspecting the formula for shows that for all i = 1, . . . , ^ — 1 that is 
eventually constant for large enough j . Let us call this eventual value . To finish 
the inductive step in the proof of the lemma it suffices to show that in the quotient 
group G^/G^~^^ the (arbitrary) element 5^ G G^/G^^^ can be written in the form 




for some to, where as usual 5^ € {A^)j_^. For the rest of the proof we work 
in the quotient group G^/Gf+i and we suppress writing the bars in the notation. 
Conjugating by (c^)~^, it suffices to show that an arbitrary element of the quotient 
group h = gt'^°°' can be written in the form 

h^b^ •••di 

where the df-- — Icf/Gf+i for large enough j, say for j > Jq. To begin, write 
/(.(^i) = ySf for some (5f G (^^)o and y £ A{. We can do this since the 
translates of Ff cover G(/Gi+i (and recall Ff = (A^)q). Conjugating this gives 

h — z6l ^ where z — y'^^ G A\ by the invariance of A^ under automorphisms. 
For the next step, since z^'*^) ^ £ A{ we may write it as z'^'*^) ^ — 'UJS2 for some 
S2 G (A^)^ and w £ Aj. Conjugating gives z — ^(^j'*^. So, g — u82^'^b'i^ where 

u e A2 . Continuing in this manner we may write g as g = vSj^^ ^° ■ ■ ■ Sf ^ , where 
V £ . By the property of Lemma [4.3.1l of the A j , i; is of the form v = ■ ■ ■ Sj^^^ 

d'- d'- 

for some large enough m. Therefore, g = ((5^^ • • • '^j(,+i)('5jo • • • (Jf ^) and we are 
done (since = Icf/Gf+i for 3 > jo)- □ 

This completes the proof of Lemma [4.4.101 and of Theorem 14.4.61 □ 

The above method of proof does not immediately extend to solvable groups. 
The obstacle is that the statement of Lemma [4 . 4 . 71 does not hold for abelian groups 
in general. If G = ^ is the infinite direct sum of copies of Z, then it is easy 

to check that the only sets A C G which are invariant under all automorphisms are 
the sets G". However, aside from the trivial case n = 1, none of these sets can be 
the set of center points for a tiling of G as G/G" is not finite. 

We close this section with the following open question. 

Question 4.4.11. Is every countable solvable group a ccc group? 

4.5. Residually finite and locally finite groups and free products are ccc 

Recall the following definition for residually finite groups. 

Definition 4.5.1. A group G is residually finite if the intersection of all finite 
index normal subgroups of G is trivial. 
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Theorem 4.5.2. If G is a countably infinite residually finite group, then G is 

ccc. 

Proof. Fix a strictly decreasing sequence G — Hq> Hi> ■ ■ ■ of finite index 
normal subgroups of G with PlTieN = {!(?}■ Now fix an enumeration gQ,gi, . . . 
of the nonidentity group elements of G in a manner such that gi ^ 

We will now construct, for each i e N, a complete set A^"*"^ of coset represen- 
tatives for the right cosets of Hi+i inside of Hi. In other words, Hi = Hi+iA^f^^ , 
and Hi+iXi n i?i+iA2 = for distinct Ai,A2 € A*+^ The sets A-+^ will have 
some additional properties and must be constructed inductively. Let Aj be a com- 
plete set of cosct representatives for the right cosets of Hi inside of Hq such that 
^G,9o G Aq. Now suppose that Aq through A^^^ have been defined. An easy 
inductive argument shows that 

Hk+iAl+'Ati---Al = G. 

Notice also that |A^+^| = [Hi : /fj+i] and 

lA^+^Ati • • • AJI = [G : Hk+i] < [G : Hk+2]- 

Therefore 

H,+,Al+'Al_,...Alj^G. 
Find the least j € N such that 

g,^Hk+2Al+'Ati---Al 

Since iffe+i A^+i A^.^ • • • Aj = G, we can find 7 G A^+i A^.^ • • • Aj such that 
gj e Hh^ij. Finally, let A^^j be a complete set of coset representatives for the 
right cosets of Hi~^2 inside of Hk+i such that Icgj^r^ <= A^^^. This completes 
the construction of the sets A*^^. Notice that each A*"*"^ is finite. 
Now define Fq = {Iq}, Aq = G, and for n > 

An = Hn- 

We claim that (A„, Fn)neN is a ccc sequence of tilings of G. Since Hi = iJj+iA-^^, 
by induction we easily have A„F„ = Hq = G. So the A„-translates of F„ cover G. 
lih,h' e Hn, \,\'i e A*+i and 

h\n-l^n-2 • • • Ao = h' \'n-iX'n-2 ' ' ' K) 

then after viewing this equation in G/H\ we see that Aq = Aq (equality in G/Hi 
and hence equality in G). After canceling Ao and Af, from both sides and viewing 
the new equation in G/i?2, we see that Ai = A'^. Continuing in this manner we find 
that Ai = \\ for each < i < n and h = h'. Therefore the A„ -translates of F„ are 
disjoint. We conclude that for each n E N (A,i . _F„ ) is a tiling of G. 

Clearly Iq € Hn = An, so the tilings are centered. Coherency is also clear 
since for n > 1 and h G Hn we have 

hFn = hAl_^Fn-l 

and /iAJJ_i C Hn-x = A„_i. 

All that remains is to check cofinality. Notice that F„ C Fn+i since Iq G A"+^, 
and also notice 1g & Fq. So we only have to show that for every j & N there is 
n e N with gj e F„. Towards a contradiction, suppose the sequence of tilings is not 
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cofinal. Let j G N be least such that gj ^ F„ for all 71 G N. Let fc G N be such that 
5i € Fk for all i < j (fc = if j = 0). By the way the sets A*^^ were constructed, 
we must have for all n > fc 

g.j e Hn+lFn = An+lF„ 

(otherwise for some 7 £ Fn, gjj^^ £ AJJ+^ and gj £ Fn+i). Let 7 e be such 
that gj £ "fFk- We have gj £ Ak+iF^, so there is cr e A^+i with gj £ aF^. As 
Afc+i — Hk+i Q Hk = Afc, we have that a £ A^. Then gj £ "fFk n aFk- Therefore 
(7 = 7 and 7 £ Afe+i. Repeating this argument, we find that 7 £ A„ for all n> k. 
Thus 

7e fl A„ = fl F„ = {1g}. 

n>k n>k 

Now we have gj £ jFk = Fk, a. contradiction. We conclude that the sequence of 
tiles are cofinal. □ 

By a theorem of Gruenberg (c.f. [M]) free products of residually finite groups 
are residually finite, hence they are also ccc by Theorem l4.5.2l All finitely generated 
nilpotent groups and all polycyclic groups are residually finite. Hence Theorem l4.5.2l 
proves again that these groups are ccc. Also, all free groups are residually finite, 
hence are ccc also by Theorem 14.5.21 Finally, by the theorem of Gruenberg men- 
tioned above, free products of finite groups are residually finite, and hence are also 
ccc. 

Now we show that countable locally finite groups are ccc groups. 

Theorem 4.5.3. If G is a countably infinite locally finite group then G is a ccc 
group. 

Proof. Fix an increasing sequence Aq Q Ai Q ■ ■ ■ of finite subsets of G with 
G = U«eN^"- Fo'^ each n e N set F„ = {An). Then we have G = UneN^"' 
and since G is locally finite each Fn is finite. For each rt > 1 let A'j_]^ be a 
complete set of coset representatives for the left cosets of F„_i in F„. In other 
words, Fn = A\\_^Fn^i and 5Fn-i n 5'Fn-i = for <5 7^ 5' G A^^.^. We further 
require that Iq £ A5j_]^ for all n > 1. Now we set 



A — I I A™ A™^i • • • A 



n+1 



Notice that the members of the above union are increasing since 1g is in each A^^^. 
We claim that (A„,F„)„gN is a ccc sequence of tihngs of G. 

Clearly Fn+i = A"+-'^f„, and it easily follows by induction that 

Am Am— 1 A"+l P — A™ P — P 
^m-l"m-2 ' ' ' — ^„i-l^m-l — J^^m- 

Therefore 

A„F„ = y AZ_,Kr-2 ■ ■ ■ K^'Fn ^ \J Fn, = \J Fn, = G. 

rn>n rn>n m^N 

By definition we have that the AJJ+^-translates of F„ are disjoint and are contained 
in Fn+i. Since the AJ^]]]^-translates of Fn+i are disjoint (and contained in Fn+2): it 
follows that the A;:j+^A;j+i-translates of F„ are disjoint (and contained in Fn+2)- 
Inductively assume that the A^I^A^^^I^ • • • A;j+i -translates of F„ are disjoint and 
contained in F,n-i. Since the A™_]^-translates of F^-i are disjoint and contained 
in F,n, it follows that the A™_;^ AJ^Ij ' ' ' ^n^^"translates of Fn are disjoint and 
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contained in Fm- So by induction and by the definition of A„, it follows that the 
A„-translates of Fn are disjoint. Thus (A„, i^„) is a tiling of G for each n E N. If 
7 e A„+i then 

Since 7 S A„+i, there is m > n with 

7 t ^n+1 

and therefore 7A"+^ C A„. Thus, every A„+i-translate of Fn+i is the union of 
A„-translates of Fn- So (A„,F„)„gN is a coherent sequence of tilings of G. Since 
1g is in each A^+\ we have Iq G A„ for aU n e N. Also, G = IJneN-^"- Thus 
(A„, F„)„gN is a ccc sequence of tilings of G and G is a ccc group. □ 

In the rest of this section we consider arbitrary countable free products of 
nontrivial countable groups and show that they are ccc. We give a proof that is 
combinatorial by nature, unlike the algebraic construction in the proof of Theo- 
rem 14.5.21 To illustrate the combinatorial argument, we will first give a direct 
proof that all free groups are ccc. 

Recall that, for n > 2 an integer, F„ denotes the free group on n generators, 
and the free group on countably infinitely many generators. 

Theorem 4.5.4. Every free group F„ or F^^ is a ccc group. 

Before turning to the proof of Theorem 14.5.41 we fix some notation. If G = F„ 
or G = is a free group, let T be the Cayley graph which in this case is a tree. 
Recall that if G = F„ then the nodes of the graph are the elements of G and two 
elements y and z of G are linked by an edge if either y — zxi or y — z{xi)^^, where 
xi, . . .Xn are the generators of G. Every node has degree 2n (00 if G = F^^). We 
view T as a rooted tree with root node corresponding to the identity element Iq of 
G. For x e G we let the depth of x be the distance from x to Iq in T, and denote 
it by d{x). This, of course, is just the length of x when expressed as a reduced 
word in the generators. This also can be thought of as the depth of x as a node in 
the rooted tree T. The children of a node x E G are the nodes adjacent to x with 
depth d{x) + 1. For x ^ Iq, the parent of x is the unique node adjacent to x with 
depth d{x) — 1. The root node has 2n children and no parent, every other node 
has one parent and 2n — 1 children. We say 5 C T is a subtree ii Iq ^ S and S 
is closed under the parent relation, that is, if x G S and y is a parent of x, then 
y G S. Viewing T as a rooted tree as above, this corresponds to the usual notion of 
subtree of a tree. We will identify G and T, and so speak of subtrees of G as well. 

The following simple lemma is the main point. 

Lemma 4.5.5. Let S C G be a subtree of the free group G, Then G can he tiled 
by copies of S. 

Proof. Let be a maximal pairwise disjoint collection of translates of S 
subject to the condition that M = IJ is a subtree of T. It suffices to show that 
M = T. If not, let 2; € T — M have minimal depth. Clearly z 7^ Iq, and so the 
unique parent ?/ of z is in M. We must have z = yxi or z = y{xi)^^ for some 
generator Xi, and where y, when written as a reduced word, does not end in the 
term canceling this last term. Suppose to be specific z — yxi, the other case being 
similar. Let k be such that {xj'^)'' € S but {x~^)''+^ ^ S. Let w ^ z ■ {xiY . Note 
that w is in reduced form as written. Consider M' = U {t«5}. We claim that 
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M' is still pairwise disjoint and M' = IJ A^' is still a tree, which then contradicts 
the maximality of M. 

An element /i of wS* is of the form z^Xi^s, where s G S. Note that s cannot 
begin with ix~^)^~^^ as otherwise, since 5 is a tree, {x~^)''~^^ would be in S. Since 
z also ends with Xi, it follows that the reduced form for h is of the form h = zu 
for some (possibly empty) word u. So, ft. is a descendant of z, and since z ^ M , it 
follows that h ^ M as well. So, wSr\M = 0. 

Note that the path from w to y lies entirely in M' since {x^^Y G S for all 
i < k. So, if h £ wS lies on this branch, then any initial segment of h lies in M' . If 
h is not on this path, then h is of the form h = y ■ Xi ■ {xi)^ ■ {x~^)~^u where £ < k, 
u does not start with xj^ , and {xY^)^^u G S. Any initial segment h' of h is either 
on the path from w to 2; or else is of the form h' — y ■ Xi ■ {xi^ ■ ■ ■ {x^ )~^u' where 
u' is an initial segment of u. In the latter case, (x^^)^^ • u' G S" as is a tree, and 
so h' ewS C M'. □ 

Proof of Theorem 14.5.41 Let G be a free group, and T the corresponding 
tree as above. Let go, gi, ■ ■ ■ enumerate G. Let 5*0 C T be an arbitrary subtree of T. 
Suppose after step i the subtree Si of T has been defined with S'o C S'^ C • • • C S'j. 
Suppose also that each Sj for j = 1, . . . , i is a disjoint union of Sj-i and another 
translate wj-iSj-i of Sj^i. 

To define S'i+i, let gi be least in the enumeration such that gi ^ Si but the 
parent of gi is in Si. Let Wi be the element constructed in the proof of Lemma 14. 5. 51 
using S — Si and z — gi. So, Si and WiSi are disjoint, gi G WiSi, and Si U WiSi is a 
subtree of T. We then let S'i+i = S'i U WiS'i. This finishes the inductive definition 
of Si and Wi. 

From the definition of gi it follows easily that G — [JiSi. This in turn 
gives our ccc tiling of G. Namely, the i-th level tiling will be {Ai,Si) where 
A, = U™>.A™_iA;;;:1...A^+i where A]_, = {1g,w,.^}. Note that Sra = 
A-_i5™_i = • • • = A™_iA;^_i • • • A^+i^,. Thus, G = A,S, and the A, trans- 
lates of Si are pairwise disjoint, so {Ai,Si) is a tiling of G. Clearly Iq G A^ 
as 1g G A*"*"^. Also, the tilings are coherent since every SSi+i, for 6 G A^+i 
is of the form S'^^^^Sl^zl ■ ■ ■ S^^Si+u where 5j_^ G A^Li- This is then equal to 
C-iC~2 • • • '^iji A^+i^i, which is the disjoint union of ' ' ' S^Si and 

^m~i^m-2 ' ' ' ^it-iWiSi. Thus, thc scqucncc (A^, Si) gives a ccc tihng of G. □ 

We now turn to free products. Recall the following definition. 

Definition 4.5.6. Let Q — {Gi}i(zx be a collection of groups. We assume the 
Gi are pairwise disjoint as sets. The free product *G = *iGi of the collection is the 
group with generators IJ^ Gi and relations g ■ h = k for all h, k in some common 
Gi with g ■ h = k in Gi. 

If all but one group G in G are trivial (i.e., contain only one element), then we 
say that G is trivial and the free product *G is just isomorphic to G. In this case, 
*G is ccc iff G is. If Q is nontrivial, the next theorem says that *G always is a ccc 
group. 

Theorem 4.5.7. If G is a countable nontrivial collection of countable groups, 
then the free product *G is a ccc group. 
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Proof. To ease notation we consider the case where Q — {G,H} with both 
G and H nontrivial, and we denote the free product in this case hy G * H. The 
general case is entirely similar. 

We first consider the case that one of the groups, say G, is infinite. Every 
nonidentity element x oi G * H can be written uniquely in the form 51/11(72^2 ■ ■ ■ ki 
or higih2g2 ■ ■ ■ ki where the gi^ hi are nonidentity elements of G, H respectively, 
and ki is in G or depending on whether the word length is odd or even. We 
denote the word length of x by lh(a;). When I < \h{x) we use x \ I to denote the 
initial segment of x of word length I. 

li F C G * H, we say x G G * H is a, G-tail (with respect to F) if x is not 
the identity, x ends with a term ki e G, and x is the unique element of F which 
extends x \ (lh(x) — 1). We likewise define the notion of an H-ta,i\. We say F is a 
tree if 1 S and any initial segment of an element of F (when written in one of 
the above two forms) is also an element of F. 

The next lemma says that we may create as many new tails as we like. 

Lemma 4.5.8. Suppose F C G * H is a finite tree with at least one G-tail and 
one H-tail. Then for any fc G N, there is an F' C G * H satisfying the following. 

(1) F' D F is a finite tree. 

(2) F' is a disjoint union of translates 5F of F. 

(3) F' has at least k many G-tails and at least k many H-tails. 

Proof. Let ^ C G be the set of all 5 € G such that some x G F, when written 
in its reduced form, begins with g. Since F is finite, so is A. Let gi, . . . ,gk G G 
be such that giA D A = and giA n gjA = for all i 7^ j. We can do this as 
A is finite and G is infinite. Consider the collection of translates F,giF, ■ ■ ■ ,gkF. 
Since giAn gjA = for all i ^ j, it follows that for any elements fi, fj € F 
that gifi and gjfj begin with different elements of G and so are not equal. So, 
giF n gjF = 0. Similarly, F n giF = for all i. Since F is a tree, it is easy to see 
that FUgiFU- ■ -UgkF is also a tree (note that each gi is in this union as Ig G F). 
Finally, each giF has at least one G-tail and at least one ff-tail since F does (if 
say gihi ... gk is SL G-tail in F, then easily gigihi ... (7^ is a G-tail in giF). □ 

Turning to the proof of Theorem 14. 5. 7[ let zp, zi, . . . enumerate G*H. Assume 
inductively we have constructed Fq C Fi C • • • C F„ satisfying: 

(1) Each Fi is a finite tree. 

(2) Each Fi-|_i is a disjoint union of translates SFi of Fi. 

(3) Each Fi has at least one G-tail and one iJ-tail. 

To construct Fn+i, Let z be the least element oi G * H (in the enumeration 
zq, zi, . . . ) such that z ^ F„ but y = z |" (lh(z) — 1) G F„. Say to be specific z = yg 
where g G G (the case z = yh is similar) . From Lemma 14.5.81 we may assume that 
Fn has at least 2 G-tails and at least 2 iJ-tails. Let t G Fn he an H-t&il relative 
to Fn. Consider the translate zt~-^Fn. Since t ends with an H term, t~^ begins 
with an H term, so zt^^ is in reduced form. Since t G F.^, z £ zt^^F^. Since t is 
the unique element of F„ which extends t \ (lh(t) — 1), every element of zt~^Fm 
when written in reduced form is of the form zu for some possibly empty term u. 
Since F„ is a tree, none of these elements can be in F„. So, zt^^Fn C\ Fn — 0. 
We set Fn+i = F„ U zt~^Fn. To see that F„_|_i is a tree, first note that the path 
from z to zt~^ lies entirely in Fn+i This is because every element of this path is 
of the form zt~^v where v is an initial segment of t, and hence lies in F„. Every 
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element of zt^^Fn not on this path is of the form x — zt^^uw where uw £ Fn and 
u is the maximal initial segment of uw which cancels an end segment of t^^. That 
is, the reduced form for x is x = zsw where s is an initial segment of . So, an 
initial segment of x is either on the path from z to zt~^ or else it is of the form 
zsw' = zf^uw' where w' is an initial segment of w. Since Fn is a tree, uw' e Fn, 
and so in either case we have x € zt~^Fn C Fn+i- This shows Fn+i is a tree. 

Finally, Fn+i has at most one fewer tail than Fn- Namely, every G- or H-i&il 
of Fn except possibly y is stiU a tail of Fn+i- So, Fn+i satisfies all of our inductive 
assumptions and also contains z. As in previous arguments, this gives a ccc set 
of tilings for G * H. Namely, (A„, Fn), where A„ = U„>„ A^.^A^I^I^ • • • A^+\ 
where A*+"^ is the finite set such that Fi^i = A*"*'^Fi and the A*"*"^ translates of Fi 
are pairwise disjoint. 

The case where both G and H are finite follows from Theorem 14.5.21 since 
G * -ff is residually finite. But here we point out that the above argument can be 
easily modified to give a direct proof also, as follows. We modify assumption (3) 
of the Fn to now be that each Fn has at least two G-tails and two _ff-tails. Note 
that we may always start with a finite subtree Fq oi G* H with at least two G tails 
and at least two H tails except in the case where both G and H have size 2. For 
the group I2 * ^2 it is easy to directly construct a ccc tiling. For example, one can 
let Fn be the set of size 3" consisting of all reduced words of length < (3" — l)/2. 
Easily Fn+i is a disjoint union of three translates of Fn (in fact, this group has an 
index two subgroup isomorphic to Z and is also polycyclic, so both Lemma 13.1.11 
and Theorem 14.4.61 applv) . To get Fn+i, as in the above proof let z be the least 
element oi G * H such that z ^ Fn but y = z \ (lh(z) — 1) e Fn- Consider the 
case z = yg where g € G, the other case being similar. Let t e be an iJ-tail 
relative to F„. We again consider the translate zt~^Fn and let Fn+i — FnUzt~^Fn- 
The argument above shows that Fn+i is a tree which is the union of two disjoint 
translates of F„. Also, at most one of the tails of F„ is not a tail of Fn+i- So, it 
suffices to observe that Fn+i has at least one G-tail, and also at least one _ff-tail, 
which are not in Fn- Let zi, z^ be two i?-tails of Fn- Then at least one of zt~^z\, 
zt~^Z2 is an H-taii of Fn+i which is not in Fn- This is because any two distinct 
tails must be incompatible (i.e., when written in reduced form neither word is an 
initial segment of the other), and so at least one of zi, Z2 is incompatible with t- 
If, say, zi is incompatible with t, then it is easy to check that zt~^zi is an 7J-tail 
of Fn+i which is not in Fn- The argument for G-tails is similar. 

This completes the proof of Theorem 14.5.71 □ 



CHAPTER 5 



Blueprints and Fundamental Functions 

This chapter is the backbone to a variety of results we prove in the rest of 
this paper. In this chapter we present a powerful and customizable method for 
constructing elements of 2*^ with special properties. The; concept of a blueprint, 
a special sequence of regular marker structures, is introduced in the first section. 
Blueprints simply organize the group theoretic structure of the group G and allows 
one to carry out sophisticated constructions of elements of 2*^. In our case, all of 
these constructions stem from one main construction which appears in the second 
section. In the third section, it is shown that every countably infinite group admits 
a blueprint. Finally, in the fourth section we study the growth rate of blueprints 
and how this impacts the main construction. This entire chapter is very abstract 
and simply develops tools for later use. It may initially be difficult to appreciate, 
understand, and see the motivation for what we do in this chapter, however the 
reader will be greatly rewarded in the next chapter. 

5.1. Blueprints 

Fundamental functions were originally developed for constructing 2-colorings 
on arbitrary groups and therefore they have their roots in the methods appearing 
in Section 4.2. Section 4.2 is not a prerequisite, but it would certainly aid in 
understanding on an intuitive level what our course of approach is. In this section, 
we study countable groups themselves under the notion of a blueprint. Blueprints 
are sequences of regular marker structures which have much more structure than 
those constructed in Section 4.2. Blueprints have enough structure to allow us to 
create partial functions on G with very nice properties. This construction appears 
in the next section and is easily used in the next chapter to construct a 2-coloring. 
Our first definition will be central to our studies for the rest of the paper. 

Definition 5.1.1. Let G be a group and let ^, B, A C G. We say that the 
A-translates of A are maximally disjoint within B if the following properties hold: 

(i) for all 7, -0 e A, if 7 7^ V tlien n ij)A = 0; 

(ii) for every g e G, if gA C B then there exists 7 € A with gA fl ^A ^ 0. 

When property (i) holds we say that the A-translates of A are disjoint. Further- 
more, we say that the A-translates of A are contained and maximally disjoint within 
B if the A-translates of A are maximally disjoint within B and AA C B. 

Notice that in the definition above we were referring to the left translates of A 
by A but never explicitly used the term left translates. Throughout the rest of this 
paper when we use the word translate(s) it will be understood that we are referring 
to left translate(s). When referring to right translates we will explicitly write out 
"right-translate(s)" . Note that in the definition above there is no restriction on A 
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being nonempty. So at times it may be that the 0-translates of A are contained 
and maximally disjoint within B. 

Definition 5.1.2. Let G be a countably infinite group. A blueprint is a se- 
quence (Aji, Fn)neti of regular marker structures satisfying the following conditions: 

(i) (disjoint) for every n G N and distinct ^,ip & A„, ■yFn n i/)F„ = 0; 

(ii) (dense) for every n G N there is a finite _B„ C G with A„i?„ = G; 

(iii) (coherent) for /c < n, 7 e A„, and V G A^, ^Fk n jFn ^ 4=> ipFk Q 

(iv) (uniform) for fc < n and 7,cr € A„, 7^-^(Afc n jFn) = cr^-^(Afc n cri^„); 

(v) (growth) for every n > and 7 G A„, there are distinct ipi,ip2T4'3 S A„_i 
with ipiFn-^i C 7i^„ for each i = 1, 2, 3. 

If a sequence (A„, i^„)„gN satisfies all requirements for being a blueprint except for 
(ii), then it is called a pre-blueprint. Furthermore, a (pre-)blueprint (A„,i^„)„gN is 

(1) maximally disjoint if the A„-translates of Fn are maximally disjoint within 
G; 

(2) centered if Iq € A„ for every n € N; 

(3) directed if for every fc € N and € A^ there is n > fc and 7 G A„ 
with V'l^fe U ^ 7i^n. 




Figure 5.1. The composition of Fi. In the figure A denotes a 
generic element of Ai (see Remark I5.1.3p . All the solid points 
form the set Dg. The position of 1g in Fi can be arbitrary. 

Remark 5.1.3. In the context of Borel equivalence relations, properties (i) 
and (ii) of the above definition are commonly referred to as the marker property, 
however this term will not be used in this paper. Recall that if (A,F) is a regular 
marker structure, then necessarily Iq e F. So any pre-blueprint (A„, F„)„gN must 
have 1(3 G Fn for every n G N. The set 7~^(Afe n jFn) appearing in (iv) will be 
denoted by (as the set only depends on n and k). Thus, ^D^ — AkCi jFn for all 
7 € A„. Clause (iv) of the above definition may seem mysterious at first, but all it 
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arbitrary. For details of each translates of Fi see Figure 15.11 



says is that Afc meets each A„-translate of Fn in the same manner (the intersection 
being a left translate of D]^). With this thought, note that the growth property is 
equivalent to |-D"_i| > 3. For our purposes we will have to distinguish three distinct 
members from Thus, whenever discussing a pre-blueprint (A„,i^„)„gN the 

symbols a„,/3„,7„ will be reserved to denote three distinct elements of D^_^ (for 
each n > 0). The following symbols will also have a reserved meaning: 

= " {a„,/3„,7„}; 

ao = bo = 1g; 

a„ = a„a„_i • • • ai (for n > 1); 
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bn = /3n/3n-l ■ ■ ■ f^l (for U > 1). 

See Figures [5TT] and [5?2] for an illustration of what blueprints generally look like. 

Pre-blueprints are not difficult to construct. The notation involved in the 
construction may be cumbersome, but the conceptual idea is relatively simple. 
Pre-blueprints can be constructed one step at a time, with each f„ being a union 
of translates of F^'s for k < n. All of the blueprints we construct will have this 
property, namely Fn = Ufe<ri ^k^k- This simple construction of pre-blueprints will 
be presented in detail in the third section. 

The fact that every countably infinite group admits a blueprint is quite nontriv- 
ial and is postponed to the third section of this chapter. The reason for postponing 
this is two- fold. First, the construction of a blueprint is rather technical and the 
reader may value the proof more after having seen why blueprints are important. 
Second, our construction will show that a very strong type of blueprint exists, in 
particular one that is maximally disjoint, centered, and directed. The constructed 
blueprint will have many nice properties and we don't want the reader to have 
an oversimplified view of blueprints when going through proofs involving arbitrary 
blueprints. 

The purpose of this section is to bring to light some of the useful properties 
of pre-blueprints. Many of these properties will be vital in the next section. The 
following lemma consists of direct consequences of the definition of pre-blueprints. 
These facts will be used with high frequency throughout the rest of the paper. 

Lemma 5.1.4. Let G be a countably infinite group, and let (A„,F„)„gN be a 
pre-blueprint. Then 

(i) A„D^ C Afc, for all k < n; 

(ii) D'^Fk C Fn for all k < n; 

(iii) Ai-Ffc n A2-Ffc — for all k < n and distinct Ai, A2 € D^; 

(iv) D'^^D^ C D]^ for all k < m < n; 

(v) Dl^0 for all k < n; 

(vi) Akf n -fFn = jDJif = (Afc n 7i^«)/, for all k < n, e A„, and f £ Ft; 

(vii) 7/ e AfcS (jf e AfcB, for all /c < n, 7, cr e A„, / e F^, and B C Ft; 

(viii) both (A„a„)„gN and (A„6„)„gN are decreasing sequences; 

(ix) a„, 6„ G Fn for all n G N; 

(x) a„ 7^ bn for all n > I; 

(xi) A„a„ n Akbk = for all n,k > 0; 

(xii) for n > k (z N 

AnDl_^an-i n AfcFfc C Afeflfc 

and 

AnDll_^bn-i n AkFk C Akbk-, 

(xiii) for n > fc e N 

AnDl^^^On-i n AfcD^_iafc_i 
C AkakOk-i = Afcflfe 

and 

AnDl^^bn-l n AkDl_^bk-l 

C AkPkbk-1 = Akbk- 
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Proof, (i). Let 7 e A„ and A e D^. Then 

7Ae7£'fe=Afcn7F„C Afc. 

(ii) . Pick any 7 e A„ and A G Then 7A G jD^ = Afe n 7F„. So 7 A e -fF^ 
and 7A G Afe. By definition, Iq G Fk, so that 7AFfe n jFn 7^ 0. By the coherent 
property of pre-bhicprints, this gives jXFk C 7f„. Now cancel 7. 

(iii) . Pick any 7 G A„. Then 7A1 and 7A2 are distinct elements of Afc by (i). 
The claim now follows from the disjoint property of pre-blueprints. 

(iv) . Pick tp G and X G Df . Let 7 G A„ be arbitrary. By (i) jtp G A„ 
and hence 7V' A G A/;. As 1g G Ffe, by (ii) we have 

7'^i'A G 7V'AFfe C 7V'Fto C -^Fn. 

Thus, 7VA G Afe n 7F„ = 7£lj^. 

(v) . By the growth property of pre-blueprints, D"_^ 7^ 0. Now suppose 
D^^, + 0. As D^+i + 0, we have + D^^,dI+' C I)^ by (iv). 

(vi) . The second equality is clear from the definition of -D". We verify the 
first equality. Let ijj G Afe be such that tpf G 7-F'n- Then tpFk H -yFn 7^ 0, so 
by the coherent property of pre-blueprints tpFk C jFn- By definition, Iq G F^, 
so V e 7F„. It follows V e Afe n jF„ = jD^ and hence V/ e 7-Dfe/. On the 
other hand, jD^ C Afe by (i). Hence jD^f C Afe/. Also, by (ii) D^f C F„. So 
7D^/ C 7i^„. Thus we have 7!)^/ C Afe/ n jF^. 

(vii) . By (vi) we have 

7/ G AfeB ^ 7/ e AfeS n7F„ ^ 7/ e 7^'feS ^ / g i'i^B 

<^ af G cr£>^B <^ af G AfeS n C7F„ <^ af G AfeB. 

(viii) . By (i), A„a„ = A„a„a„_i C A„_ia„_i. The same argument applies to 
A„6„. 

(ix) . By definition Uo — Iq G Fq. If we assume a„_i G i^n-i, then by (ii) 

an = Ctnttn-l G QJn-F'n-l C 

By induction, and by a similar argument, we have a„, 6„ G i^n for all n G N. 

(x) . From (ix) we have that a„ = a„a„_i G a„i^„_i. Similarly, 6„ G 
The claim then follows from (iii) since a„ ^ /3„. 

(xi) . Suppose < fc < n. Since cife ^ 6/s G Ffe, and since the Afe-translates of 
Fh are disjoint, from (viii) we have 

A„a„ n Afeftfe C Afcafe n Afebfc = 0. 

The case < n < fc is identical. 

(xii) and (xiii). AnD'^_^ C A„_i by (i). So by (viii) 

A„D"_;^a„_i C A„_ia„_i C Afeflfe. 

This gives us (xii) and part of (xiii). The equality at the end of (xiii) follows from 
the definition of afe. The argument for (6„)„eN is identical. □ 

Hopefully the proof of the previous lemma helps demonstrate to the reader the 

important role of the coherent and uniform properties of pre-blueprints. 

The next lemma consists of properties of stronger types of pre-blueprints. 

Lemma 5.1.5. Let G be a countably infinite group and let (A„,F„)„gN be a 
pre-blueprint. 
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(i) // the pre-blueprint is centered, then {Fn)neN is an increasing sequence 
and (A„)„gN is a decreasing sequence. 

(ii) If the pre-blueprint is maximally disjoint, then it is a blueprint and for all 
n e N, A„F„i^-i = G. 

(iii) // the pre-blueprint is directed, then for any r(l), r(2), . . . , r{m) and ipi e 
Ar(i), . . . , "0171 € Ar(„i), there is n e N and 7 G A„ so that for every 
1 <i <m ipiFr(i) C 7F„. 

(iv) // the pre-blueprint is directed and centered, then for any r(l), r(2), . . 
r(m) and %pi € ^r(l)^ • ■ • 1 V'm € Ar(m); there is n N so that for every 
1 <i <m i)iFr(^i) C Fn- 

(v) If n > k > t, a e A„, A C G is finite. At n AFkFtFtFf^ C aZ?^, anrf t/ie 
Af-translates of Ft are maximally disjoint, then for all 7 G A„ 

Afe n 7fT-M = 7a-i(Afc n A) C 7^?^'; 

(vi) // t/ie pre-blueprint is a directed blueprint and the A^-translates of Fq are 
maximally disjoint, then it is minimal in the following sense: for every 
finite A Q G and iV G N there is a finite set T Q G so that for any g (z G 

3teT\/Q<k<N gt{Ak n A) = Afe n gtA. 

(vii) // the pre-blueprint is directed, then 
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Pi A„a„ 


1 


n A„6„ 


< 1 










nGN 





(viii) // the pre-blueprint is directed, centered, and for infinitely many n and 
infinitely many k an ^ ^ Pk, then 

Pi A„a„ = P A„6„ = 0. 

riGN riGN 

Proof, (i). By definition, Iq G F„ for each n G N. Thus F„ n F„+i 7^ 0. If 
the pre-blueprint is centered, then \q G A„ H An+i, so it foUows from the coherent 
property of pre-blueprints that F„ C Fn+i- By (i) of Lemma [STTHl An+iD""*"^ C 
A„. However, Iq G A„ n laFn+i = 1gA"+\ so A„+i C A„. 

(ii) . Suppose the pre-blueprint is maximally disjoint, and let g € G. Then the 
A„-translates of Fn are maximally disjoint within G, so gFn H AnFn 7^ 0. Hence 
there is /i, /2 e and 7 G A„ with gfi = 7/2. It follows g = 7/2/1"^ e A„F„F^^ 
So the dense property is satisfied and the pre-blueprint is a blueprint. 

(iii) . It suffices to prove the claim for the maximal elements with respect to 
inclusion among {'4>iFr{i) : 1 < i < rn}. By the coherent property, distinct maximal 
members of this collection are disjoint. So without loss of generality we may assume 
ipiFj-^i) n 'il'jFj,(^j-^ = for i ^ j. Also, without loss of generality we may assume 

r(l) < r(2) < • • • < r(m). For each i > 1 pick G Then VjAi G Ar(i) for 

each i > I. For each i > I pick n{i) and ai G An(i) with 

i'lFril) Ut/jiXiFr^i) C a^Fnii). 

So for i,j > 1 we have 

Thus, by the coherent property of pre-blueprints, it must be that one of (JiFn(i) 
and ajFn(j) contains the other. If aFn is the largest member of the aiFn(i)'s with 



5.1. BLUEPRINTS 



83 



respect to containment, then we have 

V'l^r(l) U ^p2>^2Fr{l) U • • • U V'mAmFr(i) C crF„ . 

As TpiXiF^i^i-^ C tpiF^i^i'^ for each i > 1, we have that each meets aFn non- 

trivially. Since the are pairwise disjoint, none of them can contain crF„. 

Thus by the coherent property crFn must contain each -ijjiF^f^^-^ . 

(iv) . By (iii) there is n € N and 7 S A„ with ipiF^i^^-^ C 7F„. So it will be 
enough to show 7F„ C Fm for some to G N. As Iq e A„, the pre-blueprint being 
directed implies there is m e N and tr G A,„ with ^Fn U C crFm. By (i), this 
gives Fm n tri^m 7^ 0. Since 1g G Am, by the disjoint property of pre-blueprints 
we must have a — 1q. 

(v) . Fix 7 g A„. We have 

(Afc n C (Afei^fO n (^A') ^ At n AF^FtF^F^^ 

So if G AfeflA then ipFkCiaFn ^ and by the coherent property of pre-blucprints 
it follows that ip G crD^f. So Afc n A C crD^. Therefore 

7(T-i(Afe n A) C 7a-Vi?^ C jD^ C Afe. 

Also 7(7-1 (Afe n ^) C 7(T-M. Thus 

7CT"i(Afe n ^) C Afe n {-/(J-'^A). 

To show the reverse inclusion, pick A € A^ n {'ya~^A). Fix any S G D^. Then 
(T7"U(S G ^Ft so CT7-iA(5fi C AFtFt. Notice that the Atn^Ffe^i^iFj-^-translates 
of Ft are maximally disjoint within AFtFt (though not necessarily contained in 
AFtFt; see Definition [Oil . So there is t/i G At n AF^FtFtF^'^ with 

i)Ft n cr7"U(5Ft 7^ 0. 

However, ■0 G crZ)", so ^a^^if} G Aj, A(5 G A^, and 

7cr-V-Pt n A(5Ft 7^ 0. 

Therefore A(5 = ^a^'^-ip. Since ^ G tZ?" C aFn, we have 'ya~^ip G 7F„. Thus 
A5 G ■yFn so AFfe n 7F„ 7^ 0. By the coherency property of blueprints, we have 
that \Fk C jFn and A G -/D'^. It follows that 0-7-^ G crL*^ C A^. Thus 

cr7"lA G Afe n A 

and therefore 

Xej(j-\AknA). 

(vi) . Let ^ C G be finite and let N e N. For each < fc < iV let Cfe = 
Ao n AFkFoFoF^^ . By (iii) there is n G N and ct G A„ with CfcFo C crF„ for every 
< k < N. In particular, Ck C aD^. Since we are assuming (A„F„)„gN is a 
blueprint, there is a finite B C G with A„S = G. Set T = B^^a'^ and let g G G 
be arbitrary. Since A„i3 = G, there is 6 G -B^^ with gb = j £ A„. We will show 
that the stated condition is satisfied for t = ba^^ G T. So (^i = -fa^^. This follows 
from (v): for < fc < we have 

7CT-i(Afc n ^) = Afc n i-fcr-'^A). 

We conclude that the blueprint satisfies the stated minimal condition. 

(vii) . Let (/„)„gN be a sequence such that /„ G F„ for all n G N. We show that 
\r\neN^rifn\ < 1- Supposc 5, /i G f]^^j,^ A^fn ■ Then G Ao/o C AoFq. If our 
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pre-blueprint is directed, then there is n > and 7 G A„ with g,h Cz jFn- However, 
g,h <E Anfn, so there are cti, 172 S A„ with g = <Jifn and h = (T2fn- By conclusion 
(ix) of Lemma 15.1.41 fji F„ D jFn 7^ 0. By the disjoint property of pre-blueprints, 
we must have <7i — j and similarly <T2 = J- Thus cri = (72 and it follows g = h. 

(viii). Assume that our pre-blueprint is centered and directed. Suppose g € 
P|„gj^A„a„. We will show a„ = Iq for all but finitely many n G N. We have 
g e Aoflo = Aq and Iq £ Aq. Hence there is n > and 7 G A„ with g, Iq & jFn- 
As la G A„ and IcFn^^Fn 3 {1g} ^ 0, we must have 7 = Ig- Thus g G Fn. By 
(i), (Fm)mgN is an increasing sequence, so g G Fm for all m > n. Fix m>n and let 
CT G Am+i be such that = aam+i- As Om+i G Fm+i, we have aF^+i n F^+i 2 
{5} 7^ 0. We then must have a — la- So g = Um+i — am+iam € O-m+iFm- Then 
g G Fm n am+iFm so ttm+i = 1g- The case of nA„6„ is similar, so this completes 
the proof. □ 

Note that (iii) reveals why the word "directed" was chosen. Consider the set 
C = {'^Fn : n G N A 7 G A„} with the partial ordering 

i^Fk -< -fFn ^k<nA ^pFk C jF^. 

Conclusion (iii) says that if the pre-blueprint (A„,f„)„gN is directed, then this 
partially ordered set is a directed set. 

The importance of clause (v) will be better appreciated after the next section. 
This is because the behavior fundamental functions (partial functions on G con- 
structed in the next section) will be highly dependent on the sets (A„)„gi!}. Knowing 
how subsets A C G intersect A^ will be very useful. Clause (v) should also be rec- 
ognized as being closely related to the uniform property of pre-blueprints. If we set 
A = aFn and ignore the assumptions of this clause, then we see that the conclusion 
is precisely the uniform property appearing in the definition of pre-blueprints. 

We point out that the minimal property mentioned in (vi) actually does relate 
to the minimality of a certain dynamical system. Fix G N, and define 2: : G — >■ 
2^+1 so that for g,heG 

x{g) = x{h) <^ {yO < k < N g e Ak h e A^). 

Then one can check via Lemma 12.4.51 that x is minimal if and only if the pre- 
blueprint satisfies the stated minimal condition for N. 

5.2. Fundamental functions 

Now we will get to see how pre-blueprints are used in constructing well behaved 
partial functions on G. As the reader will see, one reason sequences of marker 
structures are useful is that it endows organization to the group which allows one 
to work with the group at the small scale at first and step by step work at larger 
and larger scales tweaking what has been done previously. Of course, different 
types of sequences of marker structures are needed for different constructions. Pre- 
blueprints seem to be precisely the type needed in the main construction of this 
section. We will construct a partial function on G, and the important feature of the 
constructed function is that one will be able to recognize the structure of the pre- 
blueprint from the behavior of the function alone. In other words, the organization 
endowed to the group by this sequence of marker structures, the pre-blueprint, will 
essentially become an intrinsic feature of the partial function. The members of A„ 
for each n > will be identifiable using what we call a membership test. 
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Definition 5.2.1. Let G be a group, c e 2-*^, and A C G. We say c admits 
a A membership test if there is a finite V C G and 5 C 2^ so that AV C doni(c) 
and for all x g2'^ with a; 3 c 

The set V is caUed a test region and the elements of S are called tes^ functions. If 
5 can be taken to be a singleton, we may say that c admits a simple A membership 
test. In this case, if S = {/} then for all x € 2'^ with x c 

g e A \fv e V x{gv) = f{v). 

Equivalently, c admits a A membership test if there is a finite F C G satisfying 
AV C dom(c) and with the property that for any g ^ A and 7 € A, there isv&V 
with gv G dom(c) and c{gv) ^ c(jv). This equivalent characterization is not used 
in this paper and so we do not include a proof. 

In the upcoming theorem, we will create a single function with a simple A„ 
membership test for each n > 0. The membership test will be constructed induc- 
tively; the membership test of A„+i will be reliant on the membership test for 
A„. Establishing the base case of the induction seems to be achieved most easily 
through the use of a locally recognizable function. 

Definition 5.2.2. Let G be a group, let A C G be finite with \q € A, and let 
i? : A — >• 2. We call R locally recognizable if for every Iq ^ a & A there is 6 G >1 so 
that abGA and R{ab) ^ R{b). R is called trivial if \{a&A: R{a) = R{Ig)}\ = 1- 

The lemma below gives an equivalent characterization of locally recognizable 
functions. The property used in the definition above is the easiest to verify, while 
the property given in the lemma below is the most useful property in terms of 
applications. 

Lemma 5.2.3. Let G be a group, let A CI G be finite with 1q € A, and let 
R : A ^ 2. The function R is locally recognizable if and only if for every x & 2'^ 
with X \ A = R 

Va e A (V6 G A x{ab) = x{b) =^ a = 1g). 

Proof. (=>). Suppose R is locally recognizable. U 1g a £ A, then by 
definition there is b G A with ab G A and R{ab) ^ R{b). So if x e 2"^ satisfies 
X \ A^ R, then x{ab) ^ x{b). 

{<=). Assume that R has the property stated above. Let a G A and suppose that 
for every b G A either ab ^ A or else R{ab) — R{b). It suHices to show a= Iq- We 
may define R' : Aii aA ^ 2 by requiring R' to extend R and satisfy R'{ab) = R{b) 
for every b G A. Then R' is well defined. If a; G 2*^ is any extension of R', then 
x{ab) = x{b) for every b G A. Thus, by assumption this implies a = Iq- □ 

Every group with more than two elements admits a nontrivial locally recogniz- 
able function. If G contains a nonidcntity g with 7^ Ig, then set A = {1g, g, g"^} 
and define R{1g) = R{g) = 1 and R{g^) = 0. If every element of G has order 
two, then pick distinct nonidentity g,h G G, set A = {lG,g,h,gh}, and define 
R{Ig) = ^(5) — R{h) — 1 and R{gh) — (keep in mind hg = gh as G must be 
abelian). Also note that if i? : A — >• 2 is locally recognizable and B ^ A, then 
R' : B ^ 2 is locally recognizable, where 



R'{b) = 



R{b) if 6 e A 

1 - R{1g) ifbGB-A 
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Thus, nontrivial locally recognizable functions exist on a large multitude of domains. 
More advanced examples of locally recognizable functions will be presented in the 
next chapter where we will see that they are useful for more than just creating a 
membership test. 

Definition 5.2.4. Let (A„, i^„)„gN be a pre-blueprint. A set A C G is said to 
be m-uniform with respect to this pre-blueprint if 

Vn > m V7,(T e A„ -/^'^{An-fF^) = a~^{AnaFn). 

A partial function c € 2-*^ is said to be m-uniform with respect to (A„,F„)„gN 
if each of the three sets dom(c), c~^{0), and c~^(l) are m-uniform with respect to 

The uniform property of pre-blueprints asserts that for every /c G N A^ is 
fc-uniform relative to (A„,i^„)„gN. 

We are now ready for the construction. It may help to recall some of the fixed 
notation related to pre-blueprints (a„, /3„, 7„, a„, 5„, Z?^, A„) before continuing. 

Theorem 5.2.5. Let G be a countably infinite group, let (A„, Fn)neN be a pre- 
blueprint, and let R : Fq 2 be a nontrivial locally recognizable function. Then 
there exists a function c G 2-*^ with the following properties: 

(i) c(77i/) = R{f ) for all 7 G Ai and f £ Fq; 

(ii) c admits a simple A„ membership test with test region a subset ofjnFn^i 
for each n > I; 

(iii) G — dom(c) is the disjoint union lj„>]^ A„A„6„_i; 

(iv) c{g) = 1 - R{1g) for all g e G - Ai(7iFo U D^^); 

(v) {-fFn-{jbn})ndom{c) =-f{Fn-{bn}'\Ji<k<nDk^kbk-i) for alln>l 
and 7 G A„ ; 

(vi) ci^jf) — c{af) for all n > 1, "f, a £ A„, and 

l<k<n 

(vii) for all n > I c \ (G — A„{a„, bn}) is n-uniform. 

Proof. We wish to construct a sequence of functions (c„)„>i satisfying for 
each n> 1: 

(1) dom(c„) = G - A„a„ - A„6„ - Ui</c<n ^kAkbk-i 

(2) c„+i D c„; 

(3) c„ admits a simple A„ membership test with test region a subset of 

JnFn-l- 

Let us first dwell for a moment on (1). Condition (1) is consistent with condition 
(2) because A„a„ and A„6„ are decreasing sequences and An+iAn+ibn C A„6„ 
(conclusions (i) and (viii) of Lemma l5.1.4p . By conclusions (xi) and (xii) of Lemma 
15.1.41 we have A„a„ is disjoint from Anbn^[Ji<k<n ^fc^fe^fe-i- Therefore for n > 1 
we desire dom(c„) to be 

dom(c„_i) U (A 

n— i^n— 1 ~ A„a„) U (A„_i6„_i — A„[A„ U {/3„}]6n— i)- 

It is important to note that these unions are disjoint. This tells us that given 
c„_i, we can define c„ 3 c„_i to have whichever values on A„_ia„_i — A„a„ and 
A„_i5„_i — A„[A„ U {/3n}]fori-i without worry of a contradiction between the two 
or with Cn-i- 
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Figure 5.3. An illustration of the set 71 Fq U D^, the shaded 
area together with all the highlighted (circled-solid) points in the 
figure. Compare with Figure 15.11 



Define 

ci : (G - Aiai - Ai^i - AiAi) ^ {0, 1} 

by 

ci(ff) ^ l^^-^^ 9 = 771/ where 7 e Ai and f e Fq 

1 1 — R{1g) otherwise 

for g G dom(ci). The function ci satisfies (1) since 60 = 1g- Notice that the set 
referred to in (iv) , G — A 1 (71 Fq U Dq ) , is a subset of the domain of ci . Clearly each 
element of this set is mapped to 1 — R{Ig) by ci. So as long as the final function 
c extends ci clause (iv) will be satisfied. See Figures [5731 and [5^ for an illustration 
of the set G - Ai(7iFo U L*^). 

We claim ci satisfies (3) with test region 71 Fq. Since A171, AiOi, Ai5i, and 
AiAi are pairwise disjoint subsets of Aq, we have that A171F0 is disjoint from 
Aiai U A161 U AiAi (since Iq G Fq). Thus A171F0 C dom(ci) as required. 

Let a; € 2*^ be an arbitrary extension of ci. To finish verifying (3), we will 
show 5 e Ai if and only if for all f & Fq x{gjif) = R{f). If 7 € Ai, then 
771^0 ^ dom(ci) and hence x{jjif) = R{f) for all / € Fq. Now suppose g & G 
satisfies x{g-fif) = R{f) for aU / e Fq. Note that x{h) = ci{h) = 1 - R{1g) 
for all h G dom(ci) — A171F0. As x{gjilG) — R{Ig), either 371 e A171F0 or 
gji ^ dom(ci). But 371 cannot be in G — dom(ci) C Aq, for then we would have 

giiFa - {571} Q dom(ci) - A171F0 

and hence R = {ji^g^^ -x) \ Fq would be trivial, a contradiction. So 1771 g A171F0. 
Let 7 e Ai and a e Fq be such that 571 = 771a. By construction, x{"f"fif) = R{f) 
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Figure 5.4. An illustration of the set Ai(7iFo U I^q). In the 
figure A denotes a generic element of Ai. The set consists of the 
shaded regions together with all highlighted (circled-solid) points. 
For details of each translates of Fi see Figure 15.31 

for all / e Fq, and we have that for all b E Fq 

{li^7~^ ■ x){ab) = x{jjiab) = x{gjib) = R{b) = (7r^7"^ • x){b). 

Now it follows from Lemma 15.2.31 that a ~ Iq- Thus, gji — 771 and 5 = 7 G Ai. 

Now suppose that ci through Ck-i have been constructed and satisfy (1) 
through (3). We pointed out earlier that we desire Ck to have domain 

dom(cfc_i) U (Afc_iafc_i - AfeOfc) U {Ak-ibk-i - Ak[Ak U {I3k}]bk-i). 

We define Ck to satisfy Ck 12 Ck-i and: 

Cfe(Afc_iafe_i - Afe{7fe, ak}ak-i) = {0}; 

Ck{Akjkak-i) = {!}; 
Cfe(Afe7fe6fe_i) = {1}; 
Ck{Akakbk-i) = {0}; 
CkiAk-ibk-i - AkD^k-ih-i) - {0}. 
From our earlier remarks on (1), we know Ck is well defined. It is easily checked 
that Ck satisfies (1) and (2) (recall that AkUk — AkakO,k^i and A^, = D'^^-^ — 
{afc, /3fc, 7A:}). See Figure [531 for an illustration of Ck- 

Let V C jk-iFk-2 be the test region referred to in (3) for n = k — 1, and let 
V £ 2^ witness the membership test. Set W — jk{V U {ak-i,bk-i}) and define 
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iak» ? 
lakbk-i . 



ihak-i • 
ihk, ? 



iPkFk- 



llkak-i . 1 
llkbk-i • 1 



llkFk- 



"fXak-i • 
7A5fc-i • ? 



jXFk-i, XeAk 



Figure 5.5. The definition of Cfc ensures a simpie membersliip 
test for Afc 



w € 2*^ so tfiat w extends -fk ■ w and w{'yk'^k-i) = w{'~fkbk-i) = 1- We ciaim tlrat Ck 
satisfies (3) witlr test region W and witnessing function w. Clearly W C jkFk^i- 
Let X G 2'^ he an arbitrary extension of Ck- If 7 € A^, then 77^ G Afc_i and it is 
then clear from the definition of Ck that x{'ya) = w{a) for all a G W. Now suppose 
g <E G satisfies x{ga) = w{a) for all a S W. Then in particular x{g^ka) = v{a) for 
all a € y and thus g^k € Afc_i. Also, x{gjk0.k-i) — w(ak-\) ~ 1- From how we 
defined Cfc, we have for h € G 

h e Afe_i and x{hak~i) = 1 =^ /i G Afc7fc or /i e A^afe. 

However, g^k ^ A^afc, for otherwise we would have 

1 = w{jkbk-i) = x{gjkbk-i) = Ck{gjkbk-i) = 0. 

We conclude 57^ £ Akjk and g £ Ak- Thus satisfies (3). 

Finally, take the function c' = lJ„>xC„ and if necessary extend c' arbitrarily 
to P|„gpjA„a„ and p|„gpjA„6„ to get a function c £ 2-^. Properties (i) and (iv) 
clearly hold due to how ci was defined. Property (ii) holds since c 3 c„ for each 
n>\, and property (iii) follows from (1) and conclusion (xiii) of Lemma 15.1.41 (for 
the disjointness of the union). We proceed to verify properties (v), (vi), and (vii). 

(v). Fix n > 1 and 7 £ A„. By conclusion (xii) of Lemma [5. 1.41 7F„ — {7&n} is 
disjoint from AfeAfc6fc_i for all k > n. Also, 76„ £ Akbk — AkPkbk-i for all fc < n 
by conclusion (viii) of Lemma [5.1.41 Since AkPk and AfcA^ are disjoint subsets of 
Ak-i and bk~i £ Fk-i, it follows that 76^ ^ AfeAfc6fe-i for k < n. Thus for k <n 

(7F„ - {ib„}) n AkAkbk-i = AkKkbk-i n 7^n 7-Dfc Afc^fc-i 
by conclusion (vi) of Lemma 15.1.41 The claim now follows from (iii) . 
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(vi) . Fix n > 1, 7, (T e A„, and / e F„ - {a„,fe„} - \Ji<k<n ^k^kbk-i- 
Then by (v) 7/, cr/ G dom(c). Also, / ^ {a„,6„} and hence 7/, cr/ ^ A„{a„,6„} 
since the A„-translates of are disjoint and a^bn G F^. However, dom(c) — 
doni(c„) C A„{a„,5„}, and since jf,af G dom(c) there must be a to < n with 
7/, cr/ G dom(c„i). Let k < n he minimal with either 7/ or af in dom(cfe). If 
k = 1, then conclusion (vii) of Lemma [5.1.41 implies that both 'yfjCrf G dom(ci) 
and c(7/) = 01(7/) = ci{af) — c{af). Similarly, if fc > 1 then, after recalling the 
five equations used to define Ck , conclusion (vii) of Lemma 15.1.41 again implies that 
both 7/, cr/ G dom(cfc) and 0(7/) = Ck{jf) = Cfe(cr/) = c{af). 

(vii) . For n > 1 set c" = c f (G— A„{a„, 6„}). Fix n > 1 and m > n. Let 7, ■0 G 
Am and let / G F„j. We must show 7/ G dom(c") if and only if tpf G dom(c") 
and furthermore c"{'jf) = c^iipf) when these are defined. Since A„{a„,6„} C 
G— dom(c"), we are done in the case / is a™ or (since A„{am, 5„} C A„{a„, 6„} 
by conclusion (viii) of Lemma l5.1.4p . So we assume / is neither a™ nor 6^. Then 
by (v) 7/ G dom(c) if and only if ipf G dom(c), and by conclusion (vii) of Lemma 
l5.1.4l o'f G A„{a„,6„} if and only if ^pf G A„{a„,6„}. Therefore, 7/ G dom(c") if 
and only if ipf G dom(c"). Finally, by (vi) we have that c"{jf) — €"(■0/) whenever 
these are defined. □ 

Although the previous theorem applies to pre-blueprints, we restrict ourselves 
to blueprints for the following two definitions. 

Definition 5.2.6. A function c G 2-^ is called canonical if for some blueprint 
(A„,i^„)„gN and some nontrivial locally recognizable function i? : — > 2 the 
conclusions of Theorem l5.2.5l are satisfied. If we wish to emphasize the blueprint, we 
say c is canonical with respect to (A„, Fn)neN- To emphasize the locally recognizable 
function, we say c is compatible with R. 

Definition 5.2.7. Let (A„,F„)„gN be a blueprint. A function c G 2-*^ is 
called fundamental with respect to (A„, Fn)neN if some function c' C c is canonical 
with respect to (A„, F„)„gN and there are sets 8„ C A„ for each n > 1 such that 

dom(c) = G - IJ A„e„6„_i. 

ri>l 

In this case, if i? is a nontrivial locally recognizable function and c' is compatible 
with R, then we say c is compatible with R as well. We simply call c G 2-"-^ 
fundamental if it is fundamental with respect to some blueprint. 

Notice that every canonical function is fundamental: set 0„ = A„. 

Remark 5.2.8. When dealing with a fundamental function c G 2-'^, the sym- 
bols 0„ for each n > 1 will be reserved. 0„ will necessarily be as to satisfy the 
above definition. 

Clause (v) of Theorem 15.2.51 can be adapted for fundamental functions. 

Lemma 5.2.9. Let G be a countably infinite group, let (A„,f„)„gN be a blue- 
print, and let c G 2-^ be fundamental with respect to this blueprint. Then for all 
n > I and 7 G A„ 

ilFr, - {76„}) n dom(c) = 7 I - {bn} - U D]lQkbk-l . 
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Proof. Fix n > 1 and 7 G A„. By conclusion (xii) of Lemma [5.1.41 7F„ — 
{7&„} is disjoint from AkQkbk-i for all k > n. Also, 7&„ G Afefefc = AkPkbk-i for 
all fc < n by conclusion (viii) of Lemma 15.1.41 Since AkPk and A^G^ are disjoint 
subsets of Afc_i and hk-i G -Ffc-i, it follows that 76„ ^ Ak&kbk-i for k < n. Thus 
for k < n 

{jF.n - {jbn}) n AfeGfefofc-i = AfeOfefofc-i n 7^^„ = -fD'^Qkhk-i 
by conclusion (vi) of Lemma 15.1.41 The claim now follows from the fact that 

dom(c) = G - (J A„e„6„_i. 

n>l 

□ 

5.3. Existence of blueprints 

In this section we show that every countably infinite group admits a blueprint. 
All of our future results in the paper rely on blueprints and therefore their existence 
is vitally important. It is not difficult to construct sequences (A„,i^„)„gN which 
are dense, nor is it difficult to construct sequences which are coherent. However, 
the truth is that the key difficulty in constructing a blueprint is simultaneously 
achieving the coherent property and the dense property. First we outline a simple 
way to construct pre-blueprints. 

Lemma 5.3.1. Let G be a countably infinite group. Let (i^„)„gN be a sequence 
of finite subsets of G, and let {(5^' : n, fc G N, fc < n} &e a collection of finite subsets 
of G satisfying 

(i) 1g G ^n-i Z*^^ each n>l; 

(ii) > 3 for each n > I; 

(iii) the -translates of Fk are disjoint for all n, fc G N with k < n; 

(iv) S^Fm n S^Fk ^ for allm^k < n; 

(v) F„=Uo<fc<n^fc-P^fc V«^^">1- 

Then there is a sequence (A„)„gN of subsets of G with 5^ C A^ for every n, fc G N 
with k <n and such that (A„,i^„)„gN is a centered and directed pre-blueprint. 

Proof. The basic idea is that setting A^ = lJn>fc nearly works, except that 
we have to enlarge this set in order to satisfy the uniform property of pre-blueprints. 
Since in the end we want (5^' C A^ and (5^ C f„ (so 6^ C Ak Ci Fn), in order to 
achieve the uniform property it is necessary that 5^ be copied wherever any (5™- 
translates of F„ are located. In other words, for each n G N we want to view F„ as 
carrying all of the sets 5^ {k < n) with it. With this mind set, we want to recognize 
all of the translates of Fk which explicitly or implicitly make up a part of Fn ■ For 
example, for fc < m < n we have 5^Fk C F^n and 5^Fm C F„ so ^ ^n- 

Thus, informally we would say the 5^5™-translates of Fk are implicitly a part of i^„. 
On the other hand, if for g & Fn we only have gFk C Fn we would not necessarily 
want to say the (7-translate of Fk is a part of Fn- We will momentarily define sets 
D"^. The choice of notation is no mistake. Later when we define the A„'s we will 
show that the -D^'s carry the usual meaning for pre-blueprints. Informally, we want 

to be the set of all g's in F„ such that the (/-translate of Fk either explicitly or 
implicitly makes up a part of F„. We now give the formal definition for this. For 
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A: e N, define = {1g}, 1?^+^ = and in general for n > A: 

k<m<n 

We first verify that the D^'s possess the following properties: 

(1) D]^Fk C F„ for all k,nGN with k < n; 

(2) Dl!^D^ C for all fc, m, n e N with k < m < n; 

(3) the Dj^-translates of are disjoint for all fc, n e N with k < n; 

(Proof of 1). Clearly D^Fk = Fk- If we assume D^Fk C F^ for all k < m< n, 
then by (v) 

k<m<n k<m<n 

The claim now immediately follows from induction. 

(Proof of 2). Clearly when n = m we have -DJ^i?^ = D-^D]^ = D^. If we 
assume £>^£>™ C for all ro < f < n, then 

m<t<n m<t<n k<t<in 

The claim now immediately follows from induction. 

(Proof of 3). The Dj^-translates of Fk are disjoint when n = k and when 
n = k + 1 (by (iii)). Assume the D™ translates of Fk are disjoint for all k < 
m < n. Recall = [jk<m<n^m^T- k < r < s < n, then by (iv) we have 
Sl^FrDS^F, = 0. It then follows from (1) that DlFkOS^ D^Fk = 0. Additionally, 
a k < m < n and j^tp € arc distinct, then jFm H TpF„i = by (iii). Again by 
(1) we have jD]^Fk fl xpD^Fk = 0. Finally, by assumption the Dj^-translates of 
Fk are disjoint for every k < m < n. So in particular, for each k < m < n and 
7 G the 7D™-translatcs of Fk arc disjoint. It follows that the Dj^-translates of 
Fk must be disjoint. The claim now follows from induction. 

We point out that C D^+^ since ^;j+^£>^ C D^+^ and 1g e ^"+^ by (i). For 
fc G N we define = lj„>j. D^. We now check that (A„, i^„)„gN is a pre-blueprint. 

(Disjoint). Let n G N and 7 7^ ^ G A„. Then for some m > n 7, G D™. 
Prom (3) we then have jFn fl ipFn = 0. 

(Coherent). Suppose k < n, tp £ Ak, and 7 G A„ satisfy t/jFk n 7i^„ 7^ 0. Let 
m > n be large enough so that tp G and 7 G I?™. We will prove tp G ^D]^ by 
induction on m. By (1) this will give us ipFk C 'jFn- Clearly, if m = n then 7 = Ifj 
and G -D^ = 7-0^- Now suppose the claim is true for all n < i < m. By the 
definition of and I?™, there are k < s < m and n <t < m with tp G d^D^ and 
7 G ^t^D\. However, if s ^ t then by (iv) we have 

i^Fk n 7i=^„ c S^DiFk n <5r£>^i^„ c 5^F, n ^r^t = 0- 

So it must be that s = t. Let A, cr G ^J" be such that ip G A£>^. and 7 G If 
\^ u then by (iii) wc would have 

V^Ffe n 7F„ C \DiFk n (7i?,',F„ C AFt n aFt = 0. 

So we must have A = cr. Then X'^'^ ^ C Ak, A"^7 € C A„, and X~^^Fk n 
A~^7F„ ^ 0. By the induction hypothesis we conclude X~^tp G X~^'yD'^ and hence 
V' e 7i^fe. 

(Uniform). It suffices to show that A^ n7F„ = jD^ for k < n and 7 G A„. In 
particular, this will show that has its usual meaning. For sufficiently large m 
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7 e SO jD'^ C D^" C Afe by (2). Since -/D]^Fk C we have jD"^ C AkCi-fFn. 

Conversely, if V' G Afc n 7F„, then in particular n jFn ^ since 1g G i^fc- 

Under this assumption, it was shown in the previous paragraph that ■0 G 7^fc- 

(Growth). By (ii) |Z?^i| = > 3. 

(Centered). By (i) we have Iq € (5"+^ C A„. 

(Directed). Let n, fc e N and let 7 € A„, i/i e A^. Then for large enough m we 

have 7 e and ^ e So by (1) 7i^«>Ffe C = 1g • F^. □ 

Notice that we provided an explicit construction of the sets (A„)„gp} satisfying 
the lemma. 

The previous lemma provides one with an easy way to construct many pre- 
blueprints. Once has been defined, one simply chooses sets for < /c < n 

satisfying the assumptions of the lemma and then defines F„ = [Jo<k<n^k^k- In 
the end one will have collections of sets satisfying the assumptions of the lemma. 

Pre-blueprints are easy to construct, but a nontrivial question is how to modify 
these methods to construct a blueprint. By conclusion (ii) of Lemma 15 . 1 . 51 we know 
that it suffices to make each of the A„-translates of F„ maximally disjoint within G. 
It can be seen that in the previous lemma AfcFfc C Fn for every fc € N. Since 

the FnS are increasing (in the construction we have) we need Fn to come close to 
exhausting the entire group as 71 — > cx). One way to do this is to fix an increasing 
sequence (7?„)„gN with Uhgn-^'i ~ ^ ^^'^ ^'^^ each n gN try to construct F„ so 
that it comes close to filling up all of Hn ■ A likely belief is that in order to make the 
pre-blueprint maximally disjoint we need to not only use the Hn's, but also when 
constructing F„ the set i5"_;^ should be chosen so that the i5"_;^ -translates of F„_i 
are contained and maximally disjoint within if„, then S^_2 should be chosen so 
that the (5^_2"translates of Fn~.2 are contained and maximally disjoint within the 
space that remains, and carry this on all the way to Sq. We refer to this approach 
as the greedy algorithm. The idea might be that since Afc is all of the explicit 
and implicit translates of Fk used during the process and since these translates 
were always chosen to be maximally disjoint within the available space, the A^- 
translates of F^ should be maximally disjoint. However, this is not the case. With 
the greedy algorithm, the Ag-translates of Fq will definitely by maximally disjoint 
within G, but this is not necessarily the case for the A„-translates of Fn for n > 
(see Figure [531 for an illustration of the potential problem). In fact, the situation 
can be so bad that for all finite sets A C G, AiA ^ G. 

This approach to constructing a blueprint is salvagable with a more careful 
implementation. Choosing 5n-i so that its translates of F„_i are contained and 
maximally disjoint within Hn is the right thing to do, but with i5"_2 we should 
be more careful. It is likely that in order for the A„_i -translates of to be 

maximally disjoint, a translate of F„_i must be used which intersects Hn but is not 
contained in it (as is the case of Figure \5M for n = 2). If (5JJ_2-translates of F„_2 
fill up too much of the "boundary" of i?„, then this will be a problem. Also, we 
could have the (5^„2"translates of F„_2 fill up a lot of the "boundary" of F„, so the 
problem could be made worse when constructing Fn+i- (Translates of Fn^2 could 
again fill up the boundary of Hn+i, and just after these i^„_2's could be translates 
of Fn which therefore also have translates of F„„2 making up their boundary. The 
translates of i^„_2 could therefore fill up an even thicker portion of the boundary 
of Hn+i-) So the idea is we should make sure there is a buffer between the i5"_2- 
translates of Fn-2 and the complement of Hn- By similar reasoning, we should keep 
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Figure 5.6. A scenario when the greedy algorithm fails to pro- 
duce a maximally disjoint family. The; upper half of the figure 
illustrates the construction of F2 by the greedy algorithm: first fill 
H2 with a maximally disjoint family of translates of Fi (generi- 
cally marked as AFi), and then fill the remaining part of H2 with 
a maximally disjoint family of translates of Fq (unmarked). In the 
lower half of the figure, F3 is constructed similarly, starting with 
a maximally disjoint family of translates of F2 in (note the 
translate of F2 on the right). Apparently the resulting collection 
of translates of Fi is not maximally disjoint. 



the (5^_3-translates of F„_3 away from the boundary of the region where we were 
placing the (5^_2-translates of -F„_2. We put this idea in place after the following 
definition. 



Definition 5.3.2. Let G be a countably infinite group. A growth sequence is 
a sequence (_ff„)„gN of finite subsets of G satisfying: 

(i) 1g e Ho; 

(ii) U„6N^^n = G; 

(iii) Hn-i{Ha'Ho){H^'Hi) ■ ■ ■ {H-\H„^i) C H„ for each n > 1; 

(iv) for each n > 1, if A C iJ„ has the property that gHn-i fl AiJ„_i 7^ 
whenever gHn-i C Hn, then |A| > 3. 

It is easy to construct a sequence {Hn)nm satisfying (i), (ii), and (iii). Condi- 
tion (iv) is not difficult to satisfy cither, but might not be as obvious. Condition 
(iv) will be studied more in the next section. 
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Theorem 5.3.3. Let G be a countably infinite group and let {Hn)neN be a 
growth sequence. Then there is a maximally disjoint, centered, directed blueprint 
(A„,i^„)„gN satisfying 

(i) Fo = Ho; 

(ii) Fn C Hn for all n > 1; 

(iii) for all n > 1 the D^_^-translates o/i^„_i are contained and maximally 
disjoint within Hn; 

(iv) for alln > 1 and < k < n the -translates of Fk are maximally disjoint 
within Hn-i- 

Proof. Set Fq = Hq so (i) is satisfied. Suppose Fq through have been 
constructed with each Fi C Hi. Choose i5JJ_i so that Iq & and the 

translates of Fn-i are contained and maximally disjoint within Hn. Note that by 
the definition of a growth sequence we must have |<5"_i| > 3. Once i5"_i through 
have been defined with < fc < n — 1, let be such that the (5^-translates of 
Fk are contained and maximally disjoint within 

^i- - U U = - U 

fc<m<n j^S"^ /c<m<n 

where 

B^ = {geG : {g}{F-^,Fk+i){F-^^Fk+2) ■ ■ ■ {F-\Fn-i) C Hn}. 
Note that H„_i C S^', so ^ 0. Finally, define 

Fn= \J 51F,. 

0<k<n 

Clearly Fn Q Hn . See Figure 15.71 for an illustration of the construction of F„ . 

The F„'s and (5^"s satisfy the assumptions of Lemma [5.3.11 So if (A„)„gN is 
as defined in the proof of that lemma, then (A„, i^„)„gN is a centered and directed 
pre-blueprint. Clearly this pre-blueprint satisfies (i), (ii), and (iii). 

The use of the i3^'s is the key ingredient in this proof. Intuitively, they create 
the buffer we discussed prior to this theorem. In other words, S^? buffers the 5^- 
translates of Fk from "the boundary" of F„. The smaller the value of fc, the larger 
the buffer. If a translate of Fk meets Fn, then the (5"-translates of Ft for t < k 
are kept so close to the center of F„ that this translate of Fk cannot meet S^Ft for 
t < k without also meeting 6l^Fm for some k < m < n. This is formalized in (1) 
below. 

We proceed to verify the following three facts. 

(1) If 71 > fc, g e G, and gFk Fn ^ 0, then gFk S^F^ ^ for some 
k < m < n; 

(2) gFk nFn^ =^ gFkC] D'^Fk ^ for all g e G and k < n; 

(3) the D^'-translates of Fk are maximally disjoint within BJi for all n,k E N 
with k < n. 

(Proof of 1). It is important to note we require m > fc as otherwise the claim 
would be trivial. Let n > fc and g G G satisfy gFk O Fn ^ 0. It suffices to show 
that if gFk n Sl^Fm = for aU fc < m < n then gFk n 6^Fk ^ (since this will 
validate the claim with m = fc). As Fn — Uo<t<n there is < t < fc with 
gFk n (5" Ft ^ 0. If i = fc, then we are done. So suppose t < k. We have 

gFk C dl'FtF.'Fk C 6l'Ft{F-^\Ft+^){F-^\Ft+2) ■ ■ ■ {Fk'Fk). 
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Figure 5.7. The construction of i^„. The figure shows the first 
three steps of the construction. In the first step a maximal disjoint 
family of translates of Fn-i within Hn is selected. In the second 
step a maximal disjoint family of translates of F„_2 within the 
available part of i3^_2 is selected. In the third step a maximal 
disjoint family of translates of Fns (smallest circles without labels 
in the figure) within the available part of S^_3 is selected. This 
induction process is repeated n times. 



Hence 

gFk{F^^,F,+,) ■ ■ ■ C S^FtiFf^\Ft+^) ■ ■ ■ 

However, by definition S^Ft C B". So the right hand side of the expression above 
is contained within and therefore gFk C BJ^. Thus 

gFkCBj:^ y S^Fm. 

k<m<n 

It now follows from the definition of 5^ that gFk fl SJ^Fk ^ 0. This substantiates 
our claim. 

(Proof of 2). Fix fc G N. If n = A; then the claim is clear. Now assume the claim 
is true for all k < m < n. Let g G G satisfy gF^ (1 Fn ^ 0. By (1) we have that 
gFk n 6^Fm for some k < m < n. Let 7 G (5," be such that gFk n "/F-m 7^ 0. 
Then 7"^3-F/c DFm ^ 0, so by the induction hypothesis ^~'^gFk C\ DfFk ^ 0. By 
the definition of we have ^D]^ C S'^Df C D^. Thus, gFk n D^Fk 7^ 0. The 
claim now follows from induction. 

(Proof of 3). Fix k < n and let 5 S G be such that gFk Q B^. We must 
show gFk n D^Fk 7^ 0. We are done if gFk n S^^Fk ^ since = 5^D^ C D^. 
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So suppose gFk S'^Fk = 0. Recall that in the construction of F„ we defined 
S^_i through S]^^i first and then chose so that its translates of Fk would be 
maximally disjoint within — Ufc<jn<n ^m-^m- Thus we cannot have gFk C — 
U/c<m<n^m-^™ as this would violate the definition of S^. Since gFk C BJ^, we 
must have gFk n (Ufc<m<n ^m^m) 7^ 0- Let k < m < n and 7 e 5^ be such that 
5^^fc n jF^ ^ 0. Then ^-^gFk n F„ ^ and thus 7-15^^ n I?I"Ffc ^ by (2). 
Now we have -/D^ C J^^D^ C so that g^l- n D^F^ ^ 0. This completes the 
proof of (3). 

Considering (3), we have that in particular the _D]?-translates of Fk are max- 
imally disjoint within (though likely not contained in) Hn~i since Hn-i C i?^. 
This establishes (iv). Since UneN^" = follows that the A^-translates of Fk 

are maximally disjoint within G. By clause (ii) of Lemma 15.1.51 (An, Fn)neN is a 
maximally disjoint blueprint. □ 

The previous theorem motivates the following definition. 

Definition 5.3.4. Let (A„, F„)„gp} be a blueprint and let (i?„)„gN be a growth 
sequence. We say the blueprint (A„,F„)„gN is guided by the growth sequence 
(^^n)n6N if the numbered clauses of Theorem l5.3.3l are satisfied. Specifically, if: 

(i) Fo=Ho; 

(ii) Fn C Hn for ah n > 1; 

(iii) for all n > 1 the Z?JJ_2"translates of Fn-i are contained and maximally 
disjoint within _ff„; 

(iv) for all n > 1 and < fc < n the D^-translates of Fk are maximally disjoint 
within Hn-i- 

Notice that the blueprint in the previous definition is not required to be cen- 
tered, maximally disjoint, nor directed. However, we do have the following. 

Lemma 5.3.5. Let G he a countably infinite group and let (A„,i<"„)„gN be a 
blueprint guided by a growth sequence (iJ„)„gN- Then 

(i) // (An, F„ )neN is centered, then it is directed and maximally disjoint 
within G; 

(ii) Hn C Fn+2F^^ for all n S N; 

(ni) iPFk n 77?„ ^ V-Ffc C 7i?„+i =^ ipFk C -fFn+2, for all n > k, 

ip e Ak, and 7 e A,„+2; 
(iv) 7/1 G AkB ah G AkB, for all n > k, ft, G H„, 7, cr G An+2, o-nd 

BCFk. 

Proof, (i). Since the blueprint is centered = Ig-D^ C A^ by conclusion 
(i) of Lemma [5. 1.41 Therefore A^ is maximally disjoint within for all n > fc 
by clause (iv) of Definition 15.3.41 Since lJ„^j,7J„_i = G by clauses (ii) and (iii) of 
Definition l5.3.2l it follows that the A^-translates of Fk are maximally disjoint within 
G. Now let ipi,ip2 G Ak- Then tpiFk U 4'2Fk C Hn-i for some n > k. So tl^iFk 
and V'2-Ffc must meet D'^Fk by clause (iv) of Definition 15.3.41 However C A^, 
so it must be that ^1 , ■02 G -D^ = Ig^'^ Q IcFn- Thus ■(/'i-Ffc U ■(/'2-Ffc C loFn and 
(A,„, i^„)„gN is directed. 

(ii). If 5 G Hn then gFg C iJ„iJo C Hn+i- So by clause (iv) of Definition [5331 
5i^o n I?o^^Fo 7^ 0. By conclusion (ii) of Lemma EHH D^+^Fq C F„+2. Thus 
5^0 n Fn+2 7^ and 5 G -F„+2-Fo~^- 
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(iii) . If i^Fk n 7i/„ ^ then i;Fk C -/HnF^^ ^Fk C -/Hn+i- By clause (iv) 
of Definition [5X1 we have ipFk n -fD'^+'^Fk ^ 0. However, jDl+'^ C Afc by 
conclusion (i) of Lemma [5.1.41 and so it must be that -0 S 'jD^^'^. It then follows 
that V'-Ffc ^ jD^k^^Fk C jFn+2 by conclusion (ii) of Lemma [5. 1.41 

(iv) . Suppose ■0 € Afc and 7/1 G ^/i-B. Then 7/1 G T/^Ffe n 7-ffn, so by (iii) 
V' e It follows (T7"V e a 

ah — (77" 



C 7F„+2 and hence e 7-Dfc^^- It follows (77-1 V e cri:)^'+2 C Afc and 



□ 

Centered blueprints guided by a growth sequence are centered, maximally dis- 
joint, directed, and on top of this the close relationship between the blueprint and 
the growth sequence is quite useful as well. These blueprints are the strongest type 
of blueprints which we know exist for every countably infinite group. 

We end this section with a quick application of blueprints. We do not know a 
proof of this theorem which does not use blueprints. The theorem therefore appears 
to be nontrivial. 

Theorem 5.3.6. Let G be a countable group. Then the set of minimal elements 
of 2'^ is dense. 

Proof. If G is finite then every element of 2'^ is minimal. So suppose G 
is countably infinite and let la = go, gi, 92, ■ ■ ■ be the enumeration of G used in 
defining the metric d on 2'-^. Let x e 2*^ and let e > 0. Let r e N be such that 
2~^ < e, and set A — {go, gi, . . . , g^}. Let (A„,i^„)„gN be a directed maximally 
disjoint blueprint with A C Fq (use Theorem 15. 3. 3p . 

Define y e 2^ hy 



via) 




if 7 e Aq, a £ a, and g = 
otherwise 



Since the Ao-translates of Fq are disjoint and A C Fq, y is well defined. Also, we 
have d{x,j~^ ■ y) < e for any 7 G Aq. It remains to show that y is minimal (in 
which case 7^^ • y is minimal as well). Let B C G be finite. By conclusion (vi) of 
Lemma 15.1.51 there is a finite T C G so that for any g G G there is t £ T such that 

V6 £ BA-^ [gtb £Ao<=^b£ Aq). 

Let g G G he arbitrary, and let t G T be such that gtb £ Aq if and only if & S Aq 
for every b £ BA~^. If b £ B and gtb = 7a for some 7 £ Aq and a £ A, then 
gtba^^ = 7 G Aq. Hence ba^^ £ Aq and b £ Aqu. Similarly, if 6 e Aqo then 
gtb £ Aqo. It follows that y{gtb) — y{b) for all b £ B. Thus y is minimal by Lemma 
[^X5l □ 



5.4. Growth of blueprints 

We will soon see that fundamental functions are highly useful. In fact, all 
forthcoming results rely on these functions. Recall that canonical functions are 
only partial functions. Their "free points" are precisely A„A„6„_i for n > 1. In 
order for these functions to be useful, we need to be able to ensure that they have 
many free points. In other words, we want to be able to make |A„| = |-DJJ_;^| — 3 
large for every n > 1. In this section we will achieve this goal in the best possible 
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way. Specifically, we will show that each A„ can be made as large as possible 
relative to the size of F„. 

Let G be a group and let A, B C G he finite with Iq € A. Define 

p{B; A) = min{|i:)| : D C B and V.g G B {gA <Z B ^ gAr\DA^ 0)}. 

This is well defined since B is finite. We tailored the definition of p so that it would 
have the following properties. 

Lemma 5.4.1. Let A,BCGbe finite with Iq G A. 

(i) If IS. Q B and the A-translates of A are contained and maximally disjoint 
within B, then |A| > p[B;A); 

(ii) // 1g e A' C A then p{B\ A') > p{B; A); 

(iii) If C C G is finite and CA'^A C B then p{B- A) < p{B - C;A) + 
p{CA-^A;A); 

Proof. For finite A', B' C G with Iq E A' define 
S{B'; A') = {D : D C B' and Vg G B' {gA' C B' ^ gA' n DA' ^ 0)}. 

So p{B'; A') = mm{\D\ ; D e S{B'; A')}. 

(i). li g E B and gA C B, then since the A-translates of A are maximally 
disjoint within B we have gACiAA ^ 0. Since the A-translates of A are contained 
in B and 1g G A we have AC B. Therefore A G S{B; A) so we have |A| > p{B; A). 

(n). Let D G S(B] A') be such that |D| = p{B; A'). If .g G S and gA C B then 
gA' CgACBao gA' n DA' ^ 0. So 

^ gA' n DA' C gA n 

Therefore D G 5(5; A) and p{B; A') = ID] > p{B; A). 

(iii). Let Z?! G S{B - C;A) and D2 G ^(CA-iA; A) be such that |Di| = 
p{B - C; A) and ID2I = piCA-^A; A). Set D = Di U D2. Then D C B. Let g € B 
he such that gA C _B. We proceed by cases. Case 1: gA C B — C. Then we must 
have gA n DiA ^ 0. In particular, gA n £>A 7^ 0. Case 2: n C 7^ 0. Then 
gA C C^-^A, so 5AnD2A ^ and hence .g^nDA ^ 0. Therefore D G S{B;A). 
So we have 

p(B; A) < \D\ < p{B ~G;A)+ p{CA-^A- A). 

□ 

Note that clause (iv) of Definition 15.3.21 is equivalent to /9(iJ„; iJ„_i) > 3. 
Clauses (i) and (ii) listed in the lemmnia above were implicitly used in verifying 
the growth property of the blueprint constructed in Theorem 15.3.31 

Lemma 5.4.2. Let G be an infinite group, and let A, B (- G be finite with 
1(3 G A. For any e > there exists a finite G C G containing B such that 
p(C;A)>M(i_,). 

Proof. Let A C G be countably infinite and such that the A-translates of 
AA^^ are disjoint and AAA^^A B — 0. Let Ai, A2, . . . be an enumeration of A. 
For each n> 1, define 

Bn = BU I U XkA . 

\l<fc<n / 
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Fix n > 1, and let D C Bn be such that gA n DA ^ whenever g e Bn with 
gA C Bn- It follows that for each 1 < i < n there is di E D with diAn XiA ^ 0. 
Then 

g X.^AA'^^. 

Since the A-translates of AA^^ are disjoint, the dj's are all distinct. Additionally, 
diA nB C AAA^^A n B = so that p(B„; A) - n > p{B-, A). Therefore we have 

\Bn\ n\A\ + \B\ 

Clearly as n goes to infinity the fraction on the right goes to 1. So there is n > 1 
with p(i?„;74)|J^ > 1 — e and p{Bn;A) > -^^^(1 — e). Setting C = Bn completes 
the proof. □ 

Definition 5.4.3. A function / : N — > N is said to have subexponential growth 
if for every u > 1 there is iV G N so that /(n) < for all n > iV. Similarly, 
/ : N ^ N is said to have polynomial growth if there are a, b,d £ N so that for all 
n E N we have f{n) < a ■ n"^ + b. 

Lemma 5.4.4. ///, g : N — >■ N have subexponential growth, then their product 
has subexponential growth and the function /i : N — >■ N defined by h[n) — max{/(fc) : 
k < n} has subexponential growth. 

Proof. If u > 1, then there is G N with f{n) < (V")" and g{n) < (^/u)" 
for all n > N. It follows f{n) ■ g{n) < u" for all n > A^ so / • g has subexponential 
growth. If the function h is bounded, then the claim is trivial. So suppose h is not 
bounded. Let u > 1 and let A" € N be such that /(n) < for all n > N. Since 
h is not bounded, there is M > N with h{M) > h{N). It follows that for every 
n > M there is A^ < k{n) < n with h{n) = f(k(n)). Thus, for n > M we have 
h{n) ~ f{k{n)) < < u". We conclude h has subexponential growth. □ 

Lemma 5.4.5. Let G be an infinite group, and let A, B Q G be finite with 
1g E A. ///:N— >N has subexponential growth, then there exists a finite C Q G 
containing B such that 2^'-'^'^^ > /(|C|). 

Proof. Let Af e N be such that 2^ > f{n) for aU n > A^. Let B' C G he a 
finite set containing B with \B'\ > N. By Lemma [5.4.21 there exists a finite C C G 
containing B' with p{G; A) > Then G D B and as \G\ is at least A^, 

2P(C;A) > 2^ > /(Id). 

□ 

Definition 5.4.6. Fix a countably infinite group G, and let P be a property 
of blueprints on G. We say the blueprints with property P can have any prescribed 
growth (or can have any prescribed polynomial growth) if for any sequence {pn)n>i 
of functions of subexponential growth (respectively polynomial growth) there is a 
blueprint (A„, Fn)n<£N with property P satisfying for each n > 1 

|A„| > log2 max(p„(|F„|),p„(|B„|)) 

where i?„ is a finite set satisfying AnBnB^^ = G. Similarly, if P is a property 
of fundamental (or canonical) functions, then we say the collection of fundamen- 
tal (canonical) functions with property P can have any prescribed growth (or can 
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have any prescribed polynomial growth) if for any sequence {pn)n>i of functions 
of subexponential growth (respectively polynomial growth) there is a function c 
fundamental (canonical) with respect to a blueprint (Anji^n),!^^ such that c has 
property P and for each n > 1 

> log2 max(p„(|F„|),p„(|B„|)) 

where -B„ is a finite set satisfying AnBnB:^^ = G. 

In the previous definition, requiring A„i?„i?^^ = G instead of A„i?„ = G is a 
significant detail. The reason is that it is possible for |i3„i?^^| — and therefore 

Pn{\BnB~^\) = Pn(|BnP)- Howcvcr, cveu though p„ has subexponential growth, 
the function q„ defined by qn{k) = Pn{k^) may not (for example Pn(k) — 2^). 
There is nothing formally wrong with this, but this is the reason why our proofs 
do not work if the above definition is changed so that A„i?„ = G. 

Lemma 5.4.7. Let G be a countably infinite group. If {pn)n>i 'is a sequence of 
functions of subexponential growth and Iq & A C G is finite, then there exists a 
growth sequence {Hn)nefi with Hq = A and p{Hn]Hn-i) > log2 Pn{\Hn\) for all 
n>l. 

Proof. Fix a sequence (v4„)„gN with — A and IJjjgpj^n — G. Set i?o = 
Aq = A. Now assume Hq through Hn-i have been constructed for n > 0. Apply 
the previous lemma to find a finite C G satisfying 

and p{Hn; Hn-i) > max(log2 Pn{\Hn\), 3). It is easily checked that (iJ„)„gN is a 
growth sequence with the desired property. □ 

Corollary 5.4.8. Let G be a countably infinite group and let Iq & A C G 
be finite. The blueprints (A„,i^„)„gN on G which are centered, guided by a growth 
sequence, and have A ^ Fq can have any prescribed growth. In particular, the 
blueprints on G which are centered, directed, maximally disjoint, and have A ^ Fq 
can have any prescribed growth. 

Proof. Let {pn)n>i be a sequence of functions of subexponential growth. By 
Lemma [5.4.41 we may assume that each p„ is nondecreasing. For n > 1 and k E 'N, 
define qn{k) — 8 ■ Pn{k). Then {qn)n>i is a sequence of functions of subexponential 
growth. By Lemma 15.4.71 there is a growth sequence (-ff„)„gN with Hq = A and 
p{Hn; Hn^i) > log2 qn{\Hn\) for all n > 1. Apply Theorem l5.3.3l to get a maximally 
disjoint, centered, directed, blueprint (A„,F„)„gN guided by {Hn)neK- Then A = 
Fq. Set Bn = Fn and notice that AnBnB~^ = G. Fix n > 1. By clause (iii) of 
Theorem 15.3.31 and by clause (i) of Lemma 15.4.11 we have 

li^^il >p(i^«;i^«-l). 

By clause (ii) of Lemma 15.4.11 we have 

p(i/„;F„_i) >p(i7„;ff„_i). 

Therefore 

|A„| = |i?^l|-3>-3 + l0g2 qni\Hn\) 

= log2 p„(|H„|) > log2 max(p„(|F„|),p„(|B„|)). 

□ 
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Corollary 5.4.9. Let G be a countably infinite group, let 1g A ^ G be 
finite, and let R : A ^ 2 be a locally recognizable function. The functions which 
are canonical with respect to a centered blueprint guided by a growth sequence and 
which are also compatible with R can have any prescribed growth. In particular, the 
collection of all fundamental functions can have any prescribed groivth. 

Proof. If (A„,i^„)„(=N is a blueprint and c e 2-*^ is canonical with respect 
to this blueprint, then for each n > 1 0„ — A„. Therefore the claim immediately 
follows from Corollary 15.4.81 and Theorem 15.2.51 □ 



CHAPTER 6 



Basic Applications of the Fundamental Method 

In this chapter, we finally get to reap some of the benefits of all the hard work 
which went into the previous chapter. In this chapter we present quick and easy 
yet satisfying applications of the tools wc; have developed. This chapter places 
emphasis on the wide variety of constructions, properties, and proofs which can 
be created using the tools from the previous chapter. Each section focuses on a 
specific object from the previous chapter and relies primarily on this object to 
prove an important and nontrivial result. All of our work will be in the spirit of a 
general and recurrent procedure in this paper which we refer to as the fundamental 
method. The fundamental method refers to the coordinated use of functions of 
subexponential growth, locally recognizable functions, blueprints, and fundamental 
functions in achieving a goal of constructing certain special elements of 2"^. This 
chapter will be a first step in convincing the reader that the fundamental method 
provides tremendous control in constructing special elements of 2*^. 

6.1. The uniform 2-coloring property 

This section focuses on the use of functions of subexponential growth. We begin 
by proving that every countably infinite group has a 2-coloring. Shortly afterwards 
we strengthen this to show that all countably infinite groups have the uniform 
2-coloring property. 

Theorem 6.1.1. Let G be a countably infinite group, let (A„,F„)„gii} be a 
blueprint, and for each n > 1 let Bn be finite with A„i3„i?^^ = G. If c ^ 2-*^ is 
fundamental with respect to this blueprint and |9„| > logj (2|B„|^ + 1) for each 
n>l, then c can be extended to a function c' with |0„(c')| > |0„(c)|— log2 (2|i?„|'*+ 
1) — 1 such that every x G 2'~^ extending c' is a 2-coloring. In particular, every 
countable group has a 2-coloring. 

Proof. For each i > 1, define : N ^ {0,1} so that B,(fc) is the i**" digit 
from least to most significant in the binary representation of k when k > 2'^^ and 
Bi(fc) — when k < 2*~^. Also, for each n > 1, let s(n) be the smallest integer 
greater than or equal to log2 (2|S„|^ + 1) and fix any distinct 62, • • • , € 6„. 

Fix an enumeration si, S2, • • • of the nonidentity elements of G. For each n > 1, 
let r„ be the graph with vertex set A„ and edge relation given by 

(7, V) G EiTn) ^ 7"V e BnB-^SnBnB-^ or ^"'7 G B^B-^nB^B-^ 

for distinct j,tp G A„. Then degp^(7) < 2|S„|^ for each 7 e A„. We can therefore 
find, via the usual greedy algorithm, a graph-theoretic (2|S„|^ -|- l)-coloring of r„, 
say fin ■■ A„ ^ {0,1,...,2|B„|4}. 
Define c' 3 c by setting 
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for each n > 1, 7 e A„, and 1 < i < s{n). Since 2''(") > 2|B„|'* + 1, all integers 
through 2|i3„|'* can be written in binary using s{n) digits. Thus no information is 
lost between the /i„'s and c'. Setting 6„(c') = 6„(c) — {6*", . . . , ^"(„)} we clearly 
have that c' is fundamental and 

|e„(c')| = |e„(c)| - s{n) > |e„(c)| - log2 {2\Bn\^ + 1) - 1. 

Fix 1g 7^ s G G. Then s = s„ for some n > 1. Let V be the test region for 
the A„ membership test admitted by c. Set T = BnB^^{V U 0„(c)fe„_i). Now 
let a; S 2*^ be an arbitrary extension of c', and let 5 S G be arbitrary. Since 
AnBnB~^ = G, there is 6 e B^B:^^ with gb — j & A„. We proceed by cases. 

Case 1 : gsb ^ A„. Since x ^ c, gb £ A„, and gsb <^ A„, there is v E V such 
that x{gbv) ^ x{gsbv). This completes this case since bv € T. 

Case 2 : gsb S A„. Then 

{gb)-\gsb) = b-hbe BnB-hBnB-\ 

Thus {gb,gsb) e i?(r„) so f^nigb) ^ /i„(.gsfe). Consequently, there is 1 < « < s{n) 
with x{gbd"bn-i) ^ x{gsbd^bn-i)- This completes this case since b9^bn-i G We 
conclude a: is a 2-coloring. 

Now we show that every countable group has a 2-coloring. As mentioned pre- 
viously, this is immediate for finite groups. So suppose G is a countably infinite 
group. Define Pn{k) = + 1 for each n > 1 and fc e N. Then {pn)n>i is a 
sequence of functions of subexponential growth. By Corollarv l5.4.91 there is a fun- 
damental function c e 2-'^ with |0„| > log2 p„(|-B„|) for all n>l. Applying the 
above construction leads to the conclusion that there is a 2-coloring on G. □ 

Notice that this proof shows that for every Iq 1^ s G G there is a finite set 
T C G so that for all a; g 2^ extending c' and all t; G G we have 

3teT x{gst) ^ x{gt) 

(the main point here is that T did not depend on the extension x G 2*^). This is 
actually a general phenomenon as the following proposition shows. 

Proposition 6.1.2. Let G be a countably infinite group, and let c £ 2-*^ have 
the property that every x £2'^ extending c is a 2-coloring. Then 

(i) for every nonidentity s £ G there is a finite T C G so that for all g £ G 
there is t £ T with gt,gst £ dom(c) and c{gt) 7^ c{gst); 

(ii) if E{c) = {x G 2^^ : c C a;} is the set of full extensions of c, then G ■ E{c) 
is a free subflow of 2^^. 

Proof, (i). Towards a contradiction, suppose there is a nonidentity s £ G 
such that no finite set T exists satisfying (i). First suppose that there \s g £ G such 
that for aW h £ G c{gh) — c{gsh) whenever gh,ghs £ dom(c). Define a; € 2*^ by 
setting x{gh) = c{gsh) when gsh £ dom(c), x{gsh) — c{gh) when gh £ dom(c), and 
x{gh) = x{gsh) = if gh, gsh ^ dom(c). Then x is well defined and • {g~^ ■ x) = 
g~^ ■ X. This is a contradiction since x extends c and hence must be a 2-coloring, in 
particular must be aperiodic. Now suppose that for every g £ G there \sh £ G with 
gh,gsh £ dom(c) and c{gh) 7^ c{gsh). Let (A„)„gN be an increasing sequence of 
finite subsets of G with IJneN ~ ^'^^ each n € N, s and An do not satisfy (i) 
so there is gn £ G with c(gna) — c{gnsa) whenever a £ An and gna,gnsa £ dom(c). 
The set {gn : n £ N} cannot be finite as otherwise we would be in the first case 
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treated above. Therefore, since the An's are increasing we can replace the (?n's with 
a subsequence if necessary and assume that for n 7^ fc e N 

U QnSAn) n {QkAk U QkSAk) = 0. 

Define y £ 2-^ as fohows. If n € N and a G A„. set y{gna) = c{gnsa) if .g„sa e 
doni(c) and y{gnsa) = c{gn(i) if fifnCj € dom(c). Then y{h) = c{h) whenever h G 
doui{y) n doni(c). So y LI c e 2^*^. Define a; e 2*^ by setting x{h) = (y U c)(/i) if 
h € dom{y) U dom(c) and x{h) = otherwise. For any h G G there is n € N with 
h £ An and hence 

[s^^ • (.9n ^ • = x{gnsh) = x{gnh) = (.9^^ • a;)(/i). 

Since the action of G on 2'^ is continuous, it follows that if z G 2*^ is any limit point 
of {g~^ ■ x)n£n then ■ z = z. However, this is a contradiction since x extends c 
and hence must be a 2-coloring. 

(ii). Fix a nonidentity s £ G. Let T C G be as in (i). Let x £ E{c), let g £ G, 
and lety = g-x£G- E{c). Then by (i) there is t e T with 

y{t) = {g ■ x){t) = x{g-H) ^ x{g-^st) = {g ■ x){st) = y{st) = (s"! • y){t). 

By considering the metric d on 2*^, it follows that there is an e > depending only 
on s such that for all y G G • E{c) d{y, ■ y) > e. By the continuity of the action 
of G on 2*-^ it follows that if z G G • E{c) then d{z, ■ z) > e. In particular, 
■ z ^ z. Since s £ G — {1g} was arbitrary, we conclude that G • E{c) is a free 
subfiow. □ 

Proposition 6.1.3. Let G be a countably infinite group, (A„,i^„)„gN a blue- 
print, and c £ 2-"-^ a fundamental function with &„ ^ for all n> 1. Then c can 
be extended to a function x £2^ with the property that for every nonidentity s £ G 
there are infinitely many g £ G with x{g) ^ x{sg). 

Proof. Fix any G 6„ for each n > 1. Enumerate G — {1g} as si, S2, . . . so 
that every nonidentity group element is enumerated infinitely many times. Induc- 
tively define an increasing sequence fc„ of natural numbers as follows. For n = 1 
let fci = 1. In general suppose km, ^ ^ rn < n, have all been defined. Then let 

kn+i > kn be the least such that 

6'fc„+i^fc„+i-i,s„+i0fe„+i6fc„_i_i-i ^ {Ok^^bk^-^^i, s„l6kr,bkr,^-l ■ 1 < m < n}. 

Such kn+i exists since the set of all 9nbn-i, n > 1, is infinite. This finishes the 
definition of all As a result, the elements 

^fel &fel - 1 , Sl ^fei fefcl - 1 , ^fc2 ^fc2 - 1 > 'S2 ^fc2 ^fc2 - 1 1 • • • > ^fcn ^fcn - 1 ! *n ^fcn ^fcn - 1 ' • • • 

are all distinct. 

Since 9k„bk„-i ^ dom(c) for all n > 1, we can clearly extend c to an a: G 2*^ 
such that for all n > I, x{snOk„bk„~i) ^ x{Ok^bk^-i). □ 

An important theorem will be drawn from the previous proposition momentar- 
ily, but first we consider orthogonality. 

Proposition 6.1.4. Let G be a countably infinite group, and let c £ 2-^ be 

fundamental with 0„ 7^ for each n > 1. Then for each r G 2^ there is a 
fundamental Cr ^ c with |Sn(c,-)| = |0„(c)| — 1 for each n > 1 and with the 
property that if t ^ a £ 2^, x,y £ 2*^, x 2 Cr, and y 2 c^, then x and y are 
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orthogonal. Additionally, for each r G 2^ there is Xt G 2^ extending Ct such that 
{xt ■ T G 2^} is a perfect set. 

Proof. Let (A„,F„)„gN be the blueprint corresponding to c. For each n > 1 
pick 9,1 e 6„. For r e 2^^, we define Cr ^ c by setting 

Cr{jOnbn~l) = T{n - 1) 

for each n > 1 and 7 S A„. If we define Xr ^ Cr by letting Xr be zero on 
G — doin(cr), then the map r 1— >■ is one-to-one and continuous. Therefore 
{xr ■ r g 2^} is a perfect set. 

Let Bn be finite with AnBnB~^ = G and let Vn be the test region for the A„ 
membership test admitted by c. Set Tn — BnB~^{Vn U {0„&„_i}). Now suppose 
T ^ a G 2^, and let n > 1 satisfy r(n —1)7^ a{n — 1). Let x,y G 2"-^ with x Ct- 
and y ^ c„, and let , 52 G G be arbitrary. We will show that there is t G Tn with 
x{9it) 7^ 2/(32*)- There is 6 G BnB~^ with gi5 € A„. We proceed by cases. 

Case 1 : 172^ ^ A„. Since gib G A„ and (72^ ^ A„, there is w g T/rt with 
x{gibv) ^ y{g2bv). This completes this case since few G T„. 

Case 2 : 326 S A„. Then x{gibOnbn-i) = T{n - 1) 7^ cr(n - 1) y(g2^6'„5„_i). 
This completes this case as bOnbn-i ^Tn. □ 

Notice that in the previous proof, the set witnessing the orthogonality, r„, 
depended only on the n>\ satisfying r(n — 1) 7^ a{n — 1). We will need this fact 
shortly. 

The fact that functions of subexponential growth are closed under multiplica- 
tion together with the abstract nature of the definition of fundamental functions 
allows one to easily stack constructions on top of one another, as the next three 
results demonstrate. 

Theorem 6.1.5. Every countably infinite group has a strong 2-coloring. 

Proof. For n > 1 and k G N define Pn{k) — 2-2k'^. Then (p„)„>i is a sequence 
of functions of subexponential growth. By Corollary 15.4.91 there is a fundamental 
c G 2^^ with 

|e„| > log2 (4|B„|4 + 2) = 1 + log2 (2|B„|4 + 1) 

for each n > 1, where _B„ satisfies AnBnB^^ = G. Now apply Theorem 16. 1.11 and 
Proposition 16 . 1 .31 in that order. □ 

Theorem 6.1.6. If G is a countably infinite group, then G has the uniform 
2-coloring property. In particular, there is a perfect set of pairwise orthogonal 2- 
colorings on G . 

Proof. The proof is nearly identical to that of the previous theorem. The only 
difference is to apply Theorem 16.1.11 and Proposition 16 . 1 .41 in that order. This im- 
mediately shows that there is a perfect set of pairwise orthogonal 2-colorings on G. 
The collection of functions constructed, together with the comments immediately 
following the proofs of Theorem 16.1.11 and Proposition I6.1.4[ directly demonstrate 
that G has the uniform 2-coloring property. □ 

Theorem 6.1.7. If G is a countably infinite group, then there is an uncountable 
collection of pairwise orthogonal strong 2-colorings on G. 
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Proof. Same proof as the previous two theorems, except use the functions 
p„(fc) = 4(2^"* + 1). At the end, apply Theorem [6XT| Proposition 16.1.41 and 
Proposition 16 . 1 .31 in that order. □ 

6.2. Density of 2-colorings 

This section focuses on apphcations of locahy recognizable functions. We begin 
by revealing just how plentiful these functions are. 

Proposition 6.2.1. If G is a countahly infinite group, B G is finite, and 
Q : B ^ 2 is any function, then there exists a nontrivial locally recognizable function 
R : A ^ 2 extending Q. 

Proof. By defining Q{1g) = if necessary, we may assume Iq & B. Set 
Bi ~ B. Choose any a ^ b £ G — Bi and set B2 = Bi U {a, b}. Next chose any 
c e G - {B2B2 U BaS^^) and set B3 = B2 U {c} = Bi U {a, 6, c}. Let A = B3B3. 
and define i? : A — > 2 by 

(Qig) if 5 e Si 

R{9)^Iq{Ig) iige{a,b,c} 
[i-Q(Ig) iigeA-Bs. 

We claim i? is a locally recognizable function (it is clearly nontrivial). Towards 
a contradiction, suppose there is y G 2^^ extending R such that for some 1g ^ g ^ A 
y{gh) — y{h) for all h £ A. In particular, y{g) = y(lG) = R{^g) so 5 e B^. We 
first point out that at least one of a, 6, or c is not an element of gB^. We prove this 
by cases. Case 1 : g E B2. Then c ^ gB2 C B2B2 and gc since g ^\g- Thus 
c ^ gB-i. Case 2 : g G B3 — B2 = {c}. Then g — c. Since c ^ B2B2^ , a,b ^ ci?2- 
If a, 6 £ ci?3 then we must have a — c? ~ b, contradicting a ^ b. We conclude 
{a, 6} ^ cSa = 

The key point now is that {a,6,c} C {ft, g A : y{h) — ^(Ig)} C i?3 but 
{a, 6, c} 2 5B3 C y4. Therefore 

|{ft e S3 : y(5M - y(iG)}| < e ^ : = y(iG)}| 
= \{h e S3 : y{h) - y(lG)}| = e S3 : y(5/i) = y(lG)}|. 
This is clearly a contradiction. □ 

Corollary 6.2.2. Let G be a countably infinite group, x € 2^, and e > 0. 
Then there exists a nontrivial locally recognizable function R : A ^ 2 such that for 
any fundamental c € 2-*^ compatible with R and any y E 2^ extending c there is 
g £ G with d{x, g ■ y) < e. 

Proof. Let /c e N be such that 2~^ < e, and let B = {50,51, • ■ • where 
go,gi, . . . is the fixed enumeration of G used in defining the metric d. Set Q = x\b 
and apply the previous proposition to get a nontrivial locally recognizable function 
R: A-^ 2 extending Q. 

Now let c be fundamental with respect to some (A„, Fn)neti and be compatible 
with R. Let y e 2*^ extend c and set g = (77i)~^ for any 7 e Ai. Then for 
every a E A, (g ■ y){a) = y{g~^a) = R(a). So in particular, for every b G B 
[g ■ y){b) = y{g-^b) = R{b) = x{b). Therefore d{x, g ■ y) < e. □ 

Theorem 6.2.3. If G is a countably infinite group, then the collection of 2- 
colorings on G is dense in 2*^. 
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Proof. Arbitrarily fix x e 2'^ and e > 0. First apply Corollary 16.2.21 to 
obtain a nontrivial locally recognizable function R such that for any fundamental 
c compatible with R and any y Q 2'~^ extending c, there is g £ G with d{x,g ■ 
y) < e. Next follow the final argument in the proof of Theorem 16.1.11 to obtain a 
fundamental c compatible with R such that every y e 2*^ extending c is a 2-coloring. 
Let y be an arbitrary element of 2^ extending c. Let g G G be as promised above. 
Then y is a, 2-coloring, and so is 5 • y. We now have d{x, g ■ y) < e. This completes 
the proof of the theorem. □ 

Theorem 6.2.4. Let G be a countably infinite group, x e 2'^ , and e > 0. Then 
there is a perfect set of pairwise orthogonal 2-colorings within the e-ball about x. 

Proof. Arbitrarily fix x € 2*^ and e > 0. First appy Corollary 16.2.21 to ob- 
tain a locally recognizable function R, and then apply the final argument in the 
proof of Theorem 16.1.11 to obtain a fundamental c compatible with R. Next apply 
Proposition 16 . 1 .41 to obtain a perfect set {xr : r S 2^*} of pairwise orthogonal 2- 
colorings extending c. Now by the proof of Proposition 16 . 2 .21 if we let g = (771)"'^ 
for any 7 £ Ai, we have d{x,g ■ Xr) < e. Note that this g only depends on the 
blueprint inducing c, and in particular does not depend on r. We thus obtained a 
set {g ■ Xr ■ T € 2^} of pairwise orthogonal 2-colorings within the e-ball about x. 
By the continuity of the group action, {g ■ Xr ire 2^} = g ■ {xr ■ t £ 2^} is still 
perfect. □ 

We use the following notation. If c e 2-*^, we let c £ 2'^ denote the conjugate 

of c: 

c{g) — 1 — c{g), for all g £ dom(c). 

Proposition 6.2.5. Let G be a countably infinite group, let B Q G be finite 
but nonempty, and let Q : B ^ 2 be an arbitrary function. Then there exists a 
nontrivial locally recognizable function i? : A — > 2 extending Q with the property 
that if c £ 2-^ is fundamental and compatible with R, x,y £ 2^ , x ^ c, y ^ c, then 
X is orthogonal to y. In particular, if c £ 2~^ is canonical and compatible with R 
and X £2'^ extends c, then x is orthogonal to its conjugate x. 

Proof. By applying Proposition 16.2.11 if necessary, we may assume Q is a 
nontrivial locally recognizable function. Choose a finite C ^ G disjoint from B 
and having cardinality strictly greater than B. In particular |C| > 2. Let R : 
BC-^C U C ^ 2 extend Q and have value 1 - Q(1g) on {BC-^C UG)-B. Then 
i? is a nontrivial locally recognizable function. 

Let c £ 2-*^ be fundamental with respect to some (A„, Fn)n^j^ and compatible 
with R. Let x,y £ 2^ with a; D c and y ^c. Let H be finite with Ai_ff — G. Set 
T = ff~^7iC and let 51,(72 € G be arbitrary. There is h £ with gih £ Ai. 
Then hjiG C T. Towards a contradiction, suppose x{gihjix) — 2/(52ft-7ix) fo^ 
X G G. Then 2/(52^7ix) — ^ ~ Q(1g) for all x G G. However, it is easy to see that 
c is fundamental with respect to (A„, Fn)neN and compatible with R. So 

g2h^iGC{u£G : yiu)^R{lG)}. 
By clause (iv) of Theorem 15.2.51 and the definition of fundamental functions, 
{u£G : y{u) = R{Ig)} Q MuFq ^ D^) U |J A„A„6„_i. 

n>l 



6.3. CHARACTERIZATION OF THE ACP 



109 



However, it is easy to see that for all n > 1, A„A„6„_i C AiDq. Hence we actually 
have that 32/1716* C Ai(7i^b U Z?^). 

If g2hjix = ip & ^i{Dl — {71}), then since C — xix^^C) C xFq we have 

{92h-fiC - {<?2/i7ix}) C - m) C G - Ai(7i^^o U Dl). 

Since \C\ > 2, this is a contradiction to our previous statement. So it must be that 
52/171 C* C A171F0. Let ip e Ai he such that 52/171 C" n tp"fiFo ^ 0. For f € Fq we 
have ?/(V'7i/) = ^(1g) = 1 - Q(1g) only if / G S. So 52/i7iC n V'7i5 7^ 0, and 
therefore 52/1716* C ip^iBC~^C C ■071^0. It follows 52/171C C ipjiB, but then 

|C| = |52/i7iC| < IV71BI = |S| < \C\ 

which is a contradiction. Therefore there is x G C with x{gih'jix) 7^ y (52/171 x)- 
We conclude x and 1/ are orthogonal. □ 

Corollary 6.2.6. Let G be a countably infinite group, x G 2*^, and e > 0. 
Then there is a conjugation invariant perfect set of pairwise orthogonal 2-colorings 
contained in the union of the balls of radius e about x and x. 

Proof. Fix x e 2*^ and e > 0. Apply Proposition 16.2.21 to obtain a locally 
recognizable function Q, and then use ProDOsition l6.2.5] to get a locally recognizable 
function R extending Q. The rest of the proof follows that of Theorem 16. 2. 41 □ 

6.3. Characterization of the ACP 

This section focuses on the uses of blueprints. We begin by constructing a 
blueprint which will be needed in Sections 17.51 and 19.31 Afterwards, we construct 
another blueprint and use it to characterize those groups which have the ACP. 

Proposition 6.3.1. Let G be a countably infinite group. Then there is a 
centered blueprint (A.„,i^„)„gN guided by a growth sequence such that for every 
g G G — 'Zj{G) and every n > 1 there are infinitely many 7 S A^ with 717 ^ 177. 
Furthermore, if {pn)n>i and {qn)n>i are functions and each pn has subexponential 
growth, then there is a blueprint having the properties listed in the previous sentence 
and with 

|A„| > 

( l^n— 1 

|)+l0g2 {pn{\Fn\)) 

for all n > 1. 

Proof. Let (p„)ri>i and {qn)n>i be sequences of functions with each p„ of 
subexponential growth. We may assume that each p„ and qn are nondecreasing. 
Let R : A 2 he any nontrivial locally recognizable function. Without loss of 
generality Iq e A. Let (A„)„gN be a sequence of finite subsets of G with Aq — A 
and UnsN^" ~ ^0 = ^0- In general, once Ho through Hn-i have been 

constructed, define Hn as follows. Let C„ be a finite set such that the C„-translates 
of Hn-i are disjoint, C„i?„_i n Hn-i = 0, and for every h E Hn-i — Z(G) there 
is c e Cn with ch 7^ he. Then choose Hn so that 

Hn ^ CnHn-1 U An U Hn-liH^ ^ Hq) ■ ■ ■ (i7„iji/„_i) 

and p{Hn;Hn-i) > 3 + g„(|i/„_i|) + log2 (p„(|i/„|)). The sequence (i?„)„eN is 
then a growth sequence. 

Recall that in the proof of Theorem l5.3.3l each Sn-i was chosen arbitrarily aside 
from the requirement that Iq e and the i5JJ_]^-translates of F„_i be maximally 
disjoint and contained within i/„. We may therefore require that Cn C Sn-i 
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for every n > 1. Let (A„,i^„)„gN be the blueprint constructed from Theorem 
15.3.31 with this change. Then this blueprint is centered and guided by 
Notice (5;j_i = D'^^_^ C A„_i. Suppose g e G - Z(G'). Let n > 1 be such 
that g G i?n-i- Then by the definition of C'm for m > n, we have that there is 
7m e Cm C 6l^_i C Am-i with 7^ 37™. If fc > to > n, then 7^ 7^ 7™ since 
7m e ^ Fk and 7^ 7^ l^. Since (A„)„gN is a decreasing sequence (clause (i) of 
Lemma IS.l.Sp . it follows that for every to > 1 there are infinitely many elements of 
Am which do not commute with g (namely foi' all k > max(n, to)). 

If we set Bn — Fn, then the last claim is satisfied as well since each p„ and 
each Qn is nondecreasing and 

|A„| >p(i/„;i/„_i)-3 
(see the proof of Corollarv l5.4.8p . □ 

The proposition below constructs a blueprint which is essential in characterizing 
which groups have the ACP. Recall the notation 'Lcig) — {h G : hg — gh}. 

Proposition 6.3.2. Let G be a countably infinite group with an element u ^ 1g 
satisfying |Zg(u*)| < 00 whenever i ^Tj and 7^ Iq, and let \g ^ A Q G be finite 
with u ■ A = A. Then there is a blueprint (A„, Fn)n&i such that u ■ A„ = A„ for 
every n € N and with Fq = A. Furthermore, the blueprints with this property can 
have any prescribed polynomial growth. 

Proof. Since (u) C Zg{u), the order of u must be finite. So finding a finite 
set A with u • ^ = ^ is not an obstacle to applying this proposition. Notice for 
i,j^Z,gE G, and F C G we have 

u'gF n u^gF ^ ^ g^^u'-^g e 

Also for g,h E G and z e Z 

g-\'g = h-^uUi ^ hg-^ G Zg(u*). 

Thus, it follows that if C G is finite, then for all but finitely many g E G the 
(M)-translates of gF are disjoint. For finite subsets F C G, define V{F) to be 
the finite (possibly empty) set consisting of all g S G with the property that the 
(M)-translates of gF are not disjoint. Notice that u ■ V{F) = V{F). By the above 
remarks, we have that 

V{F) = {.g e G : 3i e Z 1/ ^ Iq and g^^u'g G FF^^}. 

So if M = max{|ZG(uOl : i e Z and 7^ Iq} then 

\ViF)\<\{u)\-M-\FF-'\. 

Notice that if 5, ft, G G and hFD {u)gF = 0, then immediately we have {u)hFC\ 
{u)gF = 0. Of particular importance, ii F, H C G are finite, u ■ H = H , and 
H n V{F) — 0, then there exists a set S such that u ■ S = S and the (5-translates of 
F are contained and maximally disjoint within H . 

By considering the function V, it is easy to modify the proof of Lemma 15.4.21 
to arrive at the following conclusion. If ^, _B C G are finite, 1^ G A, and e > 0, 
then there is a finite G C G containing B with u - C = G and p{C; A) > 1^(1 — 6). 
The changes to the proof of Lemma [5.4.21 are the following. Replace B with {u)B 
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if necessary so that u ■ B = B. By avoiding the finite set V{AA ■^), one can choose 
A so that M • A = A. The computation in the proof shows that 

C ^BUAA 

satisfies p(C; A) > ~ e) as long as A is a sufficiently large finite subset of A. 

We can of course choose a sufficiently large A C A with u ■ A — A, and hence we 
obtain a C satisfying the inequality and with u ■ C — C . 

An immediate consequence to the previous paragraph is the following, li A,B C 
G are finite, Iq G A, and / : N — >■ N is a function of subexponential growth, then 
there is a finite C G containing B with u ■ C = C and 2p'-'^'^^ > /(|C|) (see 
Lemma 15.4.51) . 

Let {pn)n>i be a sequence of functions of polynomial growth. We may suppose 
that each p„ is nondecreasing. For n > I and fc e N define 

qn{k)^8pn{2-\{u)\-M-k*). 

Then {qn)n>i is a sequence of functions of polynomial growth. Let (A„)„gN be an 
increasing sequence of finite subsets of G with G — IJneN ^^'^ = A. Set 
Hq = Aq. Once Hq through Hn-i have been defined, use the previous paragraph 
to find a finite iJ„ C G satisfying u ■ 7J„ = i?„, 

Hn 3 U V{Hn-i)Hn-iHj^\Hn-l U i/„_i(i7g ^Ho){H^ ^ Hi) ■ ■ ■ {H^\Hn-l), 

and 

p(H„;i/„_i) >log2 q„{\Hn\) + p{ViHn-i)Hn-iH-\Hr,-i;Hn-i). 

The sequence (i7„)„gN is easily checked to be a growth sequence. Notice that by 
clause (iii) of Lemma 15.4.11 

p{H,,-Hn-i) > log2 qni\Hn\) + p{ViHr,-i)H„^iH-\Hn-i:Hn-i) 

implies 

p{Hn ~ y(H„_i)i7„_i;H„_i) > l0g2 qn{\Hn\). 

Set Fo ^ Ho ^ Ao = A. Then Iq e Fq and u ■ Fq = Fq. So Iq e V{Fo) 
and for any finite F C G containing Fq we have 1g € V{F)- Suppose Fq through 
Fn-i have been defined with the property that for all < m < n, u ■ Fm = Fm- 
Let 6 C G he such that u ■ S — 6 and the (5-translates of i^„_i are contained and 
maximally disjoint within iJ„ — V{Hn-i)F[n-i- Notice that 

\5\ > p(i/„-T/(i/„-i)i7„_i;F„_i) 

> piH„ - T/(i/„_i)i/„_i; i/„_i) > log2 qni\H„\) > 3. 

Set = (5 U {1g}. Then (5;;_ii^„_i = SFn-i U F„_i, and so 

u-iS:i^,F„^,)^S:_,F„-i. 

Now suppose that through (5^^]^ have been defined for some < fc < n — 1. 
Inductively assume that for all n + 1 > j > fc + 1, u • {6'jFj) = S'jFj. Define 

Bl^igeG : {g}{F^^,Fk+i){F^^,Fk+2) ■ ■ ■ {F-^.F^-i) C i/4 

and notice that u ■ BJ^ = B^ and iJ„_i C BJ^. Let 5^ C G be such that u-S^ ^S^ 
and the (5^-translates of Fk are contained and maximally disjoint within 

Bl-V{Hu)Hu^ U C^„.. 
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Denoting the set displayed above by S, then S D V{Fk) — since 1g G ^fe C Hk 
and V{Fk) C V[Hk)- This, together with u ■ S — S, guarantees that exists. 
FinaUy, define 

0<k<n 

ThenM-F„ = F„. 

We now apply Lemma l5.3.1l to get a pre-blueprint (A„,i^„)„gN (conditions (i) 
through (v) of Lemma [5.3.11 are clearly satisfied). To be specific, for A: e N set 
= {1g} and for n > k define 

D^k^ [J SID]:. 

< m < n 

Then define Afc = U„>fc^fe- 

We claim that u ■ {D'^ - {la}) = DJi ~ {1g} for aU n,k eN with n > k. Fix 
k Cz N. The claim is obvious when n — k. Now let n > A; and suppose the claim is 
true for n — 1. Recall from our construction that u ■ (5"^ = (5"j for all < m < n — 1 
and that u ■ {S^^^^ - {la}) = - {1g}- We have 

D]: - {1g} = I U ^^^^ ) U (^"-1 - {Ig})^"-' U (Dr' - {1g}) 

SO the claim follows by induction. 

We claim that (A„, F„)„gN is a blueprint. For fc S N define Tk = V{Hk)HkH^^ . 
It will suffice to show that AfcT^ — G. We proceed to verify the following three 
facts. 

(1) If n > fc, 5 e G, and gFkHFn ^ 0, then either g e Tk or else gFkHSl^Fm ^ 
for some k < m < n; 

(2) gFkriFny^0=^ge DlTk for ah g G G and fc < n; 

(3) gFk CB]^=^ ge D'^Tk for all 5 e G and k < n. 

(Proof of 1). Let n > k and g ^ G satisfy gFk n F„ 7^ 0. It suffices to show 
that if g ^Tk and gFk n S^^Fm = for all A; < m < n then gFk n iJ^Ffc 7^ (since 
this will validate the claim with m = k). As Fn — Uo<t<n ^i^-^t, there is < i < fc 
with gFk n 5"Ft 7^ 0. If < = fc, then we are done. So suppose t < k. We have 

ffFfc C S^FtF^'Fk C <5ri^,(F,-\Ft+i)(F,^i2F^+2) • • • (Fk'Fk). 

Hence 

5i^fc(i^-+\i^fc+i) • • • (F-_\F„_i) C 5rJ^,(i^-\Ft+i) • • • {F-},F^_,). 

However, by definition Sl^Ft C _B". So the right hand side of the expression above is 
contained within and therefore gFk C _B^'. Also g ^ Tk implies gFk is disjoint 
from V{Hk)Hk. Thus 

gFkQBl^V{Hk)Hk- U C^m- 

It now follows from the definition of 5"^ that gFk O 6]^Fk 7^ 0. This substantiates 
our claim. 

(Proof of 2). Fix k G N. We prove the claim by an induction on n > k. If 
n — k then the claim is clear. Now assume the claim is true for all k < m < n. Let 
g £ G satisfy gFk n F„ 7^ 0. If 5 e then we are done since 1g G D^. So we may 
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assume g ^ Tk- By (1) we have that gFk D S'^^Fm 7^ for some k < m < n. Let 
7 G (5^ be such that gFk jFm ^ 0. Then j^^gFk D Fm 7^ 0, so by the induction 
hypothesis j'^g E D'^Tk- By the definition of Dl we have 7i)^" C C D^. 

Thus, g G blTk. 

(Proof of 3). Fix k < n and let ,g e G be such that gFk C i?^. We must 
show g e D'^Tk. We are done if gFk n SJ^Fk ^ since FkF^:^ C and SJ^ = 
^ -Dfc. So suppose gi^^ n (^fc-Ffe = 0- Recall that in the construction of 
Fn we defined S^_i through first and then chose so that its translates of 
Fk would be maximally disjoint within B"^ — V{Hk)Hk — [Jk<m<n^rnPm- Thus 
we cannot have gFk C — V{Hk)Hk — Ufe<m<n ^m^m as this would violate the 
definition of (5^. Since gFk C _B^, we must have either gFk n V{Hk)Hk 7^ or 
gFk n (U;.<™<„ ^™^™) ^ 0. If gF, n ^ then 5 e V{Hk)HkF-' C 

Tfe C i)^Tfe. So we may suppose gFk n (Ufe<m<n C-F"™) 7^ 0- Let k < m < n 
and 7 e (5J^ be such that gFk n 7^^ 7^ 0. Then j'^gFk n Fm 7^ and thus 
-f-^g e i)^rfc by (2). Now we have 7I)™ C S^D^ C so that g € D^Tk. This 
completes the proof of (3). 

Recall that we have i?„_i C B^:. To see AkTk ^ G, g e G. Then for 
sufficiently large n > k we have gFk C i7„_i since {i/„}„gN is increasing. Thus 
gFk C and by (3), g G D^Tk- We thus conclude (A„,i^„)„gN is a blueprint. 

Pick a nonidentity 7^ G and define = T„ U7-IT,,. For each n G N define 
A„ = A„ — {1g}- Then (A„, i^ri)neN is a blueprint satisfying u • A„ = A„ for each 
rt G N. To see this is a blueprint, just notice that A„r,j = G for each n G N. We 
also have that 

|r;i < 2|r„| = 2|y(H„)i/„i7-i| < 2 • |F(i7„)| • \h^\^ < 2 • • m ■ \h^\\ 

Therefore 

|A„| = - 3 - |<5^i - {Ig}| - 3 > -3 + log2 qU\Hn\) 

= -3 + log2 (8p„(2. - A/. |i7„|4)) 

= l0g2 Pn{2-\{u)\-M-\H^\')>\0g, PniKl). 

So the blueprint satisfies the growth condition. □ 

We are now ready to characterize which groups have the ACP (almost 2-coloring 
property). 

Theorem 6.3.3. Let G be a countably infinite group. Then G has the ACP if 
and only if for every 1g 7^ m G G there is \q ^ v E (u) with |Zg(u)| — 00. 

Proof. If G has the stated property, then it was proved in Proposition 12.5.71 
that G has the ACP. So it will suffice to assume that there is Iq 7^ m G G with 
|Zg(u')| < 00 whenever 7^ Iq and then show that 2^ contains an almost 2- 
coloring which is not a 2-coloring. Fix u £ G with this property. 

For n > 1 and fc G N define Pn{k) = 8| (m) |fc* + 1. Then (p„)„>i is a sequence of 
functions of polynomial growth. Pick any nontrivial locally recognizable function 
i? : A — > 2. By the previous proposition, there is a blueprint (A„,F„)„gN and 
finite sets (_B„)„gN with Fq = A and such that for every n G N u • A„ A„, 
A„B„B-i = G, and 

|A„+i| > log2 p„+i(|S„+i|). 
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Apply Theorem 15 . 2 .51 to get a function c canonical with respect to (A„, Fn)neN and 
compatible with R. Recall that the value of c on PlTieN '-^nO.n and PlneN ^nhi is arbi- 
trary. We may therefore assume that c is constant on HneN '^nO-n and HngN ^nbn- 
Notice that 

u ■ Pi A„a„ = P A„a„ 

and similarly with the a„'s replaced with 6„'s. 
We claim that u ■ c — c. Notice that 

G - dom(c) = y AnAnbn-l 
n>l 

is invariant under left multiplication by u. Now fix 5 G dom(c). We will show that 
c{g) = c{ug). We proceed by cases. 

Case 1: g £ Q^^pj A„{a„, Then by our earlier comment we immediately 
have c{g) = c{ug). 

Case 2: There is n > 1 with g G A„{a„,&„} — A„+i{a„+i, 6„+i}. Subcase A: 
g £ An+iFn+i- Let 7 e A„+i and / G fn+i be such that g — -ff. Then / ^ 
an+i,bn+i. Since u ■ A„+i = A„+i, we have t hat u"f € A„+i. So c{g) = c{"ff) = 
c{ujf) = c{ug) by conclusion (vi) of Theorem 15.2.51 Subcase B: g ^ A„+iF„_|_i. 
Then we also have ug G A„{a„, &„} — A„+iF„_|.i . From the proof of Theorem l5.2.5l 
it can be seen that 

c(A„{a„,6„} - A„+iF„+i) = {0}. 

So c{g) = c{ug). 

Case 3: g ^ Ai{ai,6i}. Subcase A: g £ AiFi. Let 7 e Ai and / e Fi be such 
that g — 7/. Then / ^ ai,6i and £ Ai. So c{g) — c{'jf) — c{ujf) — c{ug) 
by conclusion (vi) of Theorem 15.2.51 Subcase B: g ^ AiFi. Then ug ^ AiFi. By 
conclusion (iv) of Theorem 15.2.51 we have c{g) = 1 — R{1g) = c{ug). 

We conclude that u ■ c — c as claimed. Fix an enumeration 81,82,- of 
the nonidentity group elements of G. Let Vn be the test region for the A„- 
membership test admitted by c. Set r„ = BnB~^{yn U Fn). Pick any £ 
G ~ {1g, s^^}{1g, 8n}TnT~^ . For each n > 1 let r„ be the graph with vertex set 
{(u)7 : 7 £ A„} and edge relation given by 

((it)7, £ E{T) <=^3i£Z 

-f-'u'^ £ BnB-'{lG,h-'}{sn,8-'}{lG,K}BnB-' 

for disinct {u)j and {u)tp. Notice that this edge relation is well defined. We have 
that 

degpj(u)7)<8|(u)||i3„|^ 
Therefore we can find a graph-theoretic (8|(u)||i?n|^ + l)-coloring of r„, say /i„ : 

y(r„)^{o,i,...,8|(7.)||B„|4}. 

For each z > 1, define Bj : N {0, 1} so that Mi{k) is the i"^ digit from least 
to most significant in the binary representation of k when k > 2*^^ and Mi{k) = 
when k < 2'^^. 

For ri > 1 set s(n) — |A„| and let A", A2 , • . . , -^"(n) be an enumeration of A„. 
Define y 3 c by setting 

y(7Ar6„_i)=B,(/i„((w)7)) 
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for each n > 1, 7 e A„, and 1 < z < s(n). Since 2"(") > 8\{u)\\Bn\^ + 1, all 
integers through 8|(u)||i3„|^ can be written in binary using s(n) digits. Thus no 
information is lost between the /U„'s and y. Since 

G-dom(c) = IJ A„A„6„_i, 

n>l 

wc have that y G 2^. Also, it is easily checked from the definition of y and the fact 
that u - c = c that u - y = y. Thus y is periodic. We will show that y is an almost 

2-coloring. 

Define x G 2'^ by setting x{1g) = 1 — J/(1g) and x{g) = y{g) for Iq g & G. 
Clearly x =* y. We claim that a; is a 2-coloring of G. Fix Iq ^ s & G. Then for 
some n > 1 we have s = s„. Define 

= {(? e G : 3i e Z gu'-g-^ = s„}. 

Notice that W = ^({sn})"^ is finite. Set T = W U r„ U /i„r„ and let 5 e G be 
arbitrary. 

If g~^ gW and g~^u^g = s„ then we have 

x{99~^) = x{Ig) 7^ ?/(1g) = = = x{gsn9~^)- 

In this case we are done since g^^ e C T. So we may suppose that g~^ W. It 
follows that {u)g ^ {u)gSn and furthermore 

{u)gt {u)gsnt 

for all t e T. 

Notice that by our choice of 

1g ^ T-1{1g, s-1}{1g, s„}/i„T„. 

So if g(T„ or gSnTn contains 1g then g is an element of r^^{lG, s~^} and therefore 
1g is neither an element of ghnTn nor gSnhnTn- If 1g ^ gT-n U gSnTn then set 
k = Iq and otherwise set k = hn- In any case we have that 1g ^ 9A:T„ U gSnkTn- 
In particular, for all t GTn 

x{gkt) = y{gkt) and x{gsnkt) = y{gsnkt). 

Since AnBnB~^ = G, there is 6 e B„S~^ with 3^6 e A„. We proceed by 
cases. Case 1: gsnkb ^ A„. Since c admits a A„-memebership test with test region 
Vn, there must he v e Vn with 

x{gkhv) = y(gkbv) 7^ y(gSnkbv) = x{gSnkbv). 

The equalities hold because 6 G BnB~^ and v £ Vn, and therefore 6z; S T„ and 
fc6w e T. This case is completed as we have shown x{gt) ^ x{gsnt) for t = kbv G T. 
Case 2: gSnkb G A„. Then wc have 

{gkb)-\gsnkb) = b-'k-hnkb e B„B-H1g, /i;'}s„{lG, K}BnB-\ 

It follows that {{u)gkb, {u)gsnkb) G -E(r„) since {u)gkb ^ {u)gSnkb. Thus from the 
definition of y we have that there is 1 < z < s{n) with 

x(.gfc6Af 6„_i) = y{gkbX}bn-i) + y{gsnkby^b„_i) = x(.gs„fc6Af &„_i). 

The equalities hold because b G BnB~^ and A^&„_i € F„, and therefore 6A"6„_i e 
T„. Also we have kbX"bn-i € T. This completes the proof. □ 
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We give an example of a group without the ACP. Consider the group G = 
Z2 * Z2. The group has the presentation 

G= (a,6 I =52 = i^). 

One can check that Zcia) = (a). So by the proof of Theorem 16.3.31 there is an 
almost 2-coloring y £ 2^ with a - y ^ y. This gives the promised counterexample to 
the converse of Lemma r2.5.4l fb). Let a; y be a 2-coloring on G. Then x is not a 
strong 2-coloring by Lemma [2.5.41 (e). Thus x is a counterexample to the converse 
of Lemma 12.5.41 (a) . 

Notice that the group G considered above is polycyclic and virtually abelian. 
Since all polycyclic groups are solvable, we have that in general solvable, polycyclic, 
and virtually abelian groups do not necessarily have the ACP. 

The above theorem has a very nice general corollary. 

Corollary 6.3.4. For a countable group G, the following are equivalent: 

(i) for every compact HausdorfJ space X on which G acts continuously and 
every x £ X , if every limit point of [x\ is aperiodic then x is hyper aperi- 
odic; 

(ii) for every nonidentity u G there is a nonidentity v G (u) having infinite 
centralizer in G. 

Proof. Very minor modifications to the proof of Proposition 12.5.71 give the 
implication (ii) (i). On the other hand, suppose G does not satisfy (ii). Then 
by the previous theorem there is a periodic almost 2-coloring x on G. Set X — [x]. 
Then X is a compact Hausdorff space on which G acts continuously. By clause (c) 
of Lemma |2 . 5 .41 and by Lemma l2.5.31 every limit point of [x] is aperiodic. However, 
X is periodic and is therefore not hyper aperiodic (not a 2-coloring). □ 



CHAPTER 7 



Further Study of Fundamental Functions 

In this chapter, we wiU focus on developing general tools which aid in imple- 
menting the fundamental method. These tools are developed primarily because we 
need them in later chapters, however we will develop these tools in more gener- 
ality than they will be used. The tools developed in this chapter will help with 
three tasks: understanding the relationship between a fundamental function and 
the points in the closure of its orbit; understanding how minimality relates to fun- 
damental functions and building minimal fundamental functions; and controlling 
when two fundamental functions generate topologically conjugate subflows. The 
first section focuses on the closure of the orbit of fundamental functions. The next 
three sections deal with minimality, and the final section focuses on topological 
conjugacy among the subflows generated by fundamental functions. 

7.1. Subflows generated by fundamental functions 

In this section we will go through some basic observations regarding the closure 
of the orbit of a fundamental function. We will see that if x € 2*^ is fundamental 
with respect to a blueprint (A„,i^„)„gN and y S [x], then there are sets such 
that y is fundamental with respect to the blueprint (A^,F„)„gN- Finding the sets 
Aj5 is made easy by the A„ membership test admitted by x for n > 1. 

Fix a blueprint (A„,i<"„)„gN and let x € 2*^ be fundamental with respect to 
this blueprint. For each n > 1, let ^ 7n-Fn-i C F„ be the test region for the 
simple A„ membership test admitted by x (clause (ii) of Theorem 15. 2. 5p . and let 
Pn G 2^" be the corresponding test function. So for n > 1 and g G G, we have 
g G An if and only if x{gv) — P„(u) for all v £ Vn- Now if y G [x], we define Aj'^ 
for n > 1 by 

Ay={geG:yve K yigv) = P„(t;)}. 
Notice that Af, = A„ and A^^v = g ■ A^ for all n > 1 and all g eG. 

Proposition 7.1.1. Let G be a countably infinite group, let (A„,F„)„gn be a 
blueprint, and let x € 2'^ be fundamental with respect to this blueprint. Then for 
every y £ [x] we have: 

(i) ify = lim /i,„ • x then Ay ^ IJfeeN r\m>k ^mAn for all n>l; 

(ii) if n>l, B QG IS finite, and A„B = G then A^B = G; 

(iii) J-^{AI n -fFn) = Dl, for alln>k>l and e A^; 

(iv) (Aj^,f„)„gN 'is a blueprint, where Aq is defined by the formula in (i). 

Proof. Let Iq — go,gi,.-. be the fixed enumeration of G used in defining 
the metric d on 2*^. For each n > 1, let Vn Q jnFn-i C F„ be the test region 
for the simple A„ membership test admitted by x (clause (ii) of Theorem I5.2.5P , 
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and let P„ e 2^" be the corresponding test function. Let {hn)n&i be such that 
y = Uni„^oo hn ■ X. 

(i). Let n > 1, and let 7 G A^. Let r S N be such that jVn C {goiSi, • ■ • ,9r}- 
Let fc G N be such that d{hjn ■ x,y) < for all m > k. Then for all ni > k and 

all u e 14 

a;(^m^7w) = {hni ■ x){'yv) = y{jv) = Pn{v). 
Therefore h:^j £ and 7 € ^mAJj for all m > fc. 

Now let n > 1 and suppose 7 S UfceN nm>fc ''-ni^n- Let r G N be such that 
iVn ^ {50,51, ■ • • ,5r}, let fc e N be such that 7 € nm>fe ^m^n, ^-nd let rn > A: be 
such that d{h,n ■ x,y) < 2^''. Then for all v G Vn 

2/(71;) = {h^ ■ x)(7w) = a;(/i.;;i7'y) = P„(?;). 

The last equality follows from the fact that h^^j € Af^ since 7 € /imA^. It follows 
that 7 e A?(. 

(h). Fix g e G. Let r e N be such that gS^^K C {50,51, • • • ,5r}- Let m e N 
be such that d{hjn ■ x,y) < 2^^. Clearly hm^nB — G, so there is & e B^^ with 
gb € hm^n^ or equivalently h^^gb e AJj. Then for all w G T/„ 

y{gbv) = (/i™ • x){gbv) ^ x{h';,^gbv) = Pn{v). 

Hence gb € A^'^ and g e AlB. We conclude that A^B^G. 

(iii) . Fix n > fc e N and 7 e A?/,. If A e i:)^, then A^A C A^ by clause (i) of 
Lemma [5.1.41 Right multiplication by A is a bijection of G, so 

^^^^ = u n ^"^^n^ ^ u n ^"^^t = ^i- 

Thus 7!?^ C A^ n 7P„. On the other hand, since Fn is finite we can find m e N 
by (i) with 7 G /imAJj and 

A)! n 7F„ c /i„A^ n 7^^„ = /i™[A^ n /i„i7^n] = 7(A^ n p„) = 7^^ ■ 

(iv) . Define Aq = [JkeNC\m>k ^"i^o- One can easily check that (ii) and (iii) 
remain true when n > k — and when n = k — 0. We verify the conditions listed in 
Definition [nUm (Disjoint). Let n € N and j ^ tp & Al^. Then by (i) there is m G N 
with 7, G h,n ■ A^ . Then /i~^7 ^ ^1^^^ S A^ so h^'jFn n h'^^pFn = and hence 
7F„ n V'-Fn = 0- (Dense). This follows immediately from (ii). (Coherent). Suppose 
n > fc G N, 7 e A?^, V e A|, and ipFk n 7F„ 7^ 0. By (i) there is m G N with 
7 G /i^A^ and V e /imA^. So /1-I7 G A^, /i" V G A^, and h-^4>Fknh-^-fF„ ^ 0. 
It follows that C /i~^7F„ and hence tA-Fa: C 7F„. (Uniform). This follows 
immediately from (iii) . (Growth) . The growth condition on blueprints is equivalent 
to the property |-D"_i| > 3. Therefore this follows immediately from (iii). We 
conclude that (A~'j,P„)„gN is a blueprint. □ 

Technically, the definition of Aq in clause (iv) above depends on the sequence 
(hm) chosen. However, the set Aq is essentially unimportant and the non uniqueness 
of Aq is not a problem for us. It is only important to fix a single choice of Aq which 
satisfies the equation above with respect to some sequence (hm) with y = lim hm ■ x. 
Notice though that forn > 1 A^ = UfceN C\m>k ^mAn for every sequence {hm) with 
y = lim hm • x. Thus, if we have a particular Aq in mind, we can always choose to 
work with the sequence (hm) with y = lim/i™ • x and Aq = IJ^^gj^ nrri>fe hmA^. 
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Recall that in general for a blueprint an, /3n, and 7„ are assumed only to be 
distinct members of D"_i, and these group elements are used to define A„, a„, 
and bn- Therefore the objects «„, /?„, 7„, a„, 6„, and A„ can all be used with the 
blueprint (Aj^,F„)„gN and all the conclusions of Lemmas 15 . 1 .41 and 15.1.5] will hold. 
This is a very important observation. 

Lemma 7.1.2. Let G be a countably infinite group, let (A„,f„)„gN be a blue- 
print, and let x G 2*^ be fundamental with respect to this blueprint. Then for every 
y e [x] we have: 

(i) if (A„)„gN is decreasing then so is (A-() 

(ii) if (An, Fn)neN is maximally disjoint then so is (A^^, Fn)neNj 

(iii) if (An, Fn)n€N is guided by a growth sequence {Hn)neN, then (A^,F„)„gN 
is guided by the same growth sequence; 

(iv) if (An, Fn)nefi is centered, directed, and the A^-translates of Fk are max- 
imally disjoint for some fc G N then 



riGF 



< 1; 



(v) if (A„, F„)„gN is centered and directed and g G PlTieN some g G G, 
then gAn C A^ for all n G N; 

(vi) if (A„,_F'„)„gN is centered, directed, and maximally disjoint and g £ G 
satisfies g G PlnsN ^ru then gAn — A^ for all n G N. 

Proof, (i). Since (AfJ„gN is a decreasing sequence, we have 

^i+i = u n '^"^"+1 ^ u n ^"^^n = 

keNm>k keKm>k 

(ii) . This follows immediately from clause (ii) of the previous proposition (with 
B^FnF-^). 

(iii) . By referring back to Definition 15.3.41 we see that the property of being 
guided by a growth sequence only depends on the sets (F„)„gN, (ffn)neN, and 

(^fc)n>fceN- 

(iv) . Let g,h £ PlneN ^n- Since the A^-translates of Fk are maximally disjoint 
within G, there is ip & ^k with h~^g G ipFkFj^^. Since (Af^, Fn)neN is centered 
and directed, by clause (iv) of Lemma 15.1.51 there is n > with ipFk C F„ . Then 
h^^g G FnF/^^ . By clause (i) of Lemma [5.1.51 F^ C Fn and therefore h^^g G 
FnF~^. It follows that gFn n hFn ^ 0. Since g, h G Alf^ we must have g = h. 

(v) . Suppose g e Ay for ah n G N. Fix fc G N. If 7 G A^, then since 
(A^,i^„)„gN is centered and directed, there is n > fc with 7 G Fn- In particular, 
7 G Thus A- C U„>fc On the other hand, [jn>k Dl C A^ by clause (i) 
of Lemma 15.1.41 (since (A^,F„)„gN is centered). Thus A% = Uri>fc^fc- Again by 
clause (i) of Lemma 15.1.41 we have 

gAl=g[jDl^Al. 

n>k 

(vi) . Suppose g & Al for all n G N. Fix n G N. By (v) we have gA^ C A^. 
Let 7 G A-(. Since the A^-translates of F„ are maximally disjoint, there is V' G A^ 
with n g^^-/Fn ^ 0. Thus gip G gA^ C A^ and gipFn n 7i^„ 7^ 0. By the 
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disjoint property of blueprints we must have that j — gip & 9^n- We conclude that 
9K = □ 

We now show that every function in the closure of the orbit of a fundamental 
function is fundamental. 

Proposition 7.1.3. Let G be a countably infinite group, let (A„,F„)„gN be a 
blueprint, and let x G 2'-^ be fundamental with respect to this blueprint. Then every 
y g [x\ is fundamental with respect to {Al^, Fn)neN- 

Proof. Let 1g = go,gi,--- be the fixed enumeration of G used in defining 
the metric d on 2^. For each n > 1, let Vn Q 7„i^„_i C F„ be the test region 
for the simple A„ membership test admitted by x (clause (ii) of Theorem I5.2.5P , 
and let P„ S 2^" be the corresponding test function. Let (/in)rieN be such that 
y = lim„_^oo hn ■ x. 

Since x is fundamental with respect to (A„, F„)„gN, the restriction of a; to G — 
1J„>]^ A„A„6„_i, call this function x' , is canonical with respect to (A„, F„)„gN- By 
the definition of canonical, this means that there is a locally recognizable function 
R : A ^ 2 such that x', R, and (A„,i^„)„gN satisfy the conclusions of Theorem 
15.2.51 Let y' be the restriction of y to G — 1J^>;^ A^A„6„_i. If we show that 
y', R, and (Aj^,F„)„gN satisfy the conclusions of Theorem I5.2.5[ then y' will be 
canonical with respect to (A*^, -F'n)neN and hence y will be fundamental with respect 
to (A*^, F„)„gN- So we proceed to check the numbered conclusions of Theorem l5.2.5l 

(i) . Let 7 G Aj'. Let r € N be such that 771F0 C {go, 51, • ■ • , 5r}, and let 
TO e N be such that 7 G /imA^ and d{hm ■ x,y) < 2"'". Then 

y(77i/) = {hm ■ xKjjif) = x{h-'jjif) = R{f) 

for all / e Fq (the last equality follows since x is fundamental). We notice that 
^i7i^o is disjoint from [J^^i A^A„5„„i since these sets are disjoint for any pre- 
blueprint, as shown in the proof of Theorem 15.2.51 Thus y'(77i/) = R{f) for all 
7 e Af and / € Fo. 

(ii) . This is clear by the definition of Aj'j for n > 1. 

(iii) . By definition, G — dom(y') = Un>i ^n^nbn-i- In the proof of Theorem 
I5.2.5[ it was shown that this union is disjoint for all pre-blueprints. 

(iv) . Notice that A^A„6„_i C Af6i U Af Ai C AfDl for 71 > 1. If g e dom(a;') 
and x'{g) = R{1g) then g e Af{'-fiFoUDQ) since x' is canonical. If g G G — doni(a;') 
then g e A^A„6„_i for some n > 1 and hence g e AfDg. Thus for all g e G, 
x{g) = R{1g) implies g € A^f (71F0 U Dq). Suppose g € G satisfies y{g) — R{1g)- 
Let r S N be such that gF^^Fi C {gQ, gi, . . . , g^} and let m e N be such that 
d{hm ■ x,y) < 2"''. Then a;(/i~ig) = {h„i ■ x){g) = y{g) = R{Ig) so /i;;^^ g 
Af (71F0 U Dl). Let / e 71F0 U be such that h'^gf-^ G Af . Then for all 

y{gf-'v) = {h^ ■ x){gf-^v) = x{h;^^gf-\) = P^{v). 

So e Af and g e Af/ C A^(7iFo U 7^^). 

(v) . This follows abstractly from (iii) for any pre-blueprint, as shown in the 
proof of Theorem 15.2.51 

(vi) . Fix n > 1, 7, (7 e Aj^, and 

/eF„-{a„,&„}- U ^fcAfe^fe-i- 

l<k<n 
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Let m e N be such that 7, ct e /imA^, y{jf) = {hm ■ x){'yf), and y{crf) = {h^ ■ 
x){af). Then h^^j,h^a G Af^ so x{h:^^f) — x{h'^af) since x is fundamental. 
It follows that 

(vii). This follows abstractly from (v) and (vi) for any pre-blueprint, as shown 
in the proof of Theorem 15.2.51 □ 

Conclusion (vi) of Lemma 17.1.21 motivates the following definition. 

Definition 7.1.4. Let G be a countably infinite group, let (A„,_F'„)„gN be a 
centered, directed, and maximally disjoint blueprint, and let a; e 2'-^ be fundamental 
with respect to this blueprint. A function y e [x] is called x-regular if for some 
5 e G 

If g — Igj then y is called x- centered. 

Notice that the group element g in the previous definition must be unique by 
clause (iv) of Lemma [7.1.21 Also, if y € [a::] is i-regular then every element in the 
orbit of y is x-regular, and if g G pl^^^j^ A*^ then g^^ ■ y is the unique a;-centered 
element in the orbit of y. 

The next lemma presents a nontrivial way of testing when y G [a;] is x-regular, at 
least in the case of blueprints which are centered and guided by a growth sequence. 
The precise numbers and combinations of i^n's appearing in this lemma are ad-hoc; 
this lemma will be used for a specific purpose in the final section of this chapter. If 
needed, one could find similar tests to the one below. 

Lemma 7.1.5. Let G be a countably infinite group, let (A„,f„)„gN be a centered 
blueprint guided by a growth sequence (iJ„)„gN; let x G 2^ be fundamental with 
respect to this blueprint, and let y G [x]. Then y is x-regular if and only if for all 
but finitely many n = 1 mod 10 the set FnF~^F^^^ H A^^^j^^ is nonempty. 

Proof. First suppose that y is x-regular with 7 G Aj'^ for all n E N. Recall 
that by the definition of a growth sequence we have G = UngN^"- Thus there is 
iV G N with 7 G Hn. By clause (ii) of Lemma [031 7 G Hn C Fn+2Fq^. Since 
(A^, Fn)neN is centered, (F„)„gN is increasing. So it follows that 7 G FnF^^F^'^^^H 
A^^;^7 for every n > iV + 2. 

Now suppose y G [x] and m = 1 mod 10 satisfy FnF^^F^^^ n A"^^^^ ^ for 
all n > m congruent to 1 modulo 10. Let n > m be congruent to 1 modulo 10 and 
fix 7 G F„F,7iF,7_^4 n Afj_^j7. We will show 7 G AJ^^.^^^^^^. Since n + 10 > m, our 
assumption on y gives 

1g G AJ^^27-^"+14-P'n+10-fC+io- 

By making repeated uses of clause (iii) of Definition 15.3.21 clause (ii) of Definition 
15.3.41 and clause (ii) of Lemma 15.3.51 '^e have 

7 G F„F,7^F„^4 C HnHn+iH^^l^ C i7„+5 

C Fn+lF^lj C Af^^27^n+14^ri+10^;7+io^n+7^'„"+7 
— AL^n+27^n+liFln+wHn+llHnJ^i2Hn+i2 C A^_|_2Yi?„+15 
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By clause (i) of Lemma 15.3.51 clause (i) of Lemma 15.1.51 and clause (i) of Lemma 
I7.1.2l we have that (Aj^ngN is a decreasing sequence. By clause (iii) of Lemma [7. 1.21 
{Ay,Fn)n€ti IS also guidcd by (i7„)„gN- Since 7 G A^+n ^ ^n+15 have 

and therefore by clause (iii) of Lemma [5.3.51 ^ S Q A^_|_2yF„_|_i7. However, 

7 e Aj^_|_;^7, the Aj^_,_;^7-translates of Fn+17 are disjoint, and A^_,_27 C A^,,,;^^. So we 
must have that 7 G Afj^27- In. particular, 

We can repeat the above argument and apply induction to conclude that 7 € A^^-^^ 
for all fc > n congruent to 1 modulo 10. Therefore 7 € Aj'^ for all n e N since 
(Aj()„gN is decreasing. We conclude that y is x-regular. □ 

7.2. Pre-minimality 

This section is devoted to studying the significance of following property in the 
context of fundamental functions. 

Definition 7.2.1. Let G be a countably infinite group, and let c G 2-*^. The 
function c is called pre-minimal if there is a minimal c' S 2*^ extending c. 

Our goal in this section is to provide several ways of testing when fundamental 
functions are pre-minimal. It would be nice if pre-minimality was highly reliant 
on the structure of the blueprint used, however this turns out not to be the case. 
Nevertheless, with increased restrictions on the blueprint this comes closer to being 
the case. This section consists of several characterizations of pre-minimal functions. 
We begin by assuming as little as possible about the fundamental function and 
its blueprint, and as we proceed through the section we place more and more 
restrictions on the blueprint in order to arrive at nicer and nicer characterizations 
of pre-minimality. 

Recall from clause (vii) of Lemma 15.1.51 that if a blueprint (A„,i^„)„gN is 
directed, then HnGN ^n^n is either empty or a singleton. 

Lemma 7.2.2. Let G be a countably infinite group, let (A„,f„)„£N be a blue- 
print, and let c G 2-*^ be fundamental with respect to this blueprint and have the 
property that c is constant on nngN ^n^n- Then c is pre-minimal if and only if ei- 
ther cq or c\ is minimal, where Ci G 2*^ is the function which extends c and satisfies 
^1(5) — i for g ^ dom(c). 

Proof. If HnsN ^nbn 7^ 0, then let i be the constant value that c takes on 
this set. If HnGN ^nbn = 0, then let i be either or 1. 

Clearly if either cq or ci is minimal then c is pre-minimal. So assume that c 
is pre-minimal. We will show that Ci is minimal. Since c is pre-minimal, there is a 
minimal c? G 2*^ extending c. We will use Lemma 12.4.51 to show that Ci is minimal. 
Let A C G he finite. Recall that (A„6„)„£n is a decreasing sequence. Since A is 
finite we may fix fc G N so that 

Va G A a G Akbk a G Q A 

neti 

Set 

B= [j af;;'f„. 

0<n<k 
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Since d is minimal, there is a finite T C G so that for all g £ G there is t £ T with 
d{gtb) = d{b) for all be B. 

Fix an arbitrary g £ G, and let t G T be such that d{gtb) = d{b) for all b E B. 
We will show that Ci{gta) — Ci{a) for all a G A. 

Fix a £ A, n < k, and / e F„. We claim that a € A„/ if and only if gta e A„/. 
First suppose a G A„/. Say a = 7/ with 7 G A.„. Then 

7F„ C aF„-i^^„ C AF-'Ffc = S. 

Since c admits a A„ membership test with test region a subset of Fn and d(gtb) = 
d{b) for all 6 G B, it follows that gtaf~^ G A„ and thus gta G A„/. The argument 
that gta G A„/ implies a G A„/ is identical. 

A consequence of the previous paragraph is that for a £ A and n < k, 

a G A„9„6„_i gta G A„8„6„_i. 

Set A' = A — Afc6fc. For n > k, A„8„6„_i is contained in Afc&fc. Since 
A' n Afc6fc = 0, we have giA' n Akbk = as well. As 

dom(c) = G - y A„e„6„^i 

n>l 

it follows that 

{gtA') n dom(c) = gt{A' n dom(c)). 

Therefore Ci{gta) = i = Ci{a) for all a G A' — dom(c). Since d extends c and 
d{gta) = d{a) for all a G ^4, we have c{gta) = c(a) for all a G ^' H dom(c). 
Putting these together we have Ci{gta) = Ci(a) for all a G A', li a E A — A' then 
Pl^gj^ A„6„ ^ and we have d{gta) — d{a) — c(a) = i. In general for h G G, 
d{h) — i imphes Ci{h) = i. So Ci{gta) — Ci{a) = z for all a G ^ — A' . We conclude 
that Ci{gta) = Ci{a) for all a E A. Thus q is minimal as claimed. □ 

Recall from the proof of clause (viii) of Lemma [5.1.51 that if (A„,F„)„gN is 
a centered and directed blueprint and /?„ 7^ 1q for infinitely many n G N, then 

Corollary 7.2.3. Let G be a countably infinite group, let (A„,i^„)„gN be a 
blueprint with HnGN ^nbn — ^ , and let c G 2-*^ be fundamental with respect to this 
blueprint. Then c is pre-minimal if and only if for every finite A C_ G there is a 
finite T Q G with the property that for every g E G there is t E T satisfying 

(gtA) n dom(c) = gt{A n dom(c)), and 
Va e An dom(c) c{gta) = c(a). 

Proof. If c has the stated property then the function cq (as well as ci) defined 
in the previous lemma is clearly minimal and thus c is pre-minimal. Conversely, 
suppose c is pre-minimal. If we let ^ C G be finite and follow the argument in the 
proof of the previous lemma, then A' — A and we find that c satisfies the condition 
stated above. □ 

Lemma 7.2.4. Let G be a countably infinite group, and let (A„,i^„)„gN be a 
directed blueprint with Hmgn ^nbn = and with the property that for some fc G N 
the Ak-translates of Fk are maximally disjoint. Let c G 2-^ be fundamental with 
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respect to this blueprint. Then c is pre-minimal if and only if for every finite AQ G 
there is n > k Cz N and g Cz G so that for all 7 G A„ there is A G Z)^! satisfying: 

jXg[A n dom(c)] = {'jXgA) n dom(c) 

and 

Va e A n dom(c) c{'-fXga) — c{a). 

Proof. First suppose that c has the property stated above. Define c' : G — >■ 2 
to be the function which extends c and satisfies c'{g) = for all g ^ dom(c). We will 
use Lemma [2.4.51 to show that c' is minimal. So fix a finite A C G, and let n > fc 
and g S G be so as to satisfy the above stated condition satisfied by c. Let B C G 
be finite such that A„B = G. Set T = B~^D^g. Now let h £ G be arbitrary. Since 
AnB = G, there is & e B^^ with hb £ A„. It follows there is X £ D"^ with 

hbXg[A n dom(c)] [hbXgA) n dom(c) 

and 

Va G A n dom(c) c{hbXga) = c(a). 
It immediately follows that c'{hbXga) = c'{a) for all a £ A. Also we have bXg £ T. 
We conclude c' is minimal and hence c is pre-minimal. 

Now assume that c is pre-minimal. Let A C G be finite. By enlarging A if 
necessary, we may assume that ipFk C A for some ijj £ Ak- Set g — ijj^^ . By 
CoroUarv 17. 2.31 there is a finite T C G so that for all /i G G there is t G T with 

ht{A n dom(c)) = {htA) n dom(c), and 
Va G A n dom(c) cQita) = c{a). 
By clause (iii) of Lemma I5.1.5[ there is n > fc and a £ A„ with 

TAFkFkFkF-^ n Ak C aF„. 
Now let 7 G A„ be arbitrary. Let t G T be such that 

ja^'^t{A n dom(c)) = (7cr~^tA) n dom(c), and 

Va G A n dom(c) c(7CT~"'^ta) — c{a). 
Since V'ffc C A and c has a Ak membership test, it must be that ja~^ti/j £ Ak- By 
clause (v) of Lemma 15.1.51 we have that 

Afc n -fff-^TA = 7CT"^(Afc n TA) C jD'^. 

Therefore 'ya^^ttp £ 7-DJ!, so A = a^^ttp £ D"^. We have 7A.g = ^a^^t so 

^Xg{A n dom(c)) = {-^XgA) n dom(c), and 

Va G A n dom(c) c(jXga) — c{a). 
Thus c has the claimed property. □ 

In the previous lemma, we only assume that the blueprint is directed and that 
the A/;-translates of Fk are maximally disjoint in order to apply the conclusion of 
clause (v) of Lemma 15.1.51 In all of the following results in this section we assume 
that the blueprint is directed and that the A^-translates oi Fi are maximally disjoint 
for either i = or i = 1, but it is still the case that all we really need is to be able 
to apply clause (v) of Lemma 15.1.51 Clause (v) of Lemma 15.1.51 therefore plays 
a special role in this section and the next. Really we are using clause (v) to get 
a more descriptive version of clause (vi) of Lemma 15.1.51 where is replaced by i 
(where i £ {0, 1} is such that the Ai-translates of Ft are maximally disjoint). Thus, 
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the minimal property mentioned in (vi) seems to be related to the pre-minimality 
of fundamental functions. 

Lemma 7.2.5. Let G be a countably infinite group, and let (A„,_F'„)„gN be a 
directed blueprint with HneN ^nbn = and with the property that the Ai-translates 
of Fi are maximally disjoint for either i = Q or i = 1. Let c G 2-'^ be fundamental 
with respect to this blueprint. Then c is pre-minimal if and only if for every k > 1 
and ip G A/j there is n > k so that for all 7 G A„ there is X £ satisfying: 

(7A)-M(7AFfc) n dom(c)] = ^-^(^^fe) n dom(c)] 

and 

V/ e ^p-'ii^PFk) n dom(c)] c{jXf ) = c(^/). 

Proof. Notice that the last two expressions are equivalent to [(7A)^^ • c] |" 
Fk = ["0^^ • c] \ Fk- Fix i e {0, 1} so that the A^-translates of Fi are maximally 
disjoint. First assume that c has the stated property. We will show that c is pre- 
minimal by applying Corollary 17.2.31 Let A C G he finite. By directedness, there 
is fc > 1 and "0 G ^fc with 

A, n AF^^FiF,F,F-^ C ^Fk. 

Notice that the set on the left is necessarily contained in tpDf. Also notice that 
(Ai n AF^^)aia~^ is contained in the set on the left, so by the coherent property 
of blueprints 

(Ain^Ffi)Fi C0Ffe. 

By assumption, there is n > fc so that for all 7 e An there is A G -D^ satisfying 
[(7A)-i • c] [• Ffc = [0-1 • c] \ Fk. Let B C G be finite with A„B = G. Set T = 
B^'^D]^^p^^ and let g G G be arbitrary. Then there is 6 e i?^^ with 56 = 7 G A„. 
Let A G DJ? be such that [{-fXy^ ■ c] \ Fk = [i^-^ ■ c] \ Fk. Set t = bX^^-^ G T and 
notice 7A = gttp. So [{gttp)'-^ ■ c] \ Fk = [^/j^^ ■ c] \ Fk and therefore 

[(gt)-' ■ c] I ^jFk - c \ ipFk. 

We will be done if we can show that [{gt)~^ ■ c] \ A = c \ A. For this it suffices 
to fix a G A — ipFk and show that a,gta G dom(c) and c{gta) — c{a). Since 
(Ai {^AF^^)Fi C ipFk, we must have that a ^ AiFi. By our choice of fc and clause 
(v) of Lemma 15.1.51 we have that 

Ai n -iX%l)^^aF{'^ = 7Ai/;"i(Ai n aF^^) = 0. 

So ^X'ip~^a = gta <^ AiFi. It follows from Definition 15 . 2 . 71 and conclusions (iii) and 
(iv) of Theorem 15.2.51 that a, gta G dom(c) and c{gta) = c(a). 

Now assume that c is pre-minimal. Fix fc > 1 and V' G A^. By Corollarv l7.2.3[ 
there is a finite T C G so that for all g G G there is t G T with [{gt)~^ ■ c] \ tpFk — 
c \ ipFk. By directedness, there is rt > fc and a G A„ with 

A^n TijFkF,F,F-^ C aFn. 

Notice that the set on the left is necessarily contained in cD". Also notice that 
(Afe n Tip)aka~^ is contained in the set on the left, so by the coherent property of 
blueprints we have 

Afe nT?/> C aD^. 

Now let 7 G An be arbitrary. Let i G T be such that [{'-fa^^t)^^-c] \ ^Fk = c \ ipFk. 
Then [(7cr-HV')"^c] \ Fk = [V""^ ■ c] \ Fk so it suffices to show that tJ-^V' G D^. 
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Since c has a Afe membership test and Tp G ^k, it must be that ja ^tip G Afe. By 
clause (v) of Lemma 15.1.51 we have that 

Therefore ja^^tip e 7-0^, so A = a^^tt/j £ D^. Thus c has the stated property. □ 

Corollary 7.2.6. Let G be a countably infinite group, and let (A„,f„)„gN be 
a directed and centered blueprint with HngN ^nbn = o.'^d with the property that 
the Ai-translates of Fi are maximally disjoint for either i — or i — 1. Let c e 2-^ 
be fundamental with respect to this blueprint. Then c is pre-minimal if and only if 
for every k > 1 there is n > k so that for all 7 £ A„ there is X £ -DJ! satisfying: 

jX[Fk n dom(c)] (7AFfe) n dom(c) 

and 

V/e Ffendom(c) c(7A/) =c(/). 

Proof. If c is pre-minimal, then by picking any fc > 1, setting ^ — Iq £ A^, 
and applying the previous lemma we see that c has the stated property. Now assume 
that c has the stated property. We will apply the previous lemma to show that c 
is pre-minimal. Pick k £ N and S A^ . By clause (iv) of Lemma 15.1.51 there is 
m > k with ipFk ^ -Prn- Let n > m he such that for all 7 G A„ there is A e D^^ 
with [(7A)~^ • c] \ = c \ F^- Now let 7 S A„ be arbitrary, and let A e -D"^ be 
such that [(7A)^-^ • c] f F,„ ~ c \ F^. In particular, [(7A)~-^ • c] \ Fk — c \ Fk (clause 
(i) of Lemma lS.l.Sp and hence [{'fXip)^^ ■ c] \ ipFk — [i^^^ ■ c] \ ipFk- Notice that 
■0 S Afc n Fm = -D™ and therefore AtA G i*^. So we have shown that c satisfies the 
condition stated in the previous lemma. We conclude that c is pre-minimal. □ 

The following proposition is especially useful. 

Proposition 7.2.7. Let G be a countably infinite group, and let (A„,F„)„gN 
be a directed blueprint with HneN ^^^n ~ HraeN ^nbn = ^ o,nd with the property 
that the Ai-translates of Fi are maximally disjoint for either i — or i = 1. Then 
any c € 2-^^ which is canonical with respect to this blueprint is pre-minimal. 

Proof. Let (A„,F„)„gN, i G {0, 1}, and c e 2-'^ be as stated. We will apply 
Lemma 17.2.51 to show that c is pre-minimal. So fix fc > 1 and %p £ A^ ■ Since 
Pl^gpj A„a„ = HneN '-^nbn = and the blueprint is directed, there is n > fc and 
cr G A„ with ipFk C aFn and ipFk n A„{a„, 6„} = 0. So ipFk C ct(F„ - {a„, 
Notice that a~^tl) € D^. Now let 7 € A„ be arbitrary and set A = a~^tp. By 
conclusion (vii) of Theorem 15.2.51 

7~M(7^n - {lan.jbn}) C] dom(c)] = (7~'^[{aFn - {aan,abn}) Ci dom(c)] 

and 

V/ e cf-^iiaFn - {cra„,cr6„}) n dom(c)] 0(7/) = c{af). 
Since a^^ipFk C Fn — {an, bn} and xp — aX, it follows that 

(7A)-i[(7AFfc) n dom(c)] - ^-^[{i^Fk) n dom(c)] 

and 

V/ e ^-^[{^Fu) n dom(c)] c(7A/) = c(V/). 
By Lemma 17.2.51 we conclude that c is pre-minimal. □ 
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7.3. A-minimality 

In the previous section we saw that even for the most special bhieprints the 
best characterization for pre-minimahty (best in terms of relating pre-minimality 
with blueprint structure) we could get was Corollary 17.2.61 Since blueprints are 
such an important feature of fundamental functions, we want to study a property 
which is more closely related to blueprint structure. We also want this property to 
be stronger than pre-minimality. 

Definition 7.3.1. Let G be a countably infinite group and let (A„,F„)„gN 
be a blueprint. A function / G N-*^ is A-minimal (relative to (A„, _F'„)„gN) if for 
every finite A C G there is n G N and a £ A„ so that for all 7 £ A„ 

7(T~M n dom(/) = ja^^{A n dom(/)) 

and 

Vae An dom(/) fi-ycr-^a) = /(a). 

We first observe that A-minimality is indeed stronger than pre-minimality. 

Lemma 7.3.2. Let G be a countably infinite group, let (A„,i<"„)„gN be a blue- 
print, and let c e 2-^ be any function. If c is A-minimal, then it is pre-minimal. 

Proof. Assume c is A-minimal. Let c' e 2"-^ be the function which extends c 
and satisfies c'{g) ~ for all g e G — dom(c). We will show that c' is minimal by 
applying Lemma r2.4.5l So let ^ C G be finite. Let n G N and a G A„ be such that 
for all 7 e A„ 

7cr"Mndom(c) = 7(T"^(An dom(c)) 

and 

Va e A n dom(c) c(7cr^"^a) = c(a). 
It follows that c'ija^^a) = c'{a) for all 7 e A„ and a E A. Let i? C G be finite 
with AnB = G. Set T = B^^a^^ and let g e G be arbitrary. Then there is 
b S B~^ with gb g A„ and hence c'{gba^^a) = c'(a) for all a £ A. We conclude 
that c' is minimal and thus c is pre-minimal. □ 

Usually we will be interested in A-minimal functions in the context of centered 
and directed blueprints. As the next lemma shows, when the blueprint is centered 
and directed the definition for A-minimal takes a very nice form. 

Lemma 7.3.3. LetG be a countably infinite group, let {An, Fn)neti be a centered 
and directed blueprint, and let f £ N-'^ be any function. Then f is A-minimal if 
and only if for every finite A C G there is n £ N so that for all 7 G A„ 

jA n dom(/) = j{A n dom(/)) 

and 

Vae Andom(/) /(7a) -/(a). 

Proof. Clearly / is A-minimal if it satisfies the above condition since one can 
choose a — 1g £ A„ in Definition 17.3.11 So suppose that / is A-minimal. Let 
A C G be finite and let fc e N and a e A^ be such that for all 7 G A^ 

7cr"M n dom(/) = ja~^{A n dom(/)) 

and 

Va e A n dom(/) fija-^a) = /(a). 
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By clause (iv) of Lemma 15.1.51 there is ti > fc with aFk Q Fn- In particular, 
(J E D^. So if 7 e A„ then 70- S and since 70- cr^^ = 7 we have 

7^ n dom(/) = -i{A n dom(/)) 

and 

VaG Andom(/) /(7a) = /(a). 

□ 

By comparing Corollary 17.2.61 to the lemma below, one can see that among 
centered and directed blueprints the advantage to A-minimality is that instead of 
having uncertainty as to which A G "works," we know that specifically 1g G -D^' 
"works." 

Lemma 7.3.4. Let G be a countably infinite group, and let (A„,_F'„)„gN be a 
centered and directed blueprint with HneN ^nbn ~ and with the property that the 
Ai-translates of Fi are maximally disjoint for either i = or i = 1. Let c G 2-^ be 
fundamental with respect to this blueprint. Then c is A-minimal if and only if for 
every k > 1 there is n > k with the property that for all 7 G A„ 

jFk n dom(c) = 7(Ffe n dom(c)) 

and 

V/GFfcndom(c) c(7/) = c(/). 

Proof. By taking A = Fi^ in Lemma lY.S.Sl we see that if c is A-minimal then 
it has the property stated above. Now assume that c has the property stated above. 
Fix i G {0, 1} so that the A^-translates of Fi are maximally disjoint. Let A C G be 
finite. By directedness, there is A; > 1 and ip E Ak with 

A, n AF^^ FiF^F,F~^ C ^Ft. 

By assumption, there is n > fc so that (7^^ • c) \ Fk = c \ F^ for all 7 G A„. Fix 
7 G An- We will show that (7""'^ -c) \ A — c \ A. For this it suffices to fix a G A — i^^ 
and show that 0,70 G dom(c) and c(7a) = c(a). Since Ai n AF^"^ C Fk^ by the 
coherent property of blueprints we must have that a ^ Aii^i. By our choice of k 
and clause (v) of Lemma 15.1.51 we have that 

Ai n 7aFf ^ = 7(Ai n aFf ^) = 0. 

So 7a ^ AiFi. It follows from Definition 15 . 2 . 71 and clauses (iii) and (iv) of Theorem 
15.2.51 that a, 7a G dom(c) and 0(70) = c(a). □ 

The previous lemma allows us to extend Proposition 17.2.71 to the proposition 
below. The proof of this proposition is nearly identical to that of Proposition 17.2.7] 
except Lemma 17.2.51 is replaced by the lemma above. Nevertheless, we include the 
proof for completeness. 

Proposition 7.3.5. Let G be a countably infinite group, and let (A„,_F'„)„gN 
be a centered and directed blueprint with P|„gpjA„a„ = Pl^^j, A„&„ — and with 
the property that the Ai-translates of Fi are maximally disjoint for either i — Q 
or i — 1. Then any c G 2-'^ which is canonical with respect to this blueprint is 
A-minimal. 
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Proof. Let (A„,F„)„gN, i e {0, 1}, and c € 2-'^ be as stated. We will apply 
Lemma 17.3.41 to show that c is A-minimal. So fix fc > 1. Since PlneN ^i*^" ^ 
PlngN^"^" — there is ti > A; with Fk n A„{a„,6„} = 0. Notice that Fk C F„ 
by clause (i) of Lemma [5. 1.51 So Fk Fn — {an, bn}- Now let 7 € A„ be arbitrary. 
By conclusion (vii) of Theorem 15.2.51 

7~^[(7F„ - {7a„,76„}) n dom(c)] = (F„ - {a„,&„}) n dom(c) 

and 

V/ e (F„ - {a„, &„}) n dom(c) 0(7/) = c(/). 
Since Fk C — {a„, 6„}, it follows that 

7-^ [(7ft) n dom(c)] ^FkD dom(c) 

and 

yfeFkH dom(c) c(7/) - c(/). 
By Lemma 17.3.41 we conclude that c is A-minimal. □ 

For the rest of this section we study properties of A-minimal functions. We 
will see that A-minimal functions behave well under unions and that the subflows 
they generate have nice properties. These nice properties are the reason why we 
define and study A-minimality. We begin by looking at unions. 

Lemma 7.3.6. Let G be a countably infinite group, and let (A„, i<"„)„gpf be a 
centered and directed blueprint. If c\ and C2 are both /^-minimal and agree on 
dom(ci) n dom(c2), then ci U C2 is A-minimal as well. 

Proof. Let A C G be finite. Let ni and n2 be as in Lemma [7.3.31 relative to 
Ci and C2 respectively. Since the blueprint is centered, (A„)„gN is decreasing. It is 
then easy to see that for c = ciU C2, n = max(ni, 712), and 7 € A„ we have 

7A n dom(c) = 7(A n dom(c)) 

and 

Va G A n dom(c) 0(70) — c(a). 
Since A was arbitrary, we conclude that c = ci U C2 is A-minimal. □ 

Lemma 7.3.7. Let G be a countably infinite group, and let (A„,i^„)„gN be a 
blueprint. If c\ is fundamental with respect to this blueprint and pre-minimal, C2 is 
A-minimal, and ci and C2 agree on dom(ci) n dom(c2); then C1UC2 is pre-minimal. 

Proof. Let d e 2'-^ be a minimal extension of ci, and define a; G 2*^ by 
x{g) = (ci U C2){g) if g € dom(ci) U dom(c2) and x{g) = d{g) otherwise. It suffices 
to show that x is minimal. Let A C G be finite. Let n g N and a G A„ be such 
that for all 7 G A„ 

7CT"^An dom(c2) = 7(T"^(An dom(c2)) 

and 

Va G A n dom(c2) 02(70'^"'^ a) = 02(0). 

Since d is minimal, there is a finite set T C G so that for all g G G there is i G T 
with 

V/i G A U aFn d{gth) = d{h). 
Fix g G G and let i G T be such that the expression above is satisfied. Since Ci C d 
is fundamental, d admits a simple A„-membership test with test region a subset 
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of Fn- So we must have gta £ A„. Therefore for all a £ A r\ dom(c2) we have 
gta G dom(c2) and 

x{gta) = C2{gta) = 02(0) = x{a). 
On the other hand, ii a £ A — dom(c2) then gta ^ dom(c2) and hence 

x{gta) — d{gta) — d{a) — x{a). 
We concluded that x is minimal and hence ci U C2 is pre-minimal. □ 

Lemma 7.3.8. Let G be a countably infinite group, let (A„,_F'„)„gN be a blue- 
print, and let (c„)„gN be an increasing sequence of elements of 2-^^ which are 
all fundamental with respect to this blueprint. If each c„ is A-minimal then c — 
Utign''" A-minimal as well. 

Proof. Let Ac G he finite. Let e N be such that 

Va e A a e Akbk a e Anbn- 

new 

Let m g N be such that for all 1 < z < 

©i(Cm) = 9i(c) 

and 

A n dom(c™) = An dom(c). 
Such an m exists since (©i(c„))„gN is a decreasing sequence of subsets of the finite 
set Ai. Since Cm is A-minimal, there is n g N and cr G A„ so that for all 7 G A„ 

7cr-M&fc ^Ffe n dom(c™) = -fa'^iAbl'^Fk n dom(c,„)) 

and 

Va e Ah'^^Fk n dom(cm) Cm{icr^^a) = c„i{a). 
Notice that £ F^ so A (~ Ab^^Fk and hence (0-7^^ • c„i) \ A — Cm \ A for all 

7 e A„. 

Fix 7 £ A„. To finish the proof it suffices to show that 

"fa^"^ A n dom(c) = ■ya^^A n dom(cm). 

Clearly ja~^A H dom(cm) C ya^^ A n dom(c) since c extends Cm- Pick a £ A with 
ja~^a £ dom(c) and towards a contradiction suppose ja~^a ^ dom(cm). Since 
Qi{c) = 8i(cm) for all 1 < « < fc, we have by Definition 15 .2 . 71 that 

CO 

dom(c) - dom(c„i) [J Ai{Qi{cjn) - 6i(c))6i_i C Akbk. 

i=k+l 

So 'ja^^a £ Akbk- Let tp £ Ak be such that ja'^a = -06^. Then passes the Afe 
membership test and tpFk C ^a~^Ab'il^^Fk. It follows that a^~'^'ip must also pass the 
Afc membership test and thus a^^^^jj £ A^. Then a = aj~^ipbk £ Akbk so by our 
choice of k we have a £ HieN ^i^i- By Definition 15.2.71 and clause (iii) of Theorem 
15.2.51 we have a £ dom(c„i). But then ^a^^a £ dom(c,„), a contradiction. □ 

Now we look at subflows generated by A-minimal functions. 

Lemma 7.3.9. Let G be a countably infinite group, let (A„,i^„)„gN be a cen- 
tered, directed, and maximally disjoint blueprint, and let x £ 2^ be fundamental 
with respect to this blueprint. If c £- x is A-minimal and y £ [x\ is x-centered, then 

\/g £ dom(c) y{g) = x{g). 
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Proof. Let A be an arbitrary finite subset of G. We wili sliow y{a) — x(a) 
for all a e yl n dom(c) . Since c is A-minimal and the blueprint is centered and 
directed, there is n e N so that for all 7 G A„, 

J A n dom(c) = "f{A n dom(c)) 

and 

Va G A n dom(c) c{'ja) — c(a). 

Since y G [x], there is g G G so that y{h) = [g^^ ■ x){h) = x[gh) for all /i G F„ U A. 
Since y is x-centered, 1g S Aj^. Consequently, we must have g G AJ;. It follows 
that for all a G ^ n dom(c) 

y{a) = x{ga) = c{ga) = c(a) = x{a). 

As ^ was an arbitrary finite subset of G, we conclude y{g) — x{g) for all g G 
doni(c). □ 

Lemma 7.3.10. Let G be a countably infinite group, let (A„,i^„)„gN be a cen- 
tered, directed, and maximally disjoint blueprint, and let a; G 2*^ 6e fundamental 
with respect to this blueprint. The following are equivalent: 

(i) X is A-minimal; 

(ii) {y (z [x] : y is x-regular} = [x]. 

Proof. First assume that x is A-minimal. If 2 G [x] is x-regular, then there 
is an x-centered y G [z]. By the previous lemma, a: = y G [z] so z G [a;]. On the 
other hand, it is clear that every element of [x] is x-regular. 

Now assume that x is not A-minimal. Then there is a finite A C G such that 
for all n G N we can find j„ G A„ with x(7„a) 7^ x{a) for some a € A. Let y he a, 
limit point of the sequence (7^^ • x)„gN- Since (A„)„gN is a decreasing sequence, 
1g € In^^k for all n > k. So by clause (i) of Proposition 17.1.11 1g G A^ for all 
fc G N. Thus y is x-centered and in particular x-regular. If y G [x] then there is 
z G [y] with z = X. Such a z would be have to be x-centered, but y is x-centered and 
every orbit in [x] contains at most one x-centered element (clause (iv) of Lemma 
I7.1.2p . So y G [x] if and only if y = x. However, since A is finite there is a £ A 
and n G N with y(a) — (7"^ • x){a) — x(jno) 7^ x(a). Thus y ^ x and y ^ [x]. We 
conclude that the set of x-regular elements of [x] does not coincide with [x] . □ 

7.4. Minimality constructions 

In showing that every group has a 2-coloring (Theorem I6.1.ip and in charac- 
terizing groups with the ACP (Theorem 16. 3. 3p . we have seen that putting a graph 
structure on the sets A„ can be very useful. Indeed, the undefined points of a fun- 
damental function c are very useful for controlling which elements of [c] are close, 
or look similar, and which are far apart. Usually, when one has an application in 
mind one has a specific idea of which points of [c] should look similar and which 
ones should not. Since the A„'s organize the positioning of the undefined points of 
c, such requirements are best studied in the form of a graph on A^. We will see 
that this approach is relied upon heavily in the next section. This section develops 
methods for extending A-minimal functions to new A-minimal functions through 
the analysis of graphs on A„. 
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The next definition is very much in the spirit of Definition 17.3.11 However, 
note that in the definition below A appears with a subscript while it does not in 
Definition [TXH 

Definition 7.4.1. Let G be a countably infinite group, let (A„,F„)„gN be a 
blueprint, and let n > 1. A symmetric relation E C A„ x A„ is called An-minimal 
if 

(i) there is a finite A C G such that (7, ?/;) £ E implies -0 G 7^4; 

(ii) for every ipi,'ip2 € A„, there is m € N and a € A^ with AmCr"^!"!/)!, -02} C 
A„ and such that for every 7 € A^ {lo-~^ijji,^a~^tp2) G E it and only if 

(V'1,02) e E. 

As before, the definition takes a simpler form if we place more assumptions on 
the blueprint. 

Lemma 7.4.2. Let G be a countably infinite group, let (A„, F„)„gN be a centered 
and directed blueprint, let n > 1, and let E C A„ x A„ be a symmetric relation. 
Then E is An-minimal if and only if the following hold: 

(i) there is a finite A C G such that (7, ip) £ E implies ip £ "fA; 

(ii) for every 01, ^"2 G A„, there is m > n with 01,02 G -D™ and for every 
7 £ A„i (701,702) e i/and on^?/ i/ (0^1, 0^2) e -B. 

Proof. First suppose that E is A„-minimal. Clearly property (i) above is sat- 
isfied. Fix 01, 02 £ A„ and let m € N and a £ A™ be such that A„jO'"^{0i, 02} C 
A„ and for every 7 £ A^, (7(t~^0'i, 7(t~^02) G i? if and only if (0i,02) £ E. By 
clause (iv) of Lemma [5 . 1 . 51 there is k > n with 0i , 02, cr G and hence 0i , 02 G -D^ 
and a £ D^. If 7 G A^, then ja £ AfeD^j C A„i. Since jaa~^ = 7, we have that 
(7'(/'i, 7'02) G if and only if (-01, 02) G E. Thus has the property above. 

Now suppose that E has the property above. The property 0i , 02 G implies 
Am{'0i,0'2} Q A„. Since the blueprint is centered, we can pick a = Iq £ A„i to 
see that E is A„-minimal. □ 

Lemma 7.4.3. Let G be a countably infinite group, and let (A„,_F'„)„£n be a 
centered and directed blueprint. Let m > n > 1, let X £ D^^ , and let A £- G be 
finite. Define E C A„ x A„ by 

(01, 02) £E-^{4,i£ ArnX A 0^2 G 01^) V (02 G A„A A 01 G i^2A). 

Then E is An-minimal. 

Proof. We will apply Lemma [7.4.21 Clearly clause (i) is satisfied. We only 
need to check clause (n). Fix -017 02 G A„. By clause (iv) of Lemma [5.1.51 there is 
k > m with "01 J "02 G Fk. Fix 7 G A^ . Clearly, 

£ A^ (70i)"^(7V^2) G A and 02" Vi G ^ (7^-2)"^ (tV-) e A, 
and by conclusion (vii) of Lemma 15.1.41 

04 G ArnX <^=^ 70Ji G AmX. 

Therefore (70i,702) G E' if and only if ("01, 0^2) G E. We conclude E is An- 
minimal. □ 

Lemma 7.4.4. LetG be a countably infinite group, let (A„,i^„)„gN be a centered 
and directed blueprint, let n> 1, and let Ei,E2 C A„ x A„ be symmetric relations. 
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// El is An-minimal and Ei n E2 — 0, then Ei U E2 is An-minimal if and only if 
E2 is An-minimal. 

Proof. Since the blueprint is centered, (A„)„gN is decreasing and (-D™)m>n 
is increasing (n is fixed). Suppose E2 is A„-mininial. Pick "01, '02 G A„ and apply 
Lemma l7.4.2l to Ei and E2 to get numbers mi and m2 in clause (ii). Clearly then 
taking m = niax(mi,m2) shows that Ei U E2 satisfies (ii) for ipi and 02- We 
conclude that Ei U E2 is A„-niinimal. 

Now assume Ei U E2 is A„-minimal. Then E2 satisfies clause (i) of Lemma 
17.4.21 So we only need to check clause (ii). For any V'l, 02 G A„ we have 

{^1,^2) eE2<=^ (V^i, V^2) e £^1 U ^2 and (V'l, ^-2) ^ El. 

So if ipi,ip2 G A„ and mi and TO2 are as in clause (ii) for Ei and E1UE2 , respectively, 
then m = max(TOi,m2) shows that E2 satisfies (ii) for tpi and il'2- We conclude 
that E2 is A„-minimal. □ 

Lemma 7.4.5. Let G be a countahly infinite group, let (A„,i^„)„gN be a blue- 
print, let c € 2-*^ be fundamental with respect to this blueprint, and let n,t > 1 
satisfy |8„| > t. If ^ : A„ — > {0, 1, . . . , 2* — 1} then there is c' ^ c such that 

(i) c' is fundamental with respect to (A„, _F'„)ngN/ 

(ii) c' \ (dom(c') — dom(c)) is A-minimal if 11 is A-minimal; 

(iii) |e„(c')| = \Qn{c)\-t; 

(iv) for all G A„ 

m(7) - m(V^) ^ V/ e F„ n (dom(c') - dom(c)) c'i^f) = c'(^/). 

Proof. For each i > 1, define B.^ : N {0, 1} so that Ki{k) is the i"^ digit 
from least to most significant in the binary representation of k when k > 2'^^ and 
Bi(fc) = when k < 2*"^ Fix distinct 61,62, ... ,0t € On- Define c' 3 c by setting 

c'{j6,bn-l)=M,{fi{j)) 

for each 7 € A„ and 1 < i < t. Clearly c' satisfies (i) and (iii). Also, since t binary 
digits are sufficient to encode the values of /i, property (iv) is also satisfied. We 
proceed to check (ii). 

Assume /i is A-minimal. Let A C G he finite. Since fj, is A-minimal, there is 
TO G M and a £ A„i such that for all 7 £ A„i 

7CT-Me„(c)-i n A„ = -fa-\Aen{c) n a„) 

and 

Va e AOnicy^ n An ^i{-fa^^a) = ^(a). 

Fix 7 £ An, a £ A, and I < i < t. By the above expressions we have that 
ja^^a £ An6i if and only if a € A„0i. By varying i between 1 and t we see 
that 7(T^^a £ dom(c') — dom(c) if and only if a € dom(c') — dom(c). If a e 
doni(c') — doni(c), then there are 'il'ij''p2 £ A„ and 1 < i < t with a = 'ijji6i and 
ja^^a = V'2^i- By the A-minimality of /i we have that /i(V-'i) = /^('02) and therefore 

c'{ja-^a) = B,(m(i/^2)) = B,(/i(i^i)) = c'(a). 



We conclude that c' f (dom(c') — dom(c)) is A-minimal. 



□ 
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Let G be a countably infinite group, let (A„,f„)„gN be a blueprint, let n > 1, 
and let F a graph with vertex set A„. If F C E{T) is symmetric, define 

[F] = {(TiV") : 3a-i,cr2, . . . , (Tm e A„ 7 = ctiAt/' = cr,„AVl <i <m {ai,ai+i) £ F}. 

Note that [F] is an equivalence relation on F, even in the case F is empty (the 
reflexive property follows by taking m = 1). For 7 e A„, let [7] denote the [F] 
equivalence class of 7. We define F/[F] to be the graph with vertices the equivalence 
classes of [F] and with edge relation 

([7], m) e F(F/[F]) ^ ([7] ^ m A {3a e [7], A e [7/;] (a, A) e F(F)). 

The next theorem is quite useful in constructing minimal elements of 2^ with 
various properties. Here we use the term "partition" loosely and allow the empty 
set to be a member of a partition. 

Theorem 7.4.6. Let G be a countably infinite group, let (A„,F„)„gN be a 
centered blueprint guided by a growth sequence {Hn)neN, 1st c E 2-^ be fundamental 
with respect to this blueprint, and let n,t > 1 satisfy \0n\ > t. Let T be a graph 
with vertex set A„, and let {Ei,E2} be a partition of E{T) with Ei D [E2] = 0. // 
the degree of every vertex in F/[i?2] is less than 2* then there is c' ^ c such that 

(i) c' is fundamental with respect to (A„, Fn)^^^; 

(ii) c' \ (dom(c') — dom(c)) is A-minimal if Ei and [£^2] are An-minimal; 

(iii) |e„(c')| = |e„(c)|-t; 

(iv) (7, V') G El implies c'{'jf) 7^ c'{ipf) for some f G F„n(dom(c') — dom(c)); 

(v) (7, ^) e E2 implies c'i^f) = c'{ipf) for all f £ Fn H (dom(c') — dom(c)). 

Proof. We remind the reader that our blueprint is centered, directed, and 
maximally disjoint by clause (i) of Lemma 15.3.51 and that (Afc)fegN is decreasing by 
clause (i) of Lemma 15.1.51 The plan is to construct /i : A„ {0,1,. ..,2* — 1} 
which is A-minimal if Ei and [£^2] are A„-minimal and which satisfies 

(7, ip) e Ei=^ ^(7) ^ fi{-iP), and 

(7,'0) e F2 =^ fiij) = 
After doing this, applying Lemma 17.4.51 will complete the proof. 

First suppose Ei or [E2] is not A„-minimal. Since each vertex of F/[i?2] 
has degree less than 2*, there is a graph-theoretic (2*)-coloring of F/[i?2], say 
Jl : V(T/[E2]) ^ {0,1,..., 2* - 1}. Define ^l : ^(F) ^ {0, 1, . . . , 2* ~ 1} by 
//(7) — 7i([7]) for 7 G A„, where [7] is the [i?2] -equivalence class containing 7. 
Clearly, if (jjip) G £'2 then [7] — and = IJ,{^)- On the other hand, if 

(7, ip) G El then [7] =^ [V-] since Ei n [E2] = 0, and hence ([7], [ip]) G £;(F/[£'2]) so 

/^(7)=m([7])^m([V'])=mW- 

Now suppose El and [E2] are A„-minimal. Then there is a finite A C G such 
that (7,V') & EiU [E2] implies ip G 7A (and by symmetry 7 G Let m(0) > n 

be such that A C i£,„(o). Let i G N, cr G A,„(o)+3+i, and 7 G cr£;„(o)+i n A„. If 
e A„ and (-0,7) € EiU [E2] then 

by clause (ii) of Definition 15.3.41 and clause (iii) of Definition 15.3.21 So ■(/; G 
o'^m(o)+3+i by clause (iii) of Lemma 15.3.51 This is an important property one 
should remember for this proof. 

In order to define fi, we construct a sequence of functions {nk)k>i mapping into 
{0, 1, . . . , 2* — 1}, and a sequence {m{k))kef'i satisfying for each fc > 1: 



7.4. MINIMALITY CONSTRUCTIONS 



135 



(1) flk+l ^ l^k] 

(2) m{k + 1) > m{k) + 9; 

(3) dom(/Xfc) = Uo<^<fc^m(^+l)^n 

(4) ([7],M) e E{T/[E2]) ^ Mfe(7) /^fc(^) and (7,^') S [i^a] ^ Mfc(7) = 
Mfe(V') whenever 7, V' € dom(/ifc); 

(5) For all a e A„(fe) and all 7 e £>"^''~^\ /ifc(7) = /Ufe(o-7); 

We begin by constructing /ii. We can of course fix a labeling of D™*-"-' = 
-Pm(o) f"! such that two members are labeled differently if their [E2] classes are 
adjacent and are labeled the same if they are in the same [E2] class. We can choose 
our labels from the set {0, 1, . . . , 2* — 1} since each vertex of r/[i?2] has degree less 
than 2*. Since our blueprint is centered and directed, since {Ak)keN is decreasing, 
since Z)™^°^ is finite, and since Ei and [^^2] are A„-minimal, there is m(l) > m(0)+9 
such that for all 7, V' S D^^^^~^^ and all a e A„(i), 

(7, V) e El <^ (0-7, (tiIj) € El, 

and 

(7,^-) G [E2] (0-7, crV-) e [E2]. 

Since Ei and [E2] look identical on each A„(i-)-translate of D^''^^^^ , we can copy 
this labehng on every A„(i)-translate of to get the function ni. Clearly 

(2), (3), and (5) are then satisfied. Let 7, V' € dom(/Lti), say 7 € aiD^^^^ and 
ijj e cr2£'™''^^ with (71, (72 e Ato(i). First suppose that (7, V') € [£'2]- Then ijj e 
''■ifm(o)+3 n (72Fjn{o), SO wc must havc (Ti = (72 since to(1) > ?Ti(0) + 3. So 7, V' € 
aiDn'"°\ SO (erf ^7, erf G [i?2] by the definition of m(l). Therefore 

Mi(7) = Mi(c^rS) = Aii(c^rV) A'lW- 

Now suppose that (W,^) G -E^(r/[-£^2])- Then there are 7' G [7] and V'' G [V'] 
with (7', V'') G Si. Since m(l) > m(0) + 9, as before we find that 7' e crii^'„(Q)_|_3, 
i/y e criF„(o)+6, and -0 G criF,„(o)+9. So (72 = en, "0 G criF„(o) and if;' G criFm(o)+3- 
Again by the definition of m(l) we have that erf ""^7' G [erf ^7], erf ^■0' G [erf ^V']) and 
(af ^7',<7f V) G El. Therefore ([af S], [^^f V]) G E{T/[E2]) and 

Ml (7) = Mi(o-r^7) Mi(o-"V) = MiW- 

Therefore ni satisfies (4). 

Now suppose /ife has been constructed and m,{k) has been defined. Again, since 
j^rn(k) _ p^^^^^ Q jg gj^j^e^ there is m{k + 1) > m{k) + 9 such that for all 

7, V G 1?™'''^+^ and all ct G Am(k+i) 

(7,V) G i;i -4=^ (t7,ctV') G El, 

and 

(7,V) G [£;2] ^ {cT-i,ai)) e [E2]. 
Let er G A„,(j,+i), and let 7 G dom(/Zfe) fl fm(fe)+9- Then by (3) there is < i < A; 
with 7 G Am(i_|_i)Fm(i). Let rj G Am(j_|_i) and A G D™'-*'' be such that 7 = 7]A. By 

the coherent property of blueprints, rj G F„(fe)+9. So 77 G ^ ^'m(i+i) ^^'^ 

ar] G A^(j_|_i). We apply (5) twice to get 

Mfe(o-7) = Mfe((o-?7)A) = /Xi+i((<7?7)A) 
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We therefore have four important facts: 

V7, V G [(7» e [i?2] ^ Va e A„(fe+i) (a7,a^) e [i?2]]; 

V7 e [7 e dom(A.fc) ^ Va e A„,(fe+i) ^7 e dom(Aife)]; 

V7 G n dom(/ife) Va e A„(fe+i) ^fe(7) = Aife((T7)- 

The first two follow from our choice of m{k + 1), the third from (3) and conclusion 
(vii) of Lemma [5.1.41 and the fourth was just verified. These four statements say 
that /Zfc, El, and [E2] each look the same on every A„(fe_|_i)-translate of i^m(fe)+9- 

We choose an extension, flk, of /Ufc to dom(/ife)U£'™^'^^ with the property that if 
([7]' ["0]) G E{T/[E2]) then 7 and V' are labeled differently, and if (7, ^) G [E2] then 
they are labeled the same. The function flk exists since fik satisfies (4), and fik can 
be assumed to take values in the set {0, 1, . . . , 2* — 1} since the degree of every vertex 
of r/[£'2] is less than 2*. We copy fit \ D™^*^'' to all A,„(j,+i)-translates of Z)™*''^'* 
and union with fik to get ^J.k+i- Clearly fik+i satisfies (1), (2), (3), and (5). To 
verify (4), we essentially repeat the argument used to show that fii satisfies (4). Let 
7,V G dom(Aifc+i) with (7,V) G [E2] or ([7],^) G E{r/[E2]). If 7^^ e dom(/ife), 
then there is nothing to show. So we may suppose that 7 ^ dom(/ifc) and hence 7 G 
^^m(fc) fpj. gQjj^g ij g Am(fc_|_i). Arguing as we did for /ii , we find that "0 G tTi^m(fe)_|_9. 
By the definition of ■m{k + 1), we have that {a~^j,a~^ip) G Ei if and only if 
(7, 4^) (z El. Similarly, by again using the definition of m{k + 1) and picking 7' G [7] 
and Tp' G with {-y^ip') G Ei if necessary, we have ([cr^W], S ■E^(r/[£^2]) 

if and only if ([7], [ip]) G £(r/[£;2]). Now we have 

Aifc+i(7) = Aife(c^"S) ^ lIk{<J^^tp) = /Ufe+i(V') 
if ([7],M)Gi?(r/[i?2]) and 

Aife+i(7) = Aifc(CT"^7) = = Mfe+i(V') 

if {j,ip) G [i?2]- Thus ^fc+i satisfies (4). 

We finish by setting /i = Ufc>i Mfc- By clause (iv) of Lemma TS.l.Sl we see that 
dom(/x) = A„. Property (5) together with clauses (iv) and (v) of Lemma [5.1.51 
imply that fx is A-minimal. Finally, property (4) gives 

(7, ^p) e Ei=^ fi{-f) ^ and 

(7,^)e^2=^/i(7)=M(V^)- 
Applying Lemma [7.4.51 completes the proof. □ 

We can give a few immediate consequences. 

Corollary 7.4.7. Let G be a countably infinite group, let (A„,_F'„)„gN be a 
blueprint, and for each n>\ let Bn be finite with A„_B„_B,7^ = G. If c G 2-^^ is A- 
minimal and fundamental with respect to this blueprint and |0„| > log2 (2|_B„|* + 
1) for each n > 1, then there exists a A-minimal and fundamental c' ^ c with 
|8„(c')| > |8„(c)| — log2 (2|i3„|* + 1) — 1 and with the property that any x £ 2'^ 
extending c' is a 2-coloring. In particular, every countable group has a minimal 
2-coloring. 
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Proof. Recall that in the proof of Theorem 16 . 1 . II we defined the graph r„ on 
the vertex set A„ with edge relation given by 

(7,^) e i;(r„) ^ G BnB~hnB„B-^ or e B.nB-\snB^B-\ 

We seek to apply Theorem 17.4.61 with respect to the "partition" {i?(r„),0} of 
E{Tn)- To establish our claims we need only check that E{Tn) is A„-minimal for 
every n > 1. However, this follows from Lemma [7.4.31 □ 

Theorem 7.4.8. If G is a countably infinite group, then the collection of min- 
imal 2-colorings is dense in 2'^ . 

We omit this proof since the following theorem is stronger. 

Theorem 7.4.9. Let G he a countably infinite group, x e 2*^, and e > 0. Then 
there is a perfect set of pairwise orthogonal minimal 2-colorings in the ball of radius 
e about x. 

Proof. Let x &2^ and e > 0. Apply Corollarv l6.2.2l to get a nontrivial locally 
recognizable R : A ^ 2. Now apply Corollarv 15.4.91 to get a function c which is 
canonical with respect to a centered blueprint (A„,i^„)„gN guided by a growth 
sequence, compatible with R, and satisfies 



for all n > 1. By clause (i) of Lemma [5.3.51 and clause (viii) of Lemma [5T3] we can 
require the blueprint satisfy 



By Proposition l7.3.5] c is A-minimal. Now apply Corollarv l7.4.7l to get a fundamen- 
tal and A-minimal c' for which every extension is a 2-coloring and with |0„(c')| > 
for all n > 1. We apply Proposition 16 . 1 . 4l to get a perfect set {xr '■ t £ 2^} of pair- 
wise orthogonal functions extending c'. li n > 1, 9 £ 0„(c'), and i G {0, 1}, then 
the constant function d : AnObn-i — > {*} is A-minimal by clause (vii) of Lemma 
15.1.41 By the proof of Proposition 16 . 1 .41 we see that each Xr can be constructed by 
taking the union of c' with a sequence of such functions d with disjoint domains. 
By Lemma 17.3.61 the union of c' with finitely many of these d's is A-minimal, and 
so by Lemma 17.3.81 each Xt is A-minimal. So each x^ is minimal and extends c 
and a'. So each Xr is a 2-coloring and if 7 G Ai then ^((771)"^ • Xr,x) < e. So 
{(771)""'^ ■ Xr : T S 2'^} is a perfect set of pairwise orthogonal minimal 2-colorings 
contained in the ball of radius e about x. □ 

The next two corollaries draw interest from descriptive set theory. The first 
relates to subflows of (2^)*^ (as discussed in Section 12. 7|) . and the second is a 
strengthening of one of the main results of the authors' previous paper GJS . 

Corollary 7.4.10. Let G be a countably infinite group, x G (2'*')'^, and e > 0. 
Then there is a perfect set of pairwise orthogonal minimal hyper aperiodic points in 
the ball of radius e about x. 

Proof. Let C C G and L C N be finite sets with the property that for every 



|A„| > log2(4|^^„|4 + 2) = 1 + log2 (2|F„|'i + 1) 




Pi a„6„ = 0. 




e C \fn e L y{c){n) 



x{c){n) 



d{x,y) < e. 
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Fix a bijection cj) between 2^ and 2l^l = {0, 1, . . . , 2l^l - 1}. Set k = 2l^l, and define 
X G k'~^ hy x{g) ~ 4>{x{g) \ L). As we have mentioned before, in tliis paper we 
work in the most restrictive case of BernoulH flows of the form 2^ . However, all of 
our proofs and results trivially generalize to arbitrary Bernoulli flows . So by 
the previous theorem, there exists a perfect set P consisting of pairwisc orthogonal 
minimal fc-colorings with the property that y \ C = x \ C for all y (z P. Now define 
e-.k^ ^ (2^)^^ by 



'iy{g)){n) H n e L 

otherwise. 



Then is a homeomorphic embedding which commutes with the action of G. Thus 
P = {d(jj) ■ y € P} is a perfect set of pairwise orthogonal minimal hyper aperiodic 
points. Moreover, if y = 9{y) € P then y \ C = x \ C and therefore y{g){n) = 
x{g){n) for all 5 G C and n £ L. Thus P is contained in the ball of radius e about 
X. □ 

Recall that a set A C F{G) is a complete section if and only if A n [x] 7^ 
for every x S F{G). We refer the reader to [GJSj for the descriptive set theoretic 
motivation to the following result. 

Corollary 7.4.11. If G is a countably infinite group and (A„)„gp} is a de- 
creasing sequence of closed complete sections of F{G), then 

VneN / 

is dense in 2'^ . 

Proof. Let x S 2*^ and let e > 0. By the previous theorem, there is a minimal 
2-coloring y with d{x^ y) < e. Now [y] is a compact set contained in F{G), so there is 
•2 G Ml^(ri„eN^")- Since y is minimal, [2] = [y]. So [z]nB{x;e) = [y]nB{x;e) ^ 0. 
Since B(x; e) is open, it follows that \z\ n B{x\ e) 7^ 0. □ 

7.5. Rigidity constructions for topological conjugacy 

In this section we develop tools to control when [x] and \y\ are topologically 
conjugate for functions x,y &2'^ which are fundamental with respect to a centered 
blueprint guided by a growth sequence. Section [9731 is highly dependent on our work 
in this section. We remind the reader the definition of topologically conjugate. 

Definition 7.5.1. Let G be a countable group and let 5*1, ^2 C 2'^ be subflows. 
is topologically conjugate to S2 or is a topological conjugate of S2 if there is a 
homeomorphism (p : Si ^ S2 satisfying (j)[g ■ x) — g ■ 4>{x) for all x € Si and 
g E G. Such a function is called a conjugacy between 5*1 and S'2 . li 4> : Si S2 
is a function satisfying (j){g ■ x) — g ■ 4>{x) for all g G G and x & Si, then we 
say that (p commutes with the action of G. The property of being topologically 
conjugate induces an equivalence relation on the set of all subflows of 2*^. We call 
this equivalence relation the topological conjugacy relation. 

The complexity of the topological conjugacy relation will be studied in Chapter 
[9l Here we will be interested in developing a type of rigidity for the topological 
conjugacy relation. In other words, we seek a method for constructing a collection 
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of functions with the property that any two of these functions generate topologically 
conjugate subflows if and only if there is a particularly nice conjugacy between the 
subflows they generate. In order to exert control over the topological conjugacy class 
of [x] , one must be able to exert control over the behavior of elements of [x] . For 
fundamental x E 2'-^ this is a difficult task. Especially bothersome are the elements 
of [x] which are not a;-regular. Such elements are difficult to work with and difficult 
to control. The x-regular elements are better understood, and a:;-centered elements 
are best understood of all, partially in view of Lemma 17.3.91 The usefulness of 
the main result of this section should therefore be appreciated. Starting from a 
fundamental c S (with a few assumptions), we present a method to extend c 
to a fundamental c' with the property that for x,y G 2'-^ extending c' (and satisfying 
a few conditions), [x] and [y] are topologically conjugate if and only if there is a 
conjugacy from [x] onto [y] sending a; to a y-centered element of [y]. We prove this 
with two independent theorems. 

We begin with two lemmas. In this first lemma, V°° denotes "for all but finitely 
many," 3°° denotes "there exists infinitely many," and denotes {aga~^ : a £ A} 
for A C G and g G G. 

Lemma 7.5.2. Let G be an infinite group, let A Q G he finite, and let C Q G 
he infinite. Then 

V°°V G C 3°°7 G C ^ (7"V)^ U (7-1)^ U 7(7"')^- 

Proof. For each a G A, the map g ^ aga^^ is an automorphism of G, so 
since A is finite we have that for every ip £ C there can only be finitely many 7 G G 
with ijj e U (7""'^)"^. It will therefore suffice to show that for all but finitely 

many 7/) G G there are infinitely many 7 e G with ip ^ 7(7""'^)'^. 

Let I? = {V- G G : 3°°7 e G V ^ 7(7"^)^}- We will show \C -D\<n=\A\. 
Suppose V'l, "02; • • • : V'n+i £ G — D. Then 

yi<i<n + l V°°7 eG ^p,e 

=^ V°°7 e G V'l, V'2, . . . , i^n+i G 7(7"')^- 
However, |7(7~^)"^| < \A\ = n. So for some i ^ j we have ipi — ^pj. We conclude 
\C-D\<n. □ 

Lemma 7.5.3. Let G he a countahly infinite group, let {/S.m Fn)n<^n he a hlue- 
print guided hy a growth sequence {Hn)nefi, and let c G 2-^ he fundamental with 
respect to this hlueprint. If n > 1 and 7, V' G A„+2 satisfy 

7~i[7F„+2 n dom(c)] = i}^'^[ipFn+2 n dom(c)] 

and 

V/ e 7"M7K+2 n dom(c)] c(7/) = c(V/), 

then 

yh e 7"^[7ff„ n dom(c)] c{-/h) = ciiph). 

Proof. Let h G Hn - Fn+2- If A e Ai and -yh e XFi, then 7/1 G AFi C 7F„+2 
by clause (iii) of Lemma [5.3.51 which contradicts h ^ Fn+2- So jh ^ AiFi and by 
an identical argument iph ^ AiFi as well. It follows from clause (iv) of Theorem 
I5.2.5l and the fact that Un>i A„A„6„_i C AiFi that 7/1, tph G dom(c) and 0(7/1) = 
c{iph). Therefore 0(7/1) = c{iph) for all 

h e (Hn - Fn+2) U 7-i[7i^„+2 n dom(c)] = I'^ilH.n n dom(c)]. 
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□ 

We introduce a useful tool from symbolic dynamics known as block codes. 

Definition 7.5.4. Let G be a countable group. A block code is any function 
/ : 2^ — > {0, 1} where iJ is a finite subset of G. A function f : A B, where 
A, B (z 8(6*), is induced by a block code f if for all x d A and g (z G 

where H = dom(/). 

The following theorem is usually stated for G = %. The generalization to other 
groups is immediate and well known. We include a proof for completeness. 

Theorem 7.5.5 ([EM], Proposition 1.5.8). Let G be a countable group. A 
function f : A ^ B, where A and B are sub flows of2^, is continuous and commutes 
with the action of G if and only if f is induced by a block code. 

Proof. First suppose / is induced by a block code /. Let H = dom(/). If we 
fix 5 e G, then for all x € A we have f{x){g) = f{{g~^ ■ x) \ H). Thus if y e 2"^ 
agrees with x on the finite set gH, then f(jj)(g) — f{x){g). So / is continuous. 
Also, for a; € A and g,h G G 

fig ■ x){h) = f{{h-^g ■x)\H) = f{x){g-^h) = {g ■ f{x)){h). 

So fig-x) = g- f{x). 

Now suppose / is continuous and commutes with the shift action of G. Since 
A is a compact metric space, / is uniformly continuous. So there is a finite iJ C G 
such that for all x,y £ A 

^heH x{h) = y{h) =^ /(x)(1g) = /(y)(lG). 

So we may define / : 2^ — > {0, 1} by 

>j I /(2;)(1g) if there \s x £ A with x \ H = z 
1 otherwise 

Then we have for all x £ A and all 5 G G 

f{x){g) = (g-i . /(x))(1g) = /(ff"^ • x){Ig) = /((ff-^ • x) \ H). 

So / is induced by the block code /. □ 

Now we are ready to present the first rigidity construction. 

Theorem 7.5.6. Let G be a countably infinite group, let (A„,i^„)„gN be a 
centered blueprint guided by a growth sequence {Hn)nen with 7„ — Iq for all n>l, 
and let c € 2-*^ 6e fundamental with respect to this blueprint. Suppose that for 
every n > 1 there are infinitely many 7 £ A„ with c f = (7""'^ ' c) \ Fn (c being 
A-minimal would be sufficient for this) and that |0„| > log2(12|i<"„p + 1) for each 
n = 1 mod 10. Then there are j/", 1/2 S A„+5 for each n = I mod 10 and c' ^ c 
with the following properties: 

(i) c' is fundamental with respect to (A„, _F'„)„gN; 

(ii) c' \ (dom(c') — dom(c)) is A-minimal; 

(iii) |e„(c')| > |e„(c)|-log2 (12|F„|2 + 1)-1 /orn= 1 mod 10, ande„(c') = 
0,1 (c) otherwise; 
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(iv) c'(/) = c'{v'^f) = c'iu^f) for all f G F„+4 n doni(c') and all n = 1 
mod 10; 

(v) if x,y e 2*^ extend c' and x{f) = x{vif ) = x{v2 f) for all f € -^^+4 and 
all n=l mod 10, then any conjugacy between [x] and [y] must map x to 
a y -regular element of [y]. 

Note that Fn+i C Fn+5 - {bn+5} since ^„+5 ^ 7„+5 = 1^. Therefore in (iv) 
Vif,V2f E dom(c') since 1g,i'i,i'2 G (see Lemma r5.2.9p . 

Proof. We will actually prove something slightly more general which would 
have been too cumbersome to include in the statement of the theorem. The overall 
approach will be to make use of Lemma 17.1.51 We wish to construct a sequence of 
functions (c„)„>_i and a sequence {^1°"^^, '^2^"^^)n>i satisfying for each n e N: 

(1) 1g, I'l""^^, and 2^2""'*'^ are distinct elements of Aion+e; 

(2) c_i = c; 

(3) c„ D c„_i; 

(4) c„ is fundamental with respect to (A„,i^„)„gN and c„ \ (dom(c„) — 
dom(c)) is A-minimal; 

(5) |6lOn+l(c«)| > |6lOn+l(c„-l)|-log2 (12 |Fio„+l ^ + 1) - 1 , and Qm{Cn) = 

0m(c,i-i) for all m ^ lOn + 1; 

(6) c„(/) = c„(i.i""+V) = c„(i.i°"+V) for all / £ Fio„+5 n dom(c„); 

(7) If 7 e Aio„+i, a e Fion+iF^oUi' Ta^'^^r'+'a, 7a"'^^2°"^'a e Aio„+i, 
and 

c„(7/) = c„(7a-Vi°"+ia/) = c„(7a- "+ia/) 

for aU / G (Fio„+i - {6ion+i}) n dom(c„), then 7 e Aion+is-Fion+s- 
Set c_i = c, and suppose c_i through c„-i have been constructed. Here is 
where we introduce the extra bit of generality not mentioned in the statement of 
the theorem. If desired, one could extend c„_i to any c^_i satisfying: c^_i is fun- 
damental with respect to [An, Fn)ne'Nj c^-i \ (dom(c^_]^) — dom(c)) is A-minimal; 
e^(c'„_i) = e,„(c„_i) for all m < 10(n- 1) + 5; \Q„M^~l)\ > logz (12|i^,„P + 1) 
for all m > 10(n — 1) + 5 congruent to 1 modulo 10. We will construct c„ to 
extend c^_i. To arrive at the exact stated conclusions of the theorem, one must 
chose c^_i = c„_i at every stage in the construction. If at some stage one chooses 
to have c^_i 7^ c„_i, then (iii) and (5) will no longer be true, but the remaining 
properties from (i) through (v) and (1) through (7) will still hold. 
Set TO = lOn + 1 and let 

C = {z/ e A„+5 : ^ 1g A V/ G F„+4 n dom(c;_i) c'^_,iiyf) = c'^^^if)}. 

Since c^_i I" (dom(c^_]^) — dom(c)) is A-minimal, our assumption on c gives that 
C is infinite. By applying Lemma 17.5.21 we see that there are distinct 1^1, G C 
satisfying for every a S F,nF^^ and every A G D™'^^: 

V2 7^ \a^^ v^^ a\^^ \ 
V2 7^ V]\a^^ v^^ aX'^ \ 
For notational convenience, let — \q. 
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Set A ^ {a ^Via : i = 1, 2 A a e FmF„/} and let fc > m + 17 be such that 
{lG,vi,V2}Fm+A C Fu. Define £'1,-^2 C x A™ by: 

E2 = {{<jy,\<juj\) : i ^ J e {0, 1,2}, a G Afc, and A G Z?™+4}; 

(7, ^) e i;i [(7, V) ^ E2] A [V- e 7^ V 7 e t/-^]. 

Let r be the graph with vertex set A,„ and edge relation E{T) = Ei U Our 
immediate goal is to apply Theorem 17.4.61 

Since the A^-translates of Fk are disjoint, our choice of k implies [E2] — E2, 
and every [E2] equivalence class consists of three members. So Ei D [E2] = 0. By 
applying Lemma r7.4.3l for each i ^ j & {0, 1,2} and each A G -0™+"* and taking 
unions, we see that E2 is Am-minimal (for the set A in Lemma[7A3l use a singleton 
of the form {X^^v^^vjX}). It is also clear from Lemma [7.4.31 that Ei U E2 is Am- 
minimal as well (in the lemma use m — n and A — Iq)- Since Ei f] E2 — 0, Ei 
is Am-minimal by Lemma [7.4.41 Since \A\ < 2|Fmp, each vertex of F has at most 
4|Fmp i?i-neighbors. Therefore each vertex of r/[E2] has degree at most 12|FmP 
(since every [E2] class consists of three vertices of F). Let t be the least integer 
greater than or equal to log2 (12|FtoP + 1) and apply Theorem l7.4.6l to get c„ from 
cj^„]^. Define i^™ = I'l and = 1^2 ■ Properties (1) through (6), with the exception 
of (5) if c[-^_i 7^ c„_i, are clearly satisfied. We proceed to verify (7). 

Suppose 7 £ Am and a € FrnF^^ are such that 7a~^zyia, 7a~^i^2a G and 
for all / e [Era - {hm}) n dom(c„) 

Cn(7/) = Cni'^a^^viaf) = c„(7a"V2a/). 

We cannot have (7,70^^1^10) e Ei nor (7,70^^1/20) G Ei. However, we have 
7a~"'^i/ia, 70~"'^i/2a € lA, so it must be that (7,7o~^Mia) G E2 for i = 1,2. Clearly 
7, ^a~^via, ja~^i'2a are all distinct since 1g, vi, V2 are distinct. It follows that there 
is (T e Afc and A e such that 

{7, 7a^^i/ia, 7o~^i/2a} — {crA, trz/iA, (7Z/2A}. 

If 7 = ctA then we are done since a G A„i+i7. Towards a contradiction, suppose 
7 7^ ctA. We have two cases to consider. 
Case 1 : 7 — (jv\\. Observe that 

^a~^V2a = crA crz^i Ao~^i/2a = o"A 1^2 = oA^^i^j^^Aa"^, 

and 

7o~^i/20 = CTi/2A cri/iAa~^i/2a = ov2\ (^2 = a\~^ v'^^ V2\a~^ . 

Now by our previous remarks one of the two rightmost statements must be true, 
but both are in contradiction of our choice of v\ and V2 ■ 
Case 2 : 7 = (JV2\- We have 

^a~^v\a — ctA 

and 

Again, one of the two rightmost statements must be true, however both contradict 
our choice of vi and 1^2- We conclude (7) is satisfied. 

Let c' = UnGN^n- Then c' satisfies (i) and (ii). If c[^_i ~ c„_i for all n e N 
then c' satisfies (iii) as well. For (iv), just note that Ic^l^"^^ ,i'2^"'^^ e Aion+e 



(Ti^2Ao ^i^ia — a\ 1^2 — Ao ^i^i ^aX ^ 



av2\a ^Via = aviX V2 ~ ViXa ^oA ^ 



7.5. RIGIDITY CONSTRUCTIONS FOR TOPOLOGICAL CONJUGACY 



143 



and Aion+6-FiOn+5 n doni(c') = Aio„+6-Fion+5 n dom(c„) since Aion+ei^ion+s n 
AmAm6m_i = for TO > lOn + 6 (since 1g = 7m ^ A™ U {/3m})- 

Now let X,?/ e extend c' with a;(/) = x{v^f) = x{iyff) for all / € i^„+4 
and all n = 1 mod 10. If [x] and [y] are not topologically conjugate, then there is 
nothing to show. So assume [x] is topologically conjugate to [y] and let : [a;] — > [y] 
be a conjugacy. By Lemma [7. 1.51 it suffices to show that FnF~^F~^^ n A^^-^^ =^ 
for each n = 1 mod 10, where z = 4>{x) £ [y]. 

Since (/) is induced by a block code, there is a finite K Q G such that for all 
G 

MkeK x{gk) = =^ (g-i • x) f if = (/j-^ ■ x) \ K =^ z{g) = z{h). 

Let n = 1 mod 10 satisfy K C By clause (ii) of Lemma 17.1.21 the Af^- 

translates of Fn are maximally disjoint within G. So there is a € FnF^^ with 
a G A^. Note that 

aFnK C -FnF^ ^FnHn C Hn+lHn C Hn+2, 

SO 

yg,heG (yk e x{gk) = x{hk) =^yfeFn z{gaf) = z{haf)). 

Since 1g,i^",^'2 G An+s and = a;(^"/) = x[v2f ) for all / € F„+4, it follows 
from Lemma 17.5.31 that x{h) — x{v'^h) = x{v2h) for all h E Hn+2- Therefore 
z{af) = z{u^af ) = z{yl^af) for all / G F„. 
Let r e N be such that 

{Ig.Vi ,y2)aFn^ aF-l^Fn+n C {go, 5i, • ■ • , 5r} 

(where go,gi, ... is the enumeration of G used for defining the metric on 2^). Let 
p e G be such that d(p^^ ■ y,z) < 2^''. Then 

V.g G {1g, ^^r, ly^jaFn U aF-^i^F^^+iy 2;(p.g) = [p-' ■ y){g) - z(g). 

As a G Afj, it must be that pa G Aj'j. Let j = pa £ A^^. Then for all / G F^ and 
i = 1,2 

yilf) = yipaf) = 2(a/) z«af) = yipi^l'af) = y{-fa-^i^l'af). 
So by considering the Aj^ membership test we have that 7a~^t'"a G A^^. It follows 
from (7) that 7 G A^^^-^^jFn+4- In particular, there is s G -^,7+4 with 7s G A^^j^^. 
This gives that for all / G Fn+ir 

z{asf ) = y{pasf) ^ y{'jsf), 
so as G An+ij. In particular, FnF^^F^l^ n A^_|_i7 7^ 0. □ 

Theorem 7.5.7. Let G he a countably infinite group, let (A„,_F'„)„gN be one 
of the blueprints referred to in Proposition \ 6.3.1\ with 7„ = 1q for all n > 1, 
let {Hn)n&i ^6 ^^^^ Corresponding growth sequence, and let c G 2-'^ be fundamen- 
tal with respect to this blueprint. Suppose that c is A-minimal and that |0„| > 
log2(2|i^„|'* + 1) for each n = 6 mod 10. Then for each n = 6 mod 10 there 
are 1/1,1/2, ■ ■ ■ , G An+5, where s{n) — — Z(G)|, and c' ^ c with the 

following properties: 

(i) c' is fundamental with respect to (A„,_F„)„gN; 

(ii) c' is A-minimal; 

(iii) |e„(c')| > |e„(c)|-log2 (2|F„|4 + l)-l/orn = 6 mod 10, ande„(c') = 
0,1 (c) otherwise; 
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(iv) c'(/) = c'i^l'f) for all 1 < i < s{n), f G F„+4 n dom(c'), and n = 6 
mod 10; 

(v) if x,y e 2*^ extend c' and x{f) — x{i'^f) for all 1 < i < s{n), f € -F'n+4, 
and n = 6 mod 10, then for any y-regular z g [y] 

there is a conjugacy between [x\ and [y\ sending x into [z\ if and 
only if there is a conjugacy between [x\ and [y\ sending x to the 
unique y-centered element of [z\ . 

Proof. As in the previous theorem, we will actually prove something a lit- 
tle more general. We wish to construct a sequence of functions (c„)„>_i and a 
collection {vf : n = 6 mod 10, 1 < i < s(n)} satisfying for each n g N: 

(1) 1g, . . . , are all distinct elements of Aio„+ii; 

(2) c„i = c; 

(3) c„ I) c„_i 

(4) c„ is fundamental with respect to (Aji,F„)„gN and is A-minimal; 

(5) |6l0n+6(c„)| > |eio„+6(c„-l)| - l0g2 (2|Fio„+6|'* + 1) - 1, and Qm{Cn) = 

6m(c„-i) for m ^ lOn + 6; 

(6) c„(/) = c„(i.f for aU 1 < z < s(10n+6), and / e Fio„+iondom(c„); 

(7) for all a e Fio„+6i^{o^+6 " Z(G) there is 1 < i < s(10n + 6) and / e 
Fwn+6 n dom(c„) with c„(/) ^ c„(a-ii/,^°"+^a/). 

Set c_i = c, and suppose c_i through c„_i have been constructed. As in 
the previous theorem, if desired, one could extend c„_i to any c'^_i satisfying: 
c'j^_i is fundamental with respect to (A„,F„)„gN; c^_i is A-minimal; 0,„(cj^„j^) — 
Qmicn-i) for all m < lOn; |e™(c;_i)| > loga {2\Fm\* + 1) for all m > lOn 
congruent to 6 modulo 10. We will construct c„ to extend c^„]^. To arrive at the 
exact stated conclusions of the theorem, one must chose c^_]^ — c„_i at every stage 
in the construction. If at some stage one chooses to have c^_i 7^ c„_i, then (iii) 
and (5) will no longer be true, but the remaining properties from (i) through (v) 
and (1) through (7) wiU stiU hold. 

Set m = lOn + 6, and enumerate F^F^^ — 'Zi{G) as ai, 02, . . . , as(m)- Using 
Proposition I6.3.T] and the fact that c'^_i is A-minimal, we can pick distinct, non- 
identity i/i, 1^2, ■ • ■ , t^s(m) € A.m+5 One at a time so that they satisfy: 

VI < z < sim) V/ e i^„+4 n dom(c:,_i) c'^_,i,yj) = c'^_,if); 
yi < i < s{m) a^^i^iOi =1 Ui] 
< i ^ j < s(m) {ui, aJ^ViOi] n {vj^a'J^Vja^} = 0. 
For notational convenience, let — 1q. 

Let k be such that ViF^+i C Fk for each 1 < i < s{m). Define Fi, F2, Ei, E2 Q 
Am X A™ by: 

Fi = {{(7,aa^^iyiat) : I < i < s(m), a G A^, aa^^iy^a^ e A^}; 

(7» e Si ^ [(7,V^) e F,] V [(7/^,7) e Fi]; 
F2 = {(ai/.A, ai/jA) : < z ^ j < s(m), a G A^, A £ 

(7,V') e ^2 ^ [(7,V^) e F2] V [(^,7) e F2]. 

Let r be the graph with vertex set Am and edge relation E{r) = Ei U E2- Once 
again, our plan is to apply Theorem 17.4.61 with respect to F and the partition 
{Ei,E2} ofE{r). 
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Note that, by our choice of k, [E2] = E2 and each [E2] equivalence class has 
exactly s(m) + 1 members. Also, note that Ei D [E2] = (use the fact that if 
(7, ip) € El then either 7 € or V e Afc). By fixing A G I?,""*"* and < i 7^ j < 
s(m), applying Lemma l7.4.31 and then taking unions over all A, i, and j, we see that 
El and [E2] are both Am-minimal. Each vertex in F has at most s(m) many Ei- 
neighbors, so each vertex of r/[£'2] has degree at most s{m){s{m) + 1) < 2s(m)^ < 
2|Fm|'*. Let t be the least integer greater than or equal to log2 (2|Fm|^ + 1): and 
apply Theorem 17.4.61 to get c„ from c^_]^. Set v™' — Vi for each 1 < i < s{m). 
Properties (1) through (6), with the exception of (5) if c'^_i ^ c„_i, are then 
clearly satisfied. To verify (7), just notice that Iq G A^ and either a~^Viai ^ Am, in 
which case it fails the A™ membership test while 1g passes, or (Ig, a^^i^^ai) G 
in which case the claim follows by the definition of c„. 

Let c' = UnsN Cn- Properties (i) and (ii) clearly hold (for (ii) use Lemma [7.3.8|) . 
If c'„_^ = c„_i for each n e N, then (iii) holds as well. To see property (iv), just note 
that la.vf e Aio„+ii, and Aio„+iiFio„+iondom(c') = Aio„+iiFio„+iondom(c„) 

since AiQ^-i-ii.F'iOn+lO ^ ^m^m^m—l 

for m > lOn +11 (since Iq = 7m ^ 

Am U {/3m}). 

Now let a;, y e 2*^ extend c' with x{f) = x{i'^f) for all n = 6 mod 10, 1 < i < 
s(n), and / £ Fti+4- Let z £ [y] be y-regular. If there is no conjugacy between [x] 
and [y] mapping x into [z] then there is nothing to show. So suppose 4> : [x] [y] 
is a conjugacy with 4'{x) € [z\. Without loss of generality, we may assume that z 
itself is y-centered. 

Let a G G be such that (t>{x) — a-z. Now if a G Z(G), then there is an automor- 
phism (self conjugacy) of [z] = (l>{[x]) = [y] sending a • z to z (the automorphism 
being w t-^ ■ w for w G [y]; this is clearly continuous and it commutes with 
the action of G since a G Z(G)). Since z is y-centered, our claim would follow by 
composing this automorphism with 0. Towards a contradiction, suppose a ^ Z(G). 
Since (j) is induced by a block code, there is a finite K C G such that for all g,h £ G 

ykeK x{gk) = x{hk) (g^i ■ x) \ K ^ {h-^ ■ x) \ K =^ {a ■ z){g) = (a • z){h). 

Let n = 6 mod 10 be such that a G i?ri-2 Q FriF^^ and K C Note that 

aFjiK C FnFj^ ^FnHn C iJ„_|_iiJ„ C Hn+2- 

Therefore 

yg,heG (Vfc G iJ„+2 x(.gfc) = x{hk) =^yfeF^{a- z){gaf) ^ (a ■ z){haf)). 

Since '^c^^i G A„_|_5 and x{f) ~ x{v2 f) for aU / G F^+a and all 1 < i < s(n), it 
follows from Lemma [7331 that x{h) — x{i'^h) for all h G and all 1 < i < s{n). 

Therefore, for all f £ Fn and all 1 < i < s{n). 

z{f) = {a ■ z){af) ^ {a ■ z){v:af) = zia-'v^af). 

However, y ^ c' and c' is A-minimal, so this is in contradiction with property (7) 
and Lemma [7.3.91 Thus it must be that a G Z(G). □ 

These two proofs taken together, give us the following. 

Corollary 7.5.8. Let G he a countahly infinite group, let (A„,_F'„)„gN he 
one 0/ the hlueprints referred to in Proposition \ 6.3.1\ with 7„ = Iq for all n > 
1, let (iJ„)„gN he the corresponding growth sequence, and let c G 2-^ he fun- 
damental with respect to this blueprint. Suppose that c is A-minimal and that 
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\0n\ > log2(12|_F'„|* + 1) for each n = 1 mod 5. Then for every ri G N there are 

, lOn+l , lOn+1 ^ A 7 lOn+6 , lOn+6 ,,10n+6 ^ A A„7,pt-p crTi^l 

'^i ,i'2 ^ ^iOn+6 0*^" ^1 i'^2 ' ■ • • ' ^^3(1011+6) ^ ^iOn+11 (wiiere s(n) 
is defined as in the previous theorem) and c' D c which simultaneously satisfy both 
the conclusions of Theorem \7.5. 6] and the conclusions of Theorem \7.5.7\ 

Proof. The added generality of the two previous theorems allows the inductive 
constructions appearing in the proofs to be interwoven. □ 

We point out that our results in this section are not only applicable in the 
context of conjugacies, but also in the more general context of continuous functions 
commuting with the action of G. For example, if x and y are as in clause (v) of 
Theorem 17.5.61 then any continuouos : [x] — >■ [y] which commutes with the action 
of G must map a; to a y- regular element of [y]. Similarly, if x and y are as in 
clause (v) of Theorem 17.5.71 then any (p as in the previous sentence must satisfy 
4>{x) G '^{G) ■ z where z is some y-centered element of [y\. These statements can be 
easily verified by looking back at the proofs of Theorems 17.5.61 and 17.5.71 We will 
not make use of these more general facts. 



CHAPTER 8 



The Descriptive Complexity of Sets of 2-Colorings 



In the foUowing three chapters we study some further problems involving 2- 
colorings on countably infinite groups. In doing this we make use of the fundamental 
method and its variations as well as employing additional results and methods in 
descriptive set theory, combinatorial group theory, and topological dynamics. 

In this chapter we study the descriptive complexity of sets of 2-colorings, min- 
imal elements, and minimal 2-colorings on any countably infinite group G. It is 
obvious that all these sets are (i.e. F„s) subsets of 2*^. We characterize the 
exact descriptive complexity of these sets. 

8.1. Smallness in measure and category 

We have shown in the preceding chapter that for any countably infinite group 
G, the set of minimal 2-colorings on G is dense (Theorem 17.4.81) . In addition, 
within any given open set in 2*^ there are perfectly many minimal 2-colorings on 
G fTheorem l7.4.9p . These manifest the largeness of the sets in some sense. In this 
section we show that in the sense of measure or category, both the sets of 2-colorings 
and of minimal elements are small. 

The space 2^ carries the Bernoulli product measure /i. For any p G 2^'-^ (with 
dom(p) finite), 

^ji{Np) = ix{{x e 2^ : p C 4) = 2-l'i°"^(P)l. 

Lemma 8.1.1. Let G be a countably infinite group and s Cz G with s ^ Iq- 
Then the set of all elements x £ 2^^ blocking s is meager and has /i measure in 
2G. 

Proof. For any finite T <ZG, let 

Bt ^ {x e2^ : Mg e G 3t eT x(gt) ^ x{gst)}. 

It is clear that Bt is closed. We first show that each Bt is nowhere dense. 

Otherwise, there is a nonempty open set in which Bt is dense. It follows that 
there is p e 2<^ such that Np C Bt- Define a; G 2*^ by 



pig), if5edom(p), 
0, otherwise. 



Then X e Np and so x G Bt- Let F = dom(p)r"i U dom(p)T"is"^ Since F is 
finite, there is go ^ F. Then for all t G T, got ^ dom(p) and gost ^ dom(p). This 
implies that for all t €T, x{got) = = x{gost), and so a; ^ Bt, a contradiction. 

The above argument shows that Bt is meager, and in particular it cannot have 
a nonempty interior. To see that Bt has /Lt measure 0, we use the fact that fi is 
actually ergodic, i.e., any invariant Borel subset of 2*^ must have fj, measure or 1. 
It is clear that Bt is invariant. Toward a contradiction, assume I^{Bt) 0. Then 
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it has /i measure 1, and its complement, being open and of fi measure 0, must be 
empty. This shows that Bt = 2^, a contradiction. □ 

Lemma 8.1.2. Let G be a countably infinite group and A Q G finite and 
nonempty. Then the set of all elements a; G 2^^ with a finite T C G such that 

Vg e G 3t e T \/a e A x{gta) ^ x{a) 

is meager and has fi measure 0. 

Proof. For any finite T C G, let 

RT = {xe2^ -.VgeGBteTVaeA x{gta) = x{a)}. 

Similar to the preceding proof, it suffices to show that each Rt is meager and has 
fj, measure 0. Assume not. Since Rt is closed, it has a nonempty interior. Let 
p € 2^*^ be such that Np C R^p. We consider two cases. Case 1: A C dom(p). Fix 
any oq G A. Define ?/ € 2*^ by 

y(n) = / ^^-9 ^ 

\ 1— p(ao), otherwise. 

Then y G Np and so y £ Rt- Let F — dom{p)A^^T~^ . Since F is finite, there is 
go ^ F. Then for any t d T and a G A, gota ^ dom(p) and y{gota) = 1 — p(ao). In 
particular for any t £ T, y{gotao) ^ y{ao). This shows that y ^ Rt, a contradiction. 
Case 2: A <^ dom(p). In this case let bo E A — dom(p). Define z G 2'-^ by 

(pig), if S e dom(p), 
1, iig = bo, 
0, otherwise. 

Then z e Np and so z G Rt- Let K = (dom(p) U {bo})A-^T-^. Since K is finite, 
there is ho ^ K. Then for any t E T and a E A, hota ^ dom(p) U {bo} and so 
z{hota) = 0. In particular for any t E T, z{hotbo) ^ z{bo)- This shows again that 
z ^ Rt, a contradiction. □ 

Theorem 8.1.3. For any countably infinite group G the set of all 2-colorings 
on G and the set of all minimal elements are meager and have /i measure 0. 

Proof. This follows immediately from the above lemmas. □ 

8.2. S2"hardness and n§-completeness 

In this section we show that for any countably infinite group G, the set of 
all 2-colorings on G is S^'h^-^'d and the set of all minimal elements in 2'^ is Ilg- 
complete. This completely characterizes the descriptive complexity for the set of 
all minimal elements. For the set of all 2-colorings the complete characterization 
for its descriptive complexity will be given in the next two sections. 

We first briefiy review the related descriptive set theory. For further results 
and unexplained terminology the reader can consult [K] (especially [K] Sections 22 
and 23). 

Let X be an uncountable Polish space, i.e., separable completely metrizable 
topological space. A subset Y C X is Sj"^'^'^'^ if ^^y (i-^- Fa) subset 
Z of the Baire space there is a continuous function / : — > X such that 
Z = /-i[y],i.e., forahzGNN, 

zEZ ^ fiz) E Y- 
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A set is Ti2-^omplete if it is and is also Sj'l^^rd. Intuitively, a set is S2"Coniplcte 
if it is the most complex set in a Polish space, and a set is Sj-hard if it is at 
least as complex as any set. Define 

S = {a(^2^ : 3n Vto > n a{m) = 0}. 

Then S is known to be S^-complete. For any subset Y of an uncountable Polish 
space X, Y is Sj-hard iff there is a continuous / : 2^ — X such that S = f~^\Y\. 
Similar definitions can be given for Ilg-hardness and Ilg-completeness. Define 

P = {ae : V/c > 1 3n > fc Vm > n a{k, m) = 0}. 

Then P is known to be n^-complete. Using this fact we can give the following 
alternative definitions for Ilg-hardness and Ilg-completeness. For any subset Y 
of an uncountable Polish space X,Y is Yi^-hard iff there is a continuous function 
/ : 2NxN ^ X such that P = f-^[Y]; Y is U'^-complete if Y is nS] and n!]-hard. 

By the definition of 2-coloring it is obvious that for any countable group G 
the set of all 2-colorings on G is II!;. When G is finite then there are only finitely 
many orbits in 2^ , and every orbit is closed. In this case the set of all 2-colorings 
on G coincides with the free part and is also closed. Below we show that for any 
countably infinite group G, the set of all 2-colorings is S^'^ard. 

Theorem 8.2.1. For any countably infinite group G, the set of all 2-colorings 
on G is Sj"'!'"''^- 

Proof. We give two short proofs for this theorem. The first proof uses Wadge 
determinacy and shows a general claim in descriptive set theory: any dense meager 
set is Sj'hard. Let X be a Polish space and G C X dense and meager. If G is not 
Sg-hard then for some set Y C N^, Y G. Then by Wadge determinacy 
(c.f. [K] Theorem 21.14) G <w (N^ - Y). This shows that G is H^, or G5. Thus 
C is a dense Gs in 2*^, and therefore comeager, a contradiction. 

For readers not familiar with descriptive set theory we offer the following direct 
proof. Fix a strong 2-coloring x G 2^ (given by Theorem 16. l.Sp . Fix an increasing 
sequence (yl„)„gN of finite subsets of G with IJ^^ An = G, and a sequence (/i„)„gN 
with hmAm n hkAk = for m ^ fc. For a G 2'^, define /(a) S 2*^ by 

r x{g), if g ^{JkhkAk; 
f{a){g) — < x{g), if for some k, g d hkAk and a{k) — 0; 

I 1, if for some k, g G hkAk and a{k) — 1. 

Clearly / is continuous, li a G S, then /(a) and x differ at finitely many co- 
ordinates. Since a; is a strong 2-coloring, this implies f{a) is a 2-coloring. On 
the other hand, if a ^ S' then the set N = {k E N : a{k) ~ 1} is infinite, and so 
limkeN ^fc ^ '/(a) is the constant 1 function in 2*^; hence /(a) is not a 2-coloring. □ 

The following theorem completely characterize the descriptive complexity for 
the set of all minimal elements in 2^ for any countably infinite group G. 

Theorem 8.2.2. For any countably infinite group G, the set of all minimal 
elements of 2*^ is Jl^- complete. 

Proof. Let G be a countably infinite group and (A„, F„)„gN a centered blue- 
print guided by a growth sequence {Hn)neN, with 7^ 7n = 1g 7^ l^n for all 
n > 1. Then (A„,i^„)„gN is in fact directed and maximally disjoint by clause (i) of 
Lemma [5. 3. 5|, and PlneN ^riO-n — PlnGN ^nbn — hy clause (viii) of Lemma [5.1.51 
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For such blueprints Corollary 17.2.61 applies. If x G 2*^ is fundamental with respect 
to this blueprint, then x is minimal iff x is pre-minimal iff for every fc > 1 there is 
n > k such that 

V7 e A„ 3A e V/ e x{^Xf) = x{f). 

Let c e 2-*^ be A-minimal and fundamental with respect to this blueprint, with 
©n — 0n(c) nonempty for all n > 1. By Proposition [733] it suffices to take c to be 
canonical with respect to (A„,i^„)„gN. Recall from Definition 15 .2 . 71 that 

G-dom(c) = (J A„e„&„_i 

n>l 

and for distinct n,m> 1, A„0„&„_i and A„i0„i6m_i are disjoint (clause (iii) of 
Theorem 15.2.51) . We define a continuous function $ : 2'*'^'*' 2*^ so that for all 
a € 2^^^, a e P iff $(a) is a minimal element in 2*^. 
For > 1, and 7 G A^ define 

Rkij) — max{n > k : n — k or else 7 e (A„ — {lG})Fn} 

and 

S'fe(7) = the unique A € Afl^(^) with 7 e AFr^(^). 
Note the following basic properties of these functions. If n > fe and 7 G then 
i?fc(7) < n. Ifi?fc(7) = fcthen5fc(7) = 7. M Rkh) > k then Rk{Skhrh) < Ml) 
since 5*^(7)^^7 G Ffj^^^yy Intuitively the function Rk is a rank function for elements 
of Afc. These properties make it possible to use the following kind of induction on 
7. The base case of the induction is 7 = Iq. In general, the case for 7 makes use 
of the inductive case for S'fc(7)~^7. 

Given a G 2^^^, we define $(a) £ 2^ to extend c as follows. For k > 1, 
7 G Afe, and 9 G &k, we inductively define ^{a){lcdbk-i) = and 

$(a)(70fefe_i) =max{a(fc,i?fc(7)),$(a)(5fc(7)-i7^^^fc-i)}- 
Then $ is continuous. 

Suppose a € P. We will apply Lemma [7.3.41 to verify that /(a) is indeed A- 
niinimal. First note that our blueprint satisfies all the requirements of Lemma l7.3.4l 
To check A-minimality, fix fc > 1. Since c is A-minimal, there is ii' > fc so that for 
all 7 G Ak we have (7"^ -c) \ (Ffcndom(c)) = c \ (i^fcndom(c)). Let n > K he such 
that a{t, m) — for alH < fc and m > n. It suffices to verify that for all 7 G A„ and 
f e Fk - dom(c), $(a)(7/) = $(a)(/). Consider a fixed f e Fk - dom(c). Since 
/ ^ dom(c), there is i > 1 with / G AtOth-i- For t > k, we have Ig — It ^ ©t 
and therefore AfFt-i and AtGjFt^i are disjoint. So for t > k, Fk ^ AtFt-i is 
disjoint from AtQtbt-i Q AtQtFt^i- Thus we must have / G AtQtbt-i for some 
t < k. Thus there are A G and 6* G 6f such that / = \9ht-i. Now we need to 
verify that for all 7 G A„, 

$(a)(7A06t_i) = $(a)(A0&t_i). 

We do this by induction on i?t (7A). For the base case of the induction 7 — Ig, and 
the identity holds trivially. For the general inductive case, since 7 G A„ — {1g}: 
we have Rt{jX) > n. Thus a{t, Rt{jX)) — 0, and 

$(a)(7A0&t_i) = ^a){St{-fX)-'jX0bt-i). 

Since i?t (5*4 (7A)^^7A) < Rt{jX), we have by the inductive hypothesis that 

Ma){St{jX)-^^Xebt-i) = $(a)(A06t_i). 
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This shows that <i>(Q;)(7A6'5t_i) = ^{a){X6bt-i) as needed, and so ^{a) is A- 
minimal by Lemma [7.3.41 

For the converse, suppose a ^ P. We wih apply Corollary 17.2.61 to show 
that <i>(Q!) is not pre-minimal. Let /c € N be such that a{k,n) = 1 for infinitely 
many n e N. Let N = {n e : a{k,n) = 1}. For any n e N and A e D^, 
Rk{an+iX) = n since q;„+i G A„ — {1g}- Thus for all n e iV, A G D^, and 6 £ 6fe, 

^a){an+iXebk-i) = a{k, Rk{a„+iX)) = 1^0 = $(a){lG06fc_i) = $(a)(06fe_i). 

This shows that $(a) is not pre-minimal, hence is not minimal. □ 

The above proof has the following immediate corollary. 

Corollary 8.2.3. For any countably infinite group G, the set of all minimal 
2-colorings on G is Yl'^-complete. 

Proof. In the above proof we may suppose c is a A-minimal fundamental 
function with the property that any x £ 2'^ extending c is a 2-coloring. Such 
elements exist by Proposition 17.3.51 and CoroUarv 17.4.71 Then for any a G 2^^^^, 
3>(a) is a 2-coloring, and a G P iff $(q:) is a minimal 2-coloring on G. □ 

8.3. Flecc groups 

In the rest of this chapter we characterize the exact descriptive complexity for 
the set of all 2-colorings on a countably infinite group. In contrast to Theorem l8.2.2l 
and Corollary 18.2.31 the set of all 2-colorings is not always n§-complete. In this 
section we isolate a group theoretic concept implying that the complexity is simpler 
than n§. 

Definition 8.3.1. A countable group G is called flecc if there exists a finite 
set A C G — {1g} such that for all g € G — {1g} there is i G Z and h £ G such that 

h-^g'h G A. 

We first justify the terminology by giving a characterization for flecc groups. 

Definition 8.3.2. Let G be a countable group and g G G. 

(1) The extended conjugacy class (ecc) of g is defined as the set 

ecc(g) = {h-^g'h : ieZ,heG}. 

(2) For g of infinite order, we call the set HneN ^'^'^(s") limit extended 
conjugacy class (lecc) oi g, and denote it by lecc(g). 

(3) If 5 7^ 1g is of finite order, we call any ecc{g'^), where OJ:der{g)/k is prime, 
a lecc of g. 

We need the following basic property of lecc's. 

Lemma 8.3.3. Two lecc's coincide if they have a nontrivial intersection. 

Proof. We first claim that for any g G G of infinite order and 1g 7^ g' G 
lecc(g), lecc((?) — lecc((?'). On the one hand, it is obvious that g' G ecc(g) and hence 
ecc{g') C ecc{g) and ecc{g'") C ecc(g") for any n G N. Hence lecc{g') C lecc{g). 
On the other hand, let i G N+ be the least such that for some h ^ G, h~^g^h = g' . 
Then ecc(g*) = ecc{g') and so for any n G N, ecc((7"') C ecc(g'"). This implies that 

lecc(g) = fl ecc(g") C f| ecc(5-) C f| ecc(g'") = lecc(g'). 

nSN nSN nSN 
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Thus lecc(5) — lecc(5'). 

By a similar argument we can show that the same holds for g ^ \q of finite 
order. If order((7)/A: = p is prime, then {g^) is a cyclic group of order p. Thus any 
nonidentity element in is a generator. The rest of the proof is similar as above. 

Now suppose lecc((7) n lecc(5') 7^ {1g}- Let fc e \&cc{g) n lecc((/') so that 
fc ^ Ig- Then lecc(5) = lecc(A:) = lecc(g'). □ 

Proposition 8.3.4. Let G he a countable group. Then G is flecc iff 

(a) for any g € G of infinite order, the lecc of g is not {Ig}; o.iT-d 

(b) there are only finitely many distinct lecc's in G. 

Proof. (=>) Suppose G is flecc. Let A C G — {Ig} be finite such that for all 
g E G — {Ig} there is i E Z and h E G such that h^^g^h E A. Fix g E G oi infinite 
order. For any n E N, ecc(g" ) C ecc{g"). Hence the lecc of g can also be written as 
n„6Necc(g"')- Note that ecc(5"!) D ecc(g("+i)') for ah n. If n„gNecc(g"') = {Ig}, 
then for any a E A, there is ria E N+ such that a ^ ecc((7""'). Let n > Ua for all 
a E A. Then ecc{g^ ) O A — 0, contradicting the definition of fiecc group. We thus 
have shown that (a) holds. It is clear that if g 7^ Ic is of finite order, then any lecc 
of g is also nontrivial. 

To prove (b) we assume there are infinitely many distinct lecc's in G. Then by 
Lemma fS.B.BI the pairwise intersections of these lecc's are trivial. Thus for any finite 
subset AC G — {Ig} there is g E G such that iecc{g) ^ {Ig} but lecc(sf) r\A^0. 
By an argument similar to the one in the preceding paragraph, we get that for 
some n, ecc(g" ) ^ {Ig} and ecc(g" ) D A — 0, contradicting the definition of fiecc 
group. 

(<J=) Suppose (a) and (b) both hold. Then let A C G be finite so that for any 
g E G, An lecc(g) 7^ 0. Then in fact for any g E G, AO ecc{g) 7^ 0. This shows 
that G is fiecc. □ 

Thus the terminology flecc represents the phrase that G has only finitely many 
distinct limit extended conjugacy classes. It does not appear that this concept has 
been studied before. The rest of this section is devoted to a study of this concept. 

Next we give some further characterizations of flecc groups. For simplicity we 
use Z* to denote the set Z — {0}, the set of all nonzero integers. We also use ~ 
to denote the conjugacy equivalence relation in the group G, i.e., 5 ~ iff there 
is h E G such that g' = h^^gh. Using this notation, we can express the fleccness 
of G as there being a finite set ^ C G of nonidentity elements such that for any 
nonidentity g E G there is z € Z with g^ ^ a for some a E A, i.e., any nonidentity 
element of the group has a power which is conjugate to some element of A. 

We also note the following characterization of nontriviality of lecc. 

Lemma 8.3.5. Let G be a group and g E G of infinite order. Then lecc(g) 7^ 
{Ig} iff 3k G Z* Vn G Z* 3i E Z* (g™ - g''). 

Proof. Let g E G have infinite order, and suppose lecc(g) 7^ {Ig}- Let 
h E lecc(g) - {Ig}. Since h E flnGNeccCg"), we have Vn E Z* 3i E Z* (g™ - h). 
In particular, h is conjugate to a power of g. Let g'^ be such a power. Then 
Vn G Z* 3i G Z* (g™ ^ /i ~ g''). Conversely, suppose A: G Z* is such that 
Vn E Z* 3i E Z* (g™ - 5'=). Then 5'= ^ Ig and 5^= G n„eNecc(5"). Thus 
lecc(5) ^ {Ig}. □ 
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When we try to determine whether a given group is flecc, it is easier to consider 
the elements of finite order and those of infinite order separately. Note that the 
lecc classes of the elements of finite order are just the conjugacy classes of elements 
of prime order. Thus in a flecc group there are only finitely many conjugacy classes 
among the elements of prime order. We have the following alternative characteri- 
zation. 

Proposition 8.3.6. A group G is flecc iff all the following hold: 

(1) There are only finitely many conjugacy classes among the elements of 
prime order. 

(2) For every g Cz G of infinite order we have: 

3k e Z* Vn eZ* 3ie Z* (.g*" - 5'=) 

(3) There is a finite set A of elements of infinite order such that for any g € G 
of infinite order there is an a € A and i,m € Z* such that g^ ~ a™. 

Proof. This is immediate from Proposition l8.3.4] and Lemma [8.3. 51 Only 
note that in ([3]) we may take m = 1. 

(<J=) Assume ([2]) and ([3]). It suffices to verify that there is a finite set B C G 
of elements of infinite order such that for all g S G of infinite order there is i G Z* 
such that 5' ~ b for some b ^ B. For this, let A — {ai, . . . , ajv} be given as in ([3|). 
For each Oj S A, let kj G Z* be given as in ©. Set B = {aiS . . . , aj^f }. We check 
that B is as required. Suppose g G G has infinite order. By ^ there is an aj € A 
and p,m E Z* such that g^ ^ a™. By (2) and our choice of kj, there is i G Z* such 

that a™ - af . Thus g'P - a™ ^ af e B. □ 

We note some basic properties of fiecc groups and give some examples of flecc 
and nonfiecc groups below. 

Any finite group is obviously a fiecc group. The following lemma gives some 
simple closure properties of the fiecc groups. 

Lemma 8.3.7. Let G, H be countable groups. If G x H is flecc then G and H 
are flecc. If G, H are flecc and one of them is finite, then G x H is flecc. Also, if 
Gn, n G N, are nontrivial, then ffinG„ is not flecc. 

Proof. Suppose first that G x H is fiecc. If g £ G, then \ecc{g) x {Ir} = 
lecc(g, lif ). It follows from Proposition 18.3.41 immediately that G is fiecc li G x H 
is. 

Suppose next that G, H are flecc and H is finite. Let Ai Q G ~ {1g} witness 
that G is flecc. Let A = {Ai x H)\J ({1g} x H — {(1g, Iff)}, so ^ is a finite subset 
of Gxi/- {(1g, Iff)}. To see ^ works, let {g,h) G G x H - {{Ig,Ih)}- If.g= 1g, 
then h ^ 1h and so (1, h) is an element of A. li g ^ Igj then for some i and g' G G 
we have g'~^g'g' = ai e A^. But then (5', lff)-i(g, Iff) e A. 

To see the last statement, suppose that G = ©„G„, where each G„ is nontrivial. 
Then for any n and 1g„ 7^ 5" e G„, lecc(5„) x Ilm^nilG™} is an lecc in ©„G„. If 
any of them is trivial, ©nG„ is not flecc. Assuming all of them are nontrivial, then 
there are infinitely many distinct lecc's in ®nG„, so again ®nG„ is not flecc. □ 

Among countably infinite groups, the simplest example of a flecc group is the 
quasicyclic group Z{p°°). The fact that it is flecc is straightforward to check. The 
group Z, however, is not flecc. The following proposition completely characterize 
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abelian flecc groups. Note that this class of groups coincide with the class of all 
abelian groups with the minimal condition (c.f. [R] Theorem 4.2.11). 

Proposition 8.3.8. An abelian group is flecc iff it is a direct sum of finitely 
many quasicyclic groups and cyclic groups of prime-power order. 

Proof. (-4=) By Lemma [8.3.71 it suffices to show that a finite product of qua- 
sicyclic groups is flecc. Consider 

G^ZipT) X ••• xZ(p^). 

Here we regard ) as the mod 1 additive group of fractions of the form ~, where 
< a < p-'. Then Z{p°°) ~ IJ^gj^ Z(p^). Since every element of G has finite order, 
and the group is abelian, we only need to verify that there are only finitely many 
elements of prime order in G. For this note that given g £ G, i.e.. 




g is of prime order iff g is of order pk for some 1 < fc < n. Moreover, assuming 
a*: 7^ —7- {ak,Pk) = 1 for all 1 < fc < n, we have that pkg = iff 

(i) for all I with I < I < n and pi =^ Pk, o,i ~ 0, and 

(ii) for all I with 1 < I < n and pi — pk, ii ai ^ then ji — 1. 

Obviously, there are only finitely many elements in G of this form. 

Assume G is an abelian flecc group. Then G can be written as the di- 
rect sum of a divisible subgroup D and a reduced group R. Recall that a divisible 
abelian group is a (possibly infinite) sum of quasicyclic groups and copies of Q. From 
Lemma [8.3.71 the sum is actually a finite sum in this case. Also by Lemma [8.3.7) 
both D and R are also flecc. Since an abelian flecc group must be a torsion group 
(by Proposition 18.3.41 (a) an abelian flecc group cannot contain an element of in- 
finite order) , it follows that the divisible group D is a direct sum of finitely many 
quasicyclic groups. It remains to show that the reduced group R is finite. Again 
by Proposition 18.3.41 i? is a torsion group. Also the primary decomposition of R 
cannot contain infinitely many summands by Lemma l8.3.7l Thus the proof reduces 
to the case R being a reduced p-group. Now the definition of flecc in the case of 
abelian p-groups is equivalent to there being only flnitely many distinct subgroups 
of order p. This implies that R is flnite, as follows. Define a relation < in i? by 
letting g < h \S pg — h. Then the transitive closure of <, still denoted by <, is a 
partial order. = 1^ is the largest element, and by the fleccness has only finitely 
many immediate predecessors. This implies that every element has finitely many 
immediate predecessors, since if pgi — pg2 then p{gi — 32) = 0. Thus < is a finite 
splitting tree. If R is infinite then by Konig's lemma there is an infinite branch, 
which implies that there is a divisible subgroup of R. But R is reduced, contradic- 
tion. Thus we have shown that an abelian fiecc group is a direct sum of finitely 
many quasicyclic groups and a finite group. A finite abelian group is a direct sum 
of finitely many cyclic groups of prime-power order. □ 

If a countable group has finitely many conjugacy classes then it is obviously 
flecc. By a well known theorem (c.f. [R] Theorem 6.4.6) of Higman, Neumann, 
and Neumann using HNN extensions, every countable torsion-free group is the 
subgroup of a countable group with only two conjugacy classes. It follows that 
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every countable torsion-free group is the subgroup of a countable flecc group. In 
fact, we have the following. 

Proposition 8.3.9. A group G is a subgroup of a flecc group iff there are only 
finitely many primes p such that G has an element of order p. 

Proof. If p, q are distinct primes, then any elements x, y of order p and q 
respectively cannot be conjugate in any group H containing G. So, if G is contained 
in a flecc group then there can be only finitely many primes p such that there is an 
element of order p in G. Conversely, suppose that there are only finitely many such 
primes. Call this set P. By Higman, Neumann and Neumann, there is a group H 
containing G such that any two elements of H of the same order are conjugate in 
H. So, for each of the finitely many primes p Cz P there is only one conjugacy class 
of elements of order p in H. Also, the HNN extension H has the property that if H 
has an element of finite order n, then so does G. Thus there are only finitely many 
conjugacy classes of elements of prime-power order in H. This shows that there 
are only finitely many flecc classes in H for elements of finite order. For elements 
of infinite order in H, just note that any two elements of H of infinite order are 
conjugate. □ 

Although the flecc groups are not closed under subgroups, we have the following 
simple fact. 

Proposition 8.3.10. IfG is flecc and H <G, then H is flecc. 

Proof. Let A C G-{1g} be finite satisfying Definition [8XT] Let A' = ACiH. 
Let 1h h E H . Then for some i e Z* and a G A, h^ ^ a E A. As H is normal in 
G, a G H , so a E A' . Therefore, A' witnesses that H is flecc. □ 

We do not know if the class of flecc groups is closed under products or quotients. 
The following is the best partial result we know of. 

Proposition 8.3.11. IfG is a flecc group and H is a torsion flecc group, then 
G X H is flecc. If T is the torsion subgroup of the flecc group G, then G/T is flecc. 

Proof. Suppose G, H are flecc and H is torsion. To show G x H is flecc, 
we consider its elements of prime order and those of infinite order separately. For 
any prime p, any element of G x i7 of order p is of the form ((7, h) where g, h have 
order 1 or p. But if 5 ~ 5' in G and h ^ h' in H, then (5, h) ^ {g' , h') in G x H. 
It follows that there are only finitely many primes p such that some element of G 
or H has order p. Since G, H are flecc, there are only finitely many possibilities 
for the conjugacy classes of g and h in G and H respectively. Thus, there are only 
finitely many conjugacy classes of elements of prime order in G x H. 

Turning to elements of infinite order, let ^4 C G be finite and consist of elements 
of infinite order such that for all nonidentity g E G oi infinite order there is i G Z 
and a E A with 5* ^ a. Suppose (17, h) has infinite order in G x 7J. Since H is 
torsion, g must have infinite order in G. Let io E Z* be such that = lu, so 
{g,hy° = 1h)- Since g^° still has infinite order in G, there is an ii E Z* such 
that {g^°y^ ~ a for some a E A. Then {g,hy°^^ ~ (a, Ir)- We have shown that 
Ax {Ih} witnesses the fleccness for elements of infinite order in G x H . 

Suppose next that T is the torsion subgroup of the flecc group G. Since G/T 
is torsion-free, we need only consider elements of inflnite order in G/T. Let AE_ G 
be a finite set of elements of infinite order such that for all 5 G G of infinite order 
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there is i G Z* and a e A with ^ a. Then A = {aT: a G A} C G/T is a finite 
set of elements of infinite order in G/T . If g = gT has infinite order in G/T , then 
g has infinite order in G and so for some i ^ 1,* we have g^ ^ a ^ A. But then 
5^ ^ a = Ta in G/T. □ 

Flecc groups are relevant to our study because of the following observation. 

Lemma 8.3.12. LetG he a countable flecc group andx e 2^. Let A C G-{1g} 
be finite such that for all g G G — {1g} there is i ^ 'L and h Cz G such that 
h~^g^h G A. Then x is a 2-coloring on G iff x blocks all s G A, i.e., for all s ^ A 
there is a finite T <Z G .such that 

Vg eG3teT x{gt) ^ x{gst). 

Proof. The direction is trivial. We only show (■<=). Assume x is not 
a 2-coloring on G. Then there is a periodic element y G [x\ with period g, i.e., 
g ■ y — y. By fleccness there is i G Z and h € G with h^^g^h G A, and we have 
(h^^g^h) ■ {h~^ ■ y) = ■ y. This means that there is s = h^^g^h G A and 
z — h^^ • y G [x] such that s ■ z — z. By Corollarv l2.2.6l a; does not block s ^ A. □ 

Theorem 8.3.13. If G is a countably infinite flecc group, then the set of all 
2-colorings on G is Yl^- complete. 

Proof. If G is a countably infinite flecc group, then the characterization in 
Lemma [8.3. 121 for the set of all 2-colorings on G is S^. By Theorem 18.2.11 this set 
is Sj-hard, hence it is Sj'Complete. □ 

This completely characterizes the descriptive complexity of the set of all 2- 
colorings for any countably infinite fiecc group. 

8.4. Nonflecc groups 

In this section we show that the set of all 2-colorings on any countably infinite 
nonfiecc group is Ilg-complete. Since the proof is rather involved, we first illustrate 
the main ideas of the proof. 

We again consider the Ilg-complete set 

P = {a G 2'^'"^ : V/c > 1 3n > /c Vto > n a{k, m) = 0} 

and define a continuous function / : 2^^^ — > 2'^ so that for any a G 2^^'*', f{a) is 
a 2-coloring on G iff a G P. To define f{a) we start with a fixed 2-coloring x on G, 
identify infinitely many pairwise disjoint fixed finite sets K^, and modify the detail 
of X on Kn according to a. When a ^ P, i.e., when there exists A: > 1 such that 
a{k, n) = 1 for infinitely many n > k, the definition of f{a) \ Kn for these infinitely 
many n > k will give rise to a periodic element in [/(a)]. Denote the period for 
this element by Sfe. We will make sure that for each n with a{k,n) — 1, some left 
translate of /(a) \ Kn already has period Sk- On the other hand, when a G P, we 
need to make sure that /(a) blocks all nonidentity s G G. Thus in the situation 
a{k, n) = 1 but a(l, n) = ■ ■ ■ = a{k — 1, n) = 0, we will make sure that /(a) blocks 
enough s, e.g. all s G Hk-i. In particular f{a) \ Kn blocks all s G Hk-i- Putting 
the two requirements together, when a{k, n) — 1 and a(l, n) = • • • = a{k—l, n) — 0, 
we need some left translate of /(a) I" Kn to have a period (with Sk not depending 
on n) and at the same time to block all s G Hk-i. In the following we first focus on 
showing that it is possible to construct such partial functions for nonflecc groups. 
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The next two theorems produce, for any countable nonflecc group G, a periodic 
element of 2*^ that blocks a specific finite subset of elements in G. The method 
of proof is a variation of the fundamental method: we first create some layered 
regular marker structures, then use a membership test and an orthogonality scheme 
similar to the proof of Theorem l6.1.1l The following theorem constructs the marker 
structures. These marker structures use objects Ti which play roles similar to the 
sets Ai used in blueprints. For clarity, in the rest of this section we do not use the 
abbreviated notation but instead write out n i^„. 

Theorem 8.4.1. Let G be a countable nonflecc group, (A.„,i^„)„gN a centered 
blueprint, k > 1, and A (- G a finite set with FkFjT^ C A. Suppose for any 
i < j < k and g € G, if gFi r\ Fj ^ then gFi n (A^ n Fj)Fi ^ 0. Then there is 
Sk G G and a sequence {Ti)i<k of subsets of G such that 

(i) 1g G r.; for all i < k; 

(ii) for all i < k, Fi+i C Fj/ 

(iii) for all i < k, the T i-translates of Fi are maximally disjoint within G; 

(iv) for all g e G and I G Z* , g~^s[g ^ A - {1g}; 

(v) for alii <k and g G G, g GT^ iff s^g G F^; 

(vi) for alli<j <k and S G F^-, F^ n SFj = (5(A,; n Fj); 

(vii) for all i < j < k, ^ Cz Ti, and 5 G Fj, if^Fi D SFj ^ 0, then ^Fi C 5Fj. 

Proof. Since (A„,i^„)„gN is centered, we have (A„)„gN is decreasing, with 
1g G A„ for all n G N. 

Let Ao = A — {1g}- Since G is nonflecc, there is Sk E G ~ {1g} such that for 
all 5 G G and / G Z, g~^s\g ^ Ao. Fix such an Sk- Then (iv) is satisfied. Next we 
define Tk-j by induction on < < fc. Fix an enumeration 1g = go^gi, ... of all 
elements of G. 

We first define F^ in infinitely many stages. At each stage m G N we define a 
set Tk,m, and eventually let F^ = [J^ Tk,m- The sets Tk^m are defined by induction 
on m. For m = let F^^o = (sfc). In general suppose Tk^m is already defined. If 
there is an n such that gnFk H Tk.mFk — 0, let n„j be the least such n, and let 
Ffc,m+i — Tk,m'^{sk)gnrn- Otherwise let Tk,m+i — Tk,m- This finishes the definition 
of Tk.m for all m, and also of F^. 

It is obvious that 1g G F^. Also obvious is that (sfc)Ffc^„i = Tk^m for all m, and 
therefore (sfc)Ffe = F^, and (v) holds for F^. Before defining F^, i < k, we verify 
that (iii) holds for F^. 

First we show by induction on m that the F^ .^-translates of Fk are pairwise 
disjoint. For m = this reduces to the statement that for all I ^ r £ Z, s\Fk H 
sj^.Ffc = 0. Since FkFjT^ C A, we have this required property by (iv). In general 
suppose all F^.m-translates of Fk are pairwise disjoint. Suppose also Tk,m+i = 
Ffc^m U {sk)g„^. Then by (iv) we have that s[gn^Fk n slgn„,Fk = for ah I ^ 
r G Z. Also, since gn^Fk H Tk,mFk — and {sk)Tk,m — Tk,m, we have that 
{sk)gn^FknTk,mFk — 0. This shows that the Ffc_m+i-translates of Fk are pairwise 
disjoint. It follows that the F^-translates of Fk are all pairwise disjoint. To see 
that the F^-translates of Fk form a maximally disjoint collection, simply note that 
if gmFk n FfcFfc = 0, then m < Um, contradicting the definition of Um- We have 
thus defined F^ to satisfy all requirements (i) through (v). 

The version of (vi) that makes sense so far states that for all 5 G F^, TkOSFk = 
(5(Afc n i^fc), which is trivially true since both sides of the equation are the singleton 
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{S}. The version of (vii) that makes sense so far states that ii j,6 € Tk and 
jFt n SFk ^ then jFk C SFk. This follows immediately from the disjointness 
of Ffe-translates of F^. In fact, under the assumption we have 7 = 5 and therefore 
iFk = 5Fk. 

In general, suppose Fj+i, . . . have been defined to satisfy (i) through (vii), 
we define Fj D Fj+i as follows. By induction on m G N we define two increasing 
sequences Si^m and Fj^^, and then take Fj = IJ^ Ti,m- For m = let 

Sifi = Fj+iFj+i U • • • U FfeFfe 

and 

r^.o = ri+i(Ai n f.+o u • • • u Ffe(A, n Fk). 

In general suppose Si^m and F^^^ have been defined. If there is n e N such that 
gnFi n Si^m = 0; then let be the least such n, and let 

and 

rz,m+l — Tj^^ U {^k^fjnm' 

This finishes the definition of Si^m and Fj^^ for all m, and hence that of Fj. 

We verify that (i) through (vii) hold with this inductive construction. Since 
If; G Aj n -Fi+i, we have that Fj D F^.q ^ F;+i. It follows that (i) and (ii) hold. 
Also obvious is that (sfe)5'i,m = Si^m and (sfc)Fj^„ = Fj^^, and (v) follows for Fj. 
Next we proceed to verify (iii), (vi) and (vii). 

To show that all Fj-translates of Fj are pairwise disjoint, it suffices to show that 
all Fj_o-translates of Fj are pairwise disjoint, since then the argument as above will 
show inductively that the Fj^m-translates of Fj are pairwise disjoint for all m > 0. 
Note that for all i < j < k, the (Aj n F^ )-translates of Fj arc pairwise disjoint and 
are contained in Fj by the disjoint and coherent properties of a blueprint. Since all 
Fj-translates of Fj are pairwise disjoint, it follows that all Fj(Aj n Fj )-translates 
of Fj are pairwise disjoint. Next suppose i < j < j' < k, 

7 e Tj, 5 e Aj n Fj, i e Vy, 5' e Aj n Fj,, 

and 7(5F, n ^fh'Fi ^ 0. We need to show that 7(5 = ^b' . 

Note that (5Fj C Fj and J'Fj C Fj, , so we have that -(Fj n 7'F,v ^ 0. By the 
inductive hypothesis (vii), 7Fj C i Fy . Thus 7 e F^ n7'F,- = 7'(Aj n Fj,) by the 
inductive hypothesis (vi). This means that there is 77 G Aj nFj/ such that 7 = ^'t]. 

Now 7(5 = i^b G Fj/(Ai n Fj,). This is because -qb G Aj(Ai n Fj) C A, and 
7/(5 G r]Fj C Fj/ by the coherent property of the blueprint (A„,F„)„£n. Since the 
Fj/(Aj n Fj/ )-translates of Fj arc pairwise disjoint, wc have 7(5 = 7'(5' as needed. 

Next we verify that the Fj-translates of Fj are maximally disjoint within G. For 
this assume 5 G G is such that ^iFj n FjFj = 0. We claim first that gFi n 5j,o 7^ 0- 
Otherwise gFi n S'j.o = 0. Let g = g„i. Then m < nm, contradicting the definition 
of Um- Now suppose j > i and gFi f) TjFj ^ 0. By the assumption of the theorem 
gFi n Fj(Aj n Fj)Fj ^ 0. Thus there is 7 G Fj(Aj n Fj) C Fi,o C Fj such that 
^Fj n 7Fj 7^ 0. a contradiction. 

Now the inductive version of (vi) to be verified states that if j is such that 
i < j < k and 5 G Fj, then Fj n SFj = 6{Ai fl Fj). li j = i then this is trivially true 
since both sides of the equality are the singleton {5}. Wc assume j > i. By our 
definition (5(Aj fl Fj) C Fj^O) and thus (5(Aj fl Fj) C Fj n 6Fj. Conversely, suppose 
7 G Fjfi^Fj. Then ^"^7 G Fj and in particular 5~^7FinFj ^ 0. So by assumption 
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on the blueprint, S~'^-fFi n (Ai n Fj)Fi ^ and hence jFi n S{Ai n Fj)Fi ^ 0. 
However, 7^ g and (5(Ai n i^j) £ Fi, so 7 G S{Ai D Fj) since the Fi-translates of 
Fi are disjoint. Thus Fj n (5Fj C S{Ai n i^^) and Fj n SFj = (5(Aj n F^), estabhshing 
(vi). ^ 

Finally we verify the inductive version of (vii) which states that if j is such that 
i < j < k and 7 G F;, (5 € F^, and jFi n SFj ^ 0, then 7^; C SFj. For j = i this 
follows immediately from the pairwise disjointness of F^-translates of Fi. We assume 
j > i. Since SFj C Sifi, we have that 7 £ Fj,o- Thus there is j' with i < j' < k 
and (5' e Fj' such that 7 e (5'(Ai n Fji). Let j' be the smallest such index. By the 
coherent property of the blueprint (A„, Fn)n&i we have ^Fi C 5' Fjt . If j' < j then 
by the inductive hypothesis we have S'Fjr C SFj since S'Fjr DSFj D jFi DSFj ^ 0. 
It follows that jFi C 6Fj as we needed. If j' > j we have SFj C (5'Fj' from 
the inductive hypothesis again since SFj D S'Fj' D SFj D jFi ^ 0. In particular 
S £ S'F.y. By (vi) S £ (5'(Aj nFjO- Now (5'-i(5 e Aj nf^v and (5'-i7 G AiHF^,, and 
S'~^SFj n S'~^'yFi 7^ 0. By the coherent property of the blueprint (A„, F„)„gN, we 
conclude that 5'~^^Fi C S'~^SFj, and therefore 7^^ C JFj as we needed. □ 

Note that the assumption in the above theorem is true for the blueprint con- 
structed in Theorem IS .3 . 31 (clause (2) in that proof). Thus it does not lose generality 
to assume that all blueprints we are working with have this property. In fact the 
sequence (F^, Fi)i<ck satisfies all axioms for a centered and maximally disjoint blue- 
print except that the length of the sequence is finite. 

The next theorem gives the promised periodic element blocking a finite set of 
elements. The proof uses F^ membership tests that are taken directly from the 
proof of Theorem 15.2.51 It also employs a coding technique similar to the proof of 
Theorem 16.1.11 

Theorem 8.4.2. Let G be a countable nonflecc group, (A„,i^„)„gN a centered 
blueprint guided by a growth sequence (i?„)„£N with 71 = Iq, R : Hq -> 2 a 
nontrivial locally recognizable function, k > 1, and A C G a finite set. Let — 
Hn U H^^ for all 71 G N. Assume that 

(a) for all i < k, Mf C H,+i; 

(b) for all i < k, \Ki\ > 231og2 \Mi\; 

(c) Mf C A; 

(d) for any i < j <k and g e G, if gF., f] Fj ^ then gF^ f] (A^ n Fj)Fi ^ 0. 

Let Sfe G G and Ti, i < k, satisfy the conclusions of Theorem \8.4-l\ Then there is 
Xk G 2'-^ such that 

(i) SjT^ • Xk = Xk, i.e., for all g G G, Xk{skg) = Xk{g); 

(ii) for all 1 < i < k, Xk admits a simple Ti membership test with test region 
a subset of Fi ; 

(iii) Xk is compatible with R, andxk{g) = 1 — R{1g) for all g £ G—Ti{FoUDl); 

(iv) for all i < k, if G F^ and 7' G jMf^, then there is t £ Fi such that 

Xki^t) ^ Xkil't). 

Proof. Let D = G — Ui<i<fc ^i^ibi-i- The displayed union in the equality is 
disjoint. Note that {sk)D = D. Since (Fi,Fi)i<fe satisfies all conditions required of 
a pre-blueprint for i < k, a definition of Xk on D can be made in the same fashion 
as in the proof of Theorem 15. 2. 51 This ensures (iii) by clause (iv) of Theorem 15. 2. 51 
and the assumption -fi — Iq. Also Xk \ D admits a simple F^ membership test for 
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i > I, with test region a subset of Fi, by clause (ii) of Theorem 15.2.51 In fact, aU 
conclusions of Theorem 15 . 2 . 5 1 are true for n < k. Since {sk)Ti = Ti for all i < k,hy 
Theorem 15.2.51 (vi) and (vii), Xk{skg) = Xk{g) for all g £ D. 

To define Xk on G — D we use the technique presented in the proof of Theo- 
rem 16.1.11 For each 1 < i < k let Ri be the graph with vertex set and edge 
relation given by 

(7,7')eS(fi.) ^ 7'e7Mf . 

Since = Mi, E{Ri) is a symmetric relation. A usual greedy algorithm gives 

a graph theoretic {\Mi\'^'^ + l)-coloring of R,, fi, : T, -> {0, 1, . . . , |Mip3}. We 
claim that can be obtained so that iJ.i{sk^) = ^^(7) for all 7 € F^. To see this, 
apply the greedy algorithm in infinitely many stages as follows. Enumerate all 
elements of F^ as Iq — 7oj7i, • • ■ ■ At stage m = 0, let Sq = {sk)lo, assign /ii(7o) 
arbitrarily, and then let lii{s^klo) ~ l^iilo) for all I G Z. Since for any g € G and 
Z e Z*, g-^sig ^A- {1g} and Mf C C A, we have g-^sig ^ Mf - {la}. 
It follows that for any I ^ r e Z, (si7o,Sfc7o) ^ E{Ri). In general suppose Sm, 
and /ii \ Sm have been defined. We define Sm+i by induction. If there is n 
such that 7„ ^ iSm, let Um be the least such n, and let Sm+i = Sm U {sk)jn^- 
Define Aii(7n„. ) arbitrarily using the greedy algorithm: since jn„, has at most IMip"^ 
many adjacent vertices there is some v G {0, 1, . . . , |Mi|23} such that by assigning 
fJ-iijum) — V the resulting function is a partial graph-theoretic coloring. Arbitrarily 
choose such a v, and let /ij(si.7n„) — v for all I G Z. By a similar argument as 
above, (Sfc7n,„, Sfc7n,„) ^ E{Ri) for any / 7^ r G Z. Suppose (sfe7n,„,V') G E{R{) 
for some ^ G Z and V G Sm- Then (7n„,Sfe''0) ^ E{Ri), where s^V G '5'm since 
{sk)Sm = Sm- By induction = iXi{s~^^ ii)) . Thus 

We conclude that \ Sm+i is a partial graph-theoretic coloring. To summarize, 
we have defined on all of F^ so that ^i(skj) — lJ-i{"f) for all 7 G F.^. 

The rest of the proof follows that of Theorem lG.l.ll We thus constructed Xk to 
satisfy (i) through (iv). □ 

Again, the assumptions of the theorem are easy to arrange. Growth sequences 
satisfying (a) and (b) can be obtained by CoroUarv I5.4.8[ since |Af„| < 2|i/„|; 
condition (c) is simply a largeness condition for the finite set A; blueprints satisfying 
(d), as we remarked before, arise from the proof of Theorem l5.3.3l One might have 
noticed that some of these hypotheses are not needed in the theorem. They will be 
only needed in some of our later proofs, but we state them here just to keep our 
assumptions about the blueprint explicitly isolated. 

We note the following corollary of the proof of Theorem 18.4.21 

Corollary 8.4.3. Let G be a countable nonflecc group and A ^ G ~ {1g} &e 
finite. Then there is a periodic x G 2'~^ which blocks all elements of A. 

For the convenience of our later arguments we also note some finer details 
of the Fj membership test constructed in the above theorem. By the proof of 
Theorem I5.2.5[ we have the following "standard form" of the membership tests. 
For the Fi membership test, we have 



ffGFi ifltV/GFoXfe(g/)=i?(/). 
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Note that here we used the hypothesis that 71 — la- The general Ti member- 
ship test for i > 1 is defined by induction on i with test region Vi — 7i(Vi-i U 
{ai_i, Specifically, for i > 1, 

g e iff gji e r^^i a Xkigjtai^i) = Xkigjibi^i) = 1. 

An important feature of these membership tests is that they only depend on the 
locally recognizable function R and the blueprint (A„,F„)„gN. In particular, they 
do not depend on the number fc > 1. In other words, if A: ^ fc' > 1 and if the above 
theorem is applied to k and fc' respectively, with the same locally recognizable 
function R and the same blueprint (A„,F„)„gN, then the resulting membership 
tests take the same form. This point will come up in the proof of our main theorem 
below. 

In the proof of our main theorem only a finite part of Xk will be used at each 
stage. However, we need such finite parts to maintain their integrity when it comes 
to Ti membership tests for i < k. For this purpose we define the following saturation 
operation for finite sets. Given a finite set B C G, let 

sato(S) - [j{jFo : 7 e To, 7^^o n S ^ 0} 

and 

satfe(S) = sato(S) U [J{Ti Ci sa.to{B))Fi. 

i<k 

It is important to note that B is not necessarily contained in either sato(-B) or 
satA:(i3), but BnTo^o C sato(i?) by definition. Moreover, sdXk{B) has the obvious 
property that for all 7 € Fq, if 7F0 n B 7^ then 7F0 C satfe(i3). We also have the 
following strengthened property. 

Lemma 8.4.4. For all i < k and 7 e Fj n satk{B), ^Fi C s.aXk{B). 

Proof. Fix i < k and 7 e Fj n satfc(i3). If 7 G sato(i?) then 7 e F^ n sato(i?) 
and therefore jFi C sa,tk{B) by definition. Suppose instead 7 G (Fjnsato(-B))^} for 
some j < k. Then there is some S ^ Tj O sato(i3) such that 7 g SFj. If j > i, then 
by clause (vii) of Theorem 18.4.11 tK- C SFj, and therefore jFi C SFj C sa,tk{B) 
by definition. If j < i, then by clause (ii) of Theorem 18.4.11 ^ G F^-. Since the 
Fj-translates of Fj are pairwise disjoint, we have 7 = This means that S € Ti, 
and so jF, = SFi C (F^ n sa.to{B))F, C satfe(B). □ 

For any n > k, we also define 

Kn,k = satk{M„MiMi_^ . . . M3), 

where Mi = U H~^, and define xJJ = Xk \ Kn.k- will be the finite part of Xk 
used in our main construction. 

In our main construction the background will be colored differently from some 
translates of the regions K^.k- However, in the coloring of both parts we use some 
blueprint and some membership test for center points. To make the membership 
tests distinct we need the following lemma similar to Proposition 16.2.11 

Lemma 8.4.5. Let G he a countably infinite group, B Q G a finite set, and 
Q : B ^ 2 any function. Then there exist a finite set A D B and two nontrivial 
locally recognizable functions R, R' : A ^ 2 both extending Q such that for all 
x, x' e 2'^ with x\ A = R and x' \ A = R' , 

VgeABheA x{gh) ^ x'{h) 
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and 

\/geA3heA x'{gh) ^ x{h). 

Proof. The proof is also similar to that of Proposition 16 . 2 . ll For clarity we 
give a self-contained argument below. By defining Q{1g) = if necessary, we may 
assume Iq G B. Set Bi — B. Choose distinct elements a, 6, a', b' G G — Bi and 
set B2 = Bi U {a, b, a', b'}. Next chose any c € G - {B2B2 U B2B2^) and set 
B3 = B2U {c} = BiU {a, b, a', 6', c}. Let A = B^B^. Define i? : ^ -> 2 by 

(Q{g) if .9 6 Si 

R( )^\ ^''^^^ if <?e {a,6,c} 
|1-Q(1g) if<?e{a',6'} 

R' is similarly defined, with the role of a, b and respectively of a', b' interchanged. 
Thus for all g ^ A - {a, 6, a', 6'}, R{g) = and for g e {a, 6, a', 6'}, = 

1 — R'{g)- It is obvious that both i? and R' are nontrivial (Definition l5.2.2p . 

We claim that for any nonidentity g d B3, at least one of a, 6, or c is not an 
element of gB^. To see this, consider the following cases. Case 1 : g E B2- Then 
c ^ .9^2 C B2B2 and c ^ gc since g ^ Iq. Thus c ^ 5i?3. Case 2 : g G B^ — B2 = 
{c}. Then g — c. Since c ^ i?2S^^, we have a, 6 ^ cB2- If a, e ci?3 then we must 
have a = = b, contradicting a ^b. We conclude {a, 6} ^ cBa = 

By symmetry we also have that for any .9 e -B3, at least one of a', 6', or c is 
not an element of gBj,. 

We verify that R is locally recognizable. Towards a contradiction, suppose 
there is j/ € 2*^ extending i? such that for some Iq 7^ .9 G A, y(g/i) = y{h) for all 
/i S A. In particular, y{g) = ?/(1g) = ^(1g) so 9 e B-^. By the above claim we 
have {a, &, c} % gBs C A, but {a, 6, c} C {/i g .4 | = ^(Ig)} C B3. Therefore 

|{/^ G i?3 I y(5/^) = 2/(1g)}| <\{heA\ y{h) - y(lG)}| 

= \{h G i33 I = y(iG)}| = e 53 I y(<?M = 2/(1g)}|, 

a contradiction. 

A symmetric argument with a, 6 replaced by a', 6', respectively proves that R' 
is locally recognizable. 

To complete the proof of the lemma, we let x, x' G 2*^ extending R, R' , respec- 
tively, and toward a contradiction assume that for some g G A, x{gh) = x' {h) for all 
h& A. Since R ^ R' we know that g ^ Xq. Since R[g) = = x'(1g) = (9(1g), 
we also know that g E B3. Again we have {a, b, c} % gB^ C A, and therefore 

\{h G Bs I a;(.9/i) - Q(1g)}| <\{hGA\ x{h) - Q(1g)}| 
= \{heA\ x'ih) = Q(1g)}| = \{h G B3 I x'ih) = Q{1g)}\ 
= \{heB3\xigh)^QilG)}\, 

a contradiction. Finally a symmetric argument gives that for all g G A there is 
h G A such that x'{gh) 7^ x{h). This finishes the proof of the lemma. □ 

We are now ready to prove our main theorem of this section. 

Theorem 8.4.6. Let G be a countable nonflecc group. Then the set of all 
2-colorings on G is Tl'^-complete. 
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Proof. Let Ho (- G he a, finite set with 1g G Hq, and R,R':Ho^2 be 
two distinct nontrivial locally recognizable functions given by Lemma 18.4.51 with 
R{Ig) = R'{^g) — 1- Let (_ff„)„gN be a growth sequence with the additional 
properties that, for all n e N, letting M„ = U H~^, 

(1) Af4ci/„+i; 

(2) Af3M3_i...A./3cff„+i. 

Such sequences are easy to construct. Let (A„,i^„)„gN be a centered blueprint 
guided by (i/„)„gN, with 71 = Ig, such that 

(3) for all neN, |A„| > 231og2 |M„| + 1. 

The existence of such blueprints follows from Corollary 15.4.81 since |M„| < 2|i/„| 
for all n e N. The construction of the blueprint (A„,F„)„gN follows the proof of 
Theorem 15. 3. 3[ and therefore we have 

(4) for aU i < j and g e G, if gF, n Fj ^ 0, then gFi n (A., n Fj)F, ^ 0. 

Now apply Theorem 16.1.51 to obtain a strong 2-coloring z e 2*^ fundamental with 
respect to (A„,i^„)„gN and compatible with i?'. 

For each n > 1, let Kn = M^. Fix an enumeration of G — {1g} as (Ti, (72, . . . so 
that each s G G — {1g} is enumerated infinitely many times. We inductively define 
two sequences (7r„)„>i and {wn)n>i of elements of G so that 

(5) for all n ^ m G N, the sets 7r„Jsr„, TTmKm, o-„w„}, and {wm, cTmWm} 
are pairwise disjoint; 

(6) for all n > 1, z{wn) 7^ z{anWn); and 

(7) for aU 1 < n < n', nnK^M^^ n 7r„'ii:„' = 0. 

For n = 1 let TTi = Ig. Since 2; is a strong 2-coloring, there are infinitely many 
w & G such that z{aiw) 7^ z{w). Let wi ^ TTiii'i U ct^^ttiKi be such a w. Then 
wi,aiwi ^ TTiKi. So {wi, aiWi} CiTTiKi = 0. In general suppose 7r,„ and have 
been defined for all 1 < m < n to satisfy (5) through (7). Let 

l<m<n 

Then B is finite and we may find 7r„+i ^ BK^^^ and Wn+i ^ {lG,cr^^}(S U 
TTn+iiCn+i). Then we have that iVn+iKn+i D B = and {wn+i, o-n+iWn+i} n{BU 
TTn+iKnJ^i) = 0. Therefore the sequences are as required. 

For each A; > 1 we apply Theorem l8.4.1l with A = M^^ to obtain an Sk G G and 
a sequence {Ti)i<k- Note that Sk only depends on k. The sequence {Ti)i<k also 
depends on k. However, for simplicity we will not introduce k into the notation. The 
reader should be aware that at various places we might be referring to different F^'s 
coming from different k values. With k fixed we continue to apply Theorem 18.4.21 
to obtain Xk compatible with R. For n > k, we also defined the set Kn^k and 
= Xk \ Kn k- Note that by (1) and (2) above, 

Kn,k = satfe (M„M3 . . . M3) C (Af„M3 . . . M^)F^'FoFk 

C MnMk+iMi C M3 C Kn. 

We are finally ready to define a continuous function / : 2^^^ — > 2*^ so that 
/(a) is a 2-coloring on G iff a G P, where 

P = {a G 2^^^ : yk>13n> kym>n a{k, m) = 0}. 
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Given a € 2^""^^ we let f[a){g) = z{g) if g ^ Un>i '^nKn- Then for each n > 1, 
/(a) \ -KriKn win be defined according to the values a(l, n), . . . , a{n, n), as follows. 
Let 1 < fc < n be the least such that a{k,n) — 1. If fc is undefined then we 
define f(a){g) — z{g) for all g € 7r„_?C„. Suppose k is defined. Then we let 
/(a)(7r„5) = x'^ig) for all g £ K,i,k- For g e 7r„(X„ - Kn,k), if .9 ^ Ao-Fq then note 
that z{g) = and we let f{a){g) = as well. If 5 € 7r„(_ft'„ — Kn^) but g G Aoi^o, 
let 7 G Ao be the unique element such that g £ jFq. If 7F0 n Tin Kn,k — we let 
f{a){g) — z{g), otherwise let f{a){g) = 0. Note that in case 7F0 n 7r„if„,fe ^ 0, 
we have 

and therefore /(a) \ 7F0 is well defined. This finishes the definition of /(a). 

It is obvious that each f{a) e 2^ and it is routine to check that / is a continuous 
function. We argue first that if a ^ P then /(a) is not a 2-coloring. Assume a ^ P. 
Let k > 1 he the least such that for infinitely many n > k, a{k,n) = 1. Let hq 
be large enough such that for all 1 < i < fc and n > ng, a{i,n) = 0. Then for 
infinitely many n > hq, k is the least m such that a{m,n) = 1. By the definition 
of f{a), for infinitely many such n > k, /(a)(7r„(7) = x'^{g) for g € Kn.k- In 
other words, for infinitely many n > k, (tt"^ • f{a)) \ Kn,k — x^- We claim 
that (tTjY^ • /(a)) \ = Xk \ H^. This implies that x^ G [/(a)]. Since Xk is 
periodic, /(a) is not a 2-coloring. To prove the claim, fix such an n > fc and let 
g G Hn- If 5 G Kn,k then there is nothing to prove. Assume g ^ Kn^k- Since 
the Fo-translates of Fq are maximally disjoint within G, there is 7 G Fq such that 
gFo n 7^0 7^ 0- For any such 7, we have 7 G gFoF^^ C HnF^F^^ C Kn, and 
therefore 7F0 Q Kn^k- This implies that g ^ Fo^o- It follows from our definition 
of /(a) that f(a){-Kng) = 0. Also by Theorem [8X2] (iii) we have x^ig) = 0. This 
completes the proof of the claim, and hence we have shown that if a ^ P then /(a) 
is not a 2-coloring. 

The rest of the proof is devoted to showing that if a G P, then f{a) is a 2- 
coloring. We first note that for any n > 1, since WmOnWn ^ [Jm>i^"iKm, we 
have f{a){wn) — z{wn) 7^ z{anWn) — f(a){anWn)- Thus in particular /(a) is 
aperiodic. By Lemma [2.5.41 to show that /(a) is a 2-coloring it suffices to show 
that it is a near 2-coloring. Fix a G P and any i > 1. Fix any s € Hi with 
s 7^ Iq. Let no > z be large enough such that for all n > uq and 1 < j < i, 

n) = 0. Let S = Ui<,„<„o ^^mKm and T = M/ip,. We verify that /(a) nearly 
blocks s by showing that for aU g ^ SFf^ FiF~^{lG, s~^} there is i G P with 
/(«)M)y^/(a)(.gt). 

To simplify notation denote f{a) by y. Also denote, for A: > 1, 

Nk = {n > I : n > k and k is the least to with q;(to, ?i) = 1} 

and 

Xk = |J{7r„X„,fe : n G iV^}. 

Then ATfe is the set on which the definition of y is given by the periodic element Xk ■ 
Let 

N^\jNk and X = \J Xk. 

k>l k>l 

Then N contains (and is most likely equal to) the set of all n > 1 such that 
y \ TT„Kn ^ z \ TTnKn- Note that Nk DNk' ^ and Xk D Xk' ^ for k ^ k' > 1. 
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For a fixed fc > 1, if < fc, we define 

r* = |J{7r„r, nXk : ne Nk}. 

Then T*Fj C Xk by tlie definition of K^^ and Lemma [8A4l By Tlieorem l8X2l 
elements of F*, j > 1, satisfy a simple membership test induced by R with test 
region a subset of Fj. Moreover, by the remark following Theorem 18.4. 2[ these 
membership tests do not depend on k since they are obtained from applying Theo- 
rem l5.2.5] bv using the same locally recognizable function R and the same blueprint. 
In other words, if fc 7^ A;' > 1 and j < k, k' , then the membership tests for elements 
of T j in the constructions of Xk and Xk' take the same form. For this reason, and 
for simplicity of notation, we refrained from mentioning k in the notation F* . We 
will refer to the membership test involved as simply the T j membership test. 
For any j € N define 

A* = {7 e Aj : iFjHX^ 0}. 

In particular, if A: > 1 and j < k, then A*Fj n Xk — 0. Since the construction of 
the strong 2-coloring z also comes from the proof of Theorem 15.2.51 by using the 
same blueprint, elements of Aj, j > 1, satisfy a similar simple membership test (for 
z), except it is induced by R' instead, also with test region a subset of Fj. We refer 
to it as the Aj membership test. 

We remark that the Aj membership test (for z) takes exactly the same form as 
the Fj membership test (for any Xk with k > j), except that instead of the locally 
recognizable function R we use R' . Since R and R' are distinct, the Fi membership 
test (for any Xk with A; > 1) and the Ai membership test (for z) are different. For 
j > 1, the F-,- (Aj) membership test is constructed by the same induction using Fj_i 
(Aj_i) membership tests. Hence the F^ membership test and the Aj membership 
tests are also different. 

We note that elements of A* satisfy the Aj membership test on y. Conversely, 
we do not necessarily have that elements satisfying the Aj membership test on y 
must be in A*. Instead, we note that if 5 S G is such that gFj Ci X = and g 
satisfies the Aj membership test, then g G A*. This is easily seen by induction on 
j > 1. When j = 1 we assume gFiDX — and g satisfies the Ai membership test, 
which is y{ga) — R'{a) for all a G Fq. By the properties of R' and our definition of 
y, g £ Ai. Since gFi H X — 0, we have (7 € A*. The proof of the inductive step 
follows routinely from the definition of the Tj membership test. 

We now claim that for any j > 1 and g G G, g G T* iS g satisfies the F^ 
membership test in y. In other words, the F* membership test on y takes exactly 
the same form as the F^- membership test on Xk for k > j. We first verify this claim 
for j = 1. Thus we are to show that g G Tl iS g satisfies the Fi membership test in 
y. The nontrivial direction is to show that if g satisfies the Fi membership test, then 
g GTI. Since y{gf ) = R{f ) for all / € Fq we in particular have y{g) — R{Ig) — 1- 
If g ^ X, then since y{g) — R{1g) = 1 we must have that g G jFq for some unique 
7 G Aq. From the definition of y we cannot have that 7^0 O X ^ as otherwise 
2/(5) = 0- So, y \ 7F0 = z \ -fFo. But then if follows from Lemma IB. 4. 51 that g 
cannot satisfy the Fi membership test in y. So, we may assume g G X. We may 
therefore assume g G Xk for some fc > 1. Fix n > k such that g G T^nKn,k- Since 
y{g) = 1 we have that for some 7 € Fq that g G iTn'jFo. By the 0-saturation of 
Kn,k we have that iTnjFo C WnKn^k- We must have that g = 7r„7 and 7 S Fi as 
otherwise g would not pass the Fi membership test in y (c.f. Lemma 15. 2. 3|) . To see 
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this, note that if 7 ^ Fi, then since y{g) = 1 we have 7 — j'S for some 7' G Fi and 
(5 e I?g — {1g}- Also in this case we must have g — nnj'S as y{g) = 1. However, on 
the one hand, g satisfies the Fi membership test, which means that for all / € Fq, 

y{gf)^Xk{n-'gf) = R{f). 

On the other hand, for any 7' e Fi and S E Dq—{1g} = Dq — {71}, the construction 
of the Fi membership test using Theorem 15.2.51 gives that 

\{feFo : a;fe(7',5/) = i?(lG) = 1}| < 1. 

Since R is nontrivial, it follows that TT^^g ^ i'{Dq — {Iq})- Thus we must have 
'^n^g e for 7 e Fi. Since 7r,7\g e Kn,k, 7 ^ F^. As 7r„7Fo C WnKn^k by 0- 
stauration, we have that y \ iTn^Fo — Xk \ 7r„FJo- Since R is locally recognizable, 
we have g = 7r„7 GT^, as required. 

Suppose next that j > I and g passes the Tj membership test in y. Since 
g also passes the Fi membership test we have that 3 G FJ, say g = 7r„7 where 
7 e Fi n Kn^k- Suppose first that j < k and assume inductively that 7 £ ^j-i- 
As g satisfies the F^ membership test in y we have that i^nllj satisfies the Fj_i 
membership test in y. From the j = 1 case we have that iTnllj G X and hence 
T^nllj G '^nKn,k 9-3 Ij G ^fe ^-iid TTnK„Fk is disjoint from all for m ^ n. Since 
j < fc we have by saturation that TTnjjjFj C ir^Kn^k- It follows that 7 passes the 
Tj membership test in Xk- Thus, 7 £ Tj and so g = 7r„7 £ 7r„Fj n iTnKn^k Q Tj- 
Suppose now j > fc, and g passes the fc + 1 membership test in y. As above we 
get that g = 7r„7 where 7 € F^ and 77?; £ Tk where TTnllk.Fk Q iTnKnM- Since g 
passes the fc + 1 menbership test in y we see that ?/(7r„ 77^0/0) — yii^nHkhk) — 1 
and so Xki^jkcik) = Xkijjkbk) ~ 1- This is a contradiction as for any 7' £ Ffe we 
have that Xkipi' ak) and Xk{j'bk) are not both 1 from the definition of Xk (we may 
assume Xk has this property without loss of generality). So, there is no g G 'iTnKn,k 
which passes the 7^+1 membership test. This establishes the claim. 

We fix g ^ SF-^F,F^^{Ig, s"H. Consider the following cases below. 

Case la: gF,F~^F,nX ^ 0. Thus there is So £ gFiF~^ such that SoF.nX ^ 0. 
Then for some fc > 1 and n > k, SoFi r\-KnKn,k 7^ 0- Fix such k>\ and n > k. 

Since g ^ SF~'^FiF-'^ but g £ SoF,F-\ we have 60 ^ SF'^ and SqF, r\S = 0. 
Thus n > hq, where Uq is defined in the definition of S. Recall that fc is the least 
integer with 1 < fc < n such that a(fc,n) = 1. Since a{j,n) = for all 1 < j < i, 
we know that i < k. 

Let C = MnMl ...Mf... M§. RecaU that Kn^k = satfc(C). ft follows that 
there is 1 < j < fc and 61 £ 7r„sato(C) n F* such that SqF, n SiFj ^ 0. If 
j > i then by (4) we may assume j = i, and thus we have found Si £ T* with 
SaFi n SiF^ ^ 0. Noting that g'^So^S^^Si £ F.^F^^^ , we have that g^^5i £ 
Mf C M}'^. Ahernatively, assume j < i. Then 6^^5i £ FiF^'^ . bmce 7r„ 01 £ 
sato(C) C MnMl . . .M^FqF^^ , then there is 62 £ 7r„M„M^ . . . Mf_^_i such that 
S^^Si £ MfMf_^ . ..M^FqF^K By (2) 5:^^5i £ MfM.F^F^^ = M*FoF^\ Since 
= Mi we have 6^^S2 £ F^F^Hlf. Now ^-H2F, C M„M3 . . . Mf^^F, C i^„,fc, 
and thus there is 5^ £ Ti such that 7r~^(52^j H S^Fi ^ by the maximal disjointness 
of Fi-translates of Fi by Theorem 18.4. II fiii). Since (52^^7r„(53 £ FiF~^, we have 



-53 = T^n' 52(62 ^TT^Ss) £ M^Ml . . . Mf^.F^Fr^ C M^M^ . . . Mf^.M^ C C, 
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and S3F, C MnM^ ...Mf<ZC. This shows that ttuS^ e V*. Thus we have found 
TTn5z e r* such that 

e {F.F-'){F.F-')iFoF,-'M^)iE,F-') C M/i. 

In either case oi j < i 01 j > i, we have found 7 G F* such that ^^^7 G Ml^. 

Let to = 5^ ^7- Then (7^0 satisfies the Ti membership test. If gsto does not 
satisfy the Ti membership test, then there is ti G Fi such that y{gt^ti) ^ y(gstoti) 
by Theorem 18.4.21 (ii). Since toti G Mj^Fi — T, we are done. Otherwise, assume 
gsto satisfies the Fj membership test. We have 

(gtoyHgsto) = t^'sto G Ml^H.M}^ = Mf . 
By (7) .gsto G F* n 7r„X„. By Theorem 18.4.21 (iv) there is ti G Fi such that 
y{gtoti) ^ yigstoh). Again to^i e M/^i^^. 

Case lb: gsFiF~^Fi (1X^0. The argument is similar to the above argument 
in Case la, with gs now playing the role of g in that argument. 

Case 2: Otherwise, gFiF'^FiDX = and gsF^Ff'^FiDX = 0. In particular, 
for every (5 G with gFi D 5Fi ^ 0, wc have that SFi O X = 0. Thus for every 
(5 G Ai with gF^nSF^ ^ 0, S e A*. Similarly for every S € with gsF^nSFi ^ 0, 
we also have i5 G A*. As usual there is to G FiF~^ such that gto G A*. If gsto G A* 
then we may find ti G Fi so that y{gtoti) ^ y{gstoti), since {gto)~^{gsto) G M^, 
and we are done. Assume gsto ^ A*. Since gstoFiOX — 0, we have that gsto fails 
the Ai membership test on y. Now that gto does satisfy the A^ membership test, 
we routinely find ti G Fi with y{gtoti) 7^ y{gstoti). 

This shows that y — f{a) is a 2-coloring, and our proof is complete. □ 

We also draw the following corollaries from the proof. 

Theorem 8.4.7. For any countable nonflecc group G the set of all strong 2- 
colorings on G is Tl'^-complete. 

Proof. It suffices to note that, in the above proof if a G P then /(a) is in fact 
a strong 2-coloring on G. This is because y{wn) = z{wn) and y{anWn) = z((t„i(j„) 
for all 71 > 1 by (5) and the definition of y. By (6), y{wn) ^ y{o'nWn) for all n > I. 
Thus for each s ^ Iq there are infinitely many t E G such that y{t) ^ y{st). □ 

The following corollary summarizes our findings. 

Corollary 8.4.8. Let G he a countable group. Then the following hold: 

(1) If G is finite, then the set of all 2-colorings on G is closed. 

(2) // G is an infinite flecc group, then the set of all 2-colorings on G is 

complete; 

(3) If G is not flecc, then the set of all 2-colorings on G is Tl'^-complete. 



CHAPTER 9 



The Complexity of the Topological Conjugacy 

Relation 

In this chapter we study the complexity of the topological conjugacy relation 
among subflows of 2*^. We remind the reader the definition of topological conjugacy. 

Definition 9.0.9. Let G be a countable group and let 5*1, ^2 C 2'^ be subflows. 
5"! is topologically conjugate to 15*2 or is a topological conjugate of 5*2 if there is a 
homeomorphism (j) : Si ^ S2 satisfying (j>{g ■ x) = g ■ ^(s) for all x £ Si and g G G. 
Such a function cj) is called a conjugacy between and 52- The property of being 
topologically conjugate induces an equivalence relation on the set of all subflows of 
2*^. We call this equivalence relation the topological conjugacy relation. 

The purpose of this chapter is to study the complexity of the topological con- 
jugacy relation, meaning, in some sense, how difhcult it is to determine when two 
subflows are topologically conjugate. The precise mathematical way of discussing 
the complexity of equivalence relations is via the theory of Borel equivalence re- 
lations. In the first section, we present a basic introduction to the aspects of the 
theory of countable Borel equivalence relations which will be needed in this chapter. 
The second section consists mostly of preparatory work and basic lemmas. In the 
third section, we show that for every countably infinite group the equivalence rela- 
tion Eq, which we will define in section one, is a lower bound to the complexity of 
the topological conjugacy relation restricted to free minimal subfiows. In the fourth 
section, we give a complete classification of the complexity of both the topological 
conjugacy relation and the restriction of the topological conjugacy relation to free 
subflows. 

9.1. Introduction to countable Borel equivalence relations 

In this section we review common notation and terminology and basic facts 
related to the theory of countable Borel equivalence relations. Some references for 
this material include |JKLj and [^. Throughout this chapter we will also work 
with descriptive set theory, and we refer the reader to [K] for any missing details. 

Let X be a Polish space, that is, a topological space which is separable and 
which admits a complete metric compatible with its topology. Recall that the Borel 
sets of X are the members of the u-algebra generated by the open sets. Informally, 
the Borel subsets of X are considered to be the definable subsets oi X. A Borel 
equivalence relation on X is an equivalence relation on X which is a Borel subset 
oi X X X, where X x X has the product topology. Given two Polish spaces X and 
y, a function f : X Y is Borel if the pre-image of every Borel set in Y is Borel 
in X. As with Borel sets, Borel functions are viewed informally as being definable. 

We compare Borel equivalence relations and discuss their complexity relative to 
one another via the notion of Borel reducibility. If is a Borel equivalence relation 
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on X and F is & Borel equivalence relation on Y , then E is Borel reducible to 
written E <b F, if there is a Borel function f : X ^ Y such that f{xi) F /(X2) <=^> 
xi E X2 for all xi,X2 € X. Such a function / is called a reduction, and if / is 
injective then we say E is -BoreZ emheddable into F, written S F. Furthermore, 
E is continuously reducible (or continuously embeddable) to F, written E <c F 
(respectively F F), if the reduction (respectively embedding) / is continuous. 

Intuitively, if E is Borel reducible to F, then E is considered to be no more 
complicated than F, and F is considered to be at least as complicated as E. To 
illustrate, suppose E is Borel reducible to F and / : X — ^ F is a Borel reduc- 
tion. If there were a definable (Borel) way to determine when two elements of Y 
arc F-cquivalent, then by using the Borel function / there would be a definable 
(Borel) way to determine when two elements of X are F-equivalent. The theory of 
Borel equivalence relations therefore allows us to compare the relative complexity 
of classification problems. 

An equivalence relation E is finite if every F-equivalence class is finite, and 
E is countable if every F-equivalence class is countable. A universal countable 
Borel equivalence relation F is a countable Borel equivalence relation with the 
property that if E is any other countable Borel equivalence relation then E is Borel 
reducible to F. Thus, the universal countable Borel equivalence relations are the 
most complicated among all countable Borel equivalence relations. Let F be the 
nonabelian free group on two generators. Then the equivalence relation E^o on 2"^ 
defined by x Eao y 3f £ ¥ f ■ x = y is a, universal countable Borel equivalence 
relation. 

On the other hand, one of the least complicated classes of Borel equivalence 
relations are the smooth equivalence relations. A Borel equivalence relation E is 
smooth if there is a Polish space Y and a Borel f : X ^ Y such that xi E X2 -i^ 
f{xi) = f{x2) for all xi,X2 € X. This condition is equivalent to E being Borel re- 
ducible to the equality equivalence relation on Y. Smooth equivalence relations are 
considered to be the simplest Borel equivalence relations because there is a defin- 
able way to determine when two elements are equivalent. The universal countable 
Borel equivalence relations are not smooth. Note that if E is not smooth and is 
Borel reducible to F then F is not smooth. 

A Borel equivalence relation E is hyperfinite if F = yj^m ^n, where (F„)„gN is 
an increasing sequence of finite Borel equivalence relations. The canonical example 
of a hyperfinite equivalence relation is Fq, which is the equivalence relation on 2^ 
defined by 

X Eq y <^==> 3m Vn > m x{n) = y{n). 

Eq is not smooth. 

9.2. Basic properties of topological conjugacy 

The purpose of this section is to develop some of the basic facts regarding the 
topological conjugacy relation which will be needed in later sections. Of particular 
importance is to prove that the topological conjugacy relation is a countable Borel 
equivalence relation. 

When discussing the topological conjugacy relation, we will employ the follow- 
ing notation: 

S(G) ={AC2^ : Aisa subflow of 2<^}; 
Sm{G) = {A€ S{G) : A is minimal}; 
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Sf{G) ^ {A e S{G) : A is free}; 
Smf(G) — Sm(G) n Sf{G); 
TC(G) = the topological conjugacy relation on S(G'); 
TCm(G) - TC(G) \ (Sm(G) X Sm(G)); 
TCf(G) = TC(G) r (Sf(G) X Sf(G)); 
TCmf(G) =TCM(G)nTCF(G); 
TCp(G) = {(a:, y) e 2^ X 2^ : 3 conjugacy : [i] ^ M with = y}; 



We easily have the following. 

Lemma 9.2.1. For countable groups G, the equivalence relations TC(G), TCm(G), 
TCf(G), TCmf(G), flKC? TCp(G) are all countable equivalence relations. 

Proof. Let A e S(G). Then for every B £ S(G) topologically conjugate to A 
there is a conjugacy (pB '■ A B which is induced by a block code 0b (Theorem 
I7.5.5|) . Clearly if 0b = 0c then (f)B — 4'C' and B = C. Since there are only 
countably many block codes, the TC(G)-equivalence class of A must be countable. 
Similar arguments work for the other equivalence relations. □ 

Let X be a Polish space, and let K(X) = {K C X : K compact}. The Vietoris 
topology on K{X) is the topology generated by subbasic open sets of the form 



where U varies over open subsets of X. It is well known that K{X) with the Vietoris 
topology is a Polish space (see for example [K]). In fact, a compatible complete 
metric on K(X) is the Hausdorff metric. The Hausdorff metric, dn, is defined by 



where A,B£ K{X) and c? is a complete metric on X compatible with its topology. 

Lemma 9.2.2. For every countable group G, S(G) and Sf(G) are Polish spaces 
with the subspace topology inherited from K{2'~^). 

Proof. Since Gg subsets of Polish spaces are Polish ([K]), it will suffice to 
show that S(G) and Sf(G) are Gs in K{2^). Let {[/„ : n € N} be a countable 
base for the topology on 2^ consisting of clopen sets. For n £ N and g £ G define 



Vn,g ^{Ke K{2^) : (K nUn ^ A K n g ■ Un ^ 0)V K C {2^ - {UnU g ■ [/„))} 



So S(G) is Gs in K{2^) and hence Pohsh. 

It now suffices to show Sf(G) is Gs in S(G). A modification of the proof of 
Lemma {TTM shows that for A€ S(G) 

A e Sf(G) ^ Vs e G - {1g} 3 finite T C G Vx e A 3i e T x{st) ^ x{t) 



{K e K{X) : K <ZU} and {K e K{X) : KnU ^0} 




Notice that Vn^g is open in K{2^) since C/„ is clopen and G acts on 2^ by homeo- 
morphisms. For A e K{2'~^) we have 

A e S(G) -^VgeG g-A^A 
■^ynenygeG {Ar\Un7^0^Ang-Un^0) 
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Vs e G - {1g} 3 finite T C G A C {y e 2^ : 3t e T y{st) ^ y{t)} 
n U {BeS{G) : BC{ye2'' ■.3teTy{st)^y(t)}}. 

seG-{lG} finite TCG 

The set {y e 2^ : 3t e T y{st) ^ is open, and therefore Sf(G) is Gs in 

S(G). □ 

Lemma 9.2.3. For countable groups G, the map x £ 2'^ i-^ [x] is Borel. 

Proof. For a; G 2*^, define f{x) = [x\. We check that the inverse images of 
the subbasic open sets in K{2'^) are Borel. If U is open in 2*^, then f{x) OU 
if and only if [x] n C/ 7^ 0. Therefore 

r\{AeS{G) : AnU^0})= \J g-U 

which is Borel (in fact open). For an open C/ C 2*^, define Un = {y € U : 
d{y, 2'^ — U) > 1 /n}. Then each C/„ is closed and f{x) C [/ if and only if [x] C C/„ for 
some n (by compactness). This is equivalent to the condition that x G flggc 9 ' 
for some n. Thus 

f-\{AeS{G) : ACU})=\J f]g-Un. 

We conclude / is Borel. □ 

For the next lemma we need to review some terminology. A measurable space 
{X, S) (a set X and a a-algebra S on X) is said to be a standard Borel space if 
there is a Polish topology on X for which 5 coincides with the collection of Borel 
sets in this topology. Thus standard Borel spaces are essentially Polish spaces, but 
the topology is not emphasized. If {X, S) is a measurable space and Y C X, then 
the relative cr-algebra on Y inherited from X is the tr-algebra consisting of sets of 
the form Y O A, where A ranges over all elements of S. We will view every Polish 
space as a measurable space with the cr-algebra of Borel sets. A well known result 
is that if X is a Polish space and Y C X is Borel, then F is a standard Borel space 
with the relative cr-algebra inherited from X (see [K]). 

Lemma 9.2.4. For every countable group G, Sm(G) and Smf(G) are standard 
Borel spaces with the relative a-algebra inherited from S(G). 

Proof. It suffices to show that Sm(G) is a Borel subset of S(G). We will need 
a Borel function / : S(G) 2*^ for which f{A) € A for every A e S(G). Such a 
function is called a Borel selector, and by standard results in descriptive set theory 
they are known to exist within this context (see [K]). For clarity and to mini- 
mize pre-requisites, we construct a Borel selector / explicitly. Fix an enumeration 
5o, 5i, ■ • ■ of G, and define a partial order, ^, on 2*^ by 

X ^y <=^ {x ^ y) V {3n e N Vk < n x{gk) = y{gk) A x{gn) < y{gn))- 

By compactness, ii A G S(G) then A contains a ^-least element. Define / : S(G) — > 
2*^ by letting f{A) be the ^-least element of A. One can show that / is continuous 
and hence Borel. 

By Lemma [2X5] we have that for A e S(G) 



A e Sm(G) ■<=> A^ [f{A)] A (V finite H CG3 finite TCG 
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ygeG3teT\/heH f{A){gth) = f{A){h)) 
^A=[7(I)]A/(A)e fl U n U n e 2« : = 

finite H<ZG finite TCG sGG teT heH 

Note that this last set on the right is Borel. Finally, if we define g : S(G) — )• 
S(G) X S(G) by = (^, [/(I)]), then g is Borel and 

A = WM ^A& g-H{{B, B):Be S(G)}). 

We conclude Sm(G) is a Borel subset of S(G), in fact Sm(G) is in S(G). Clearly 
Smf(G) = Sm(G) n Sf(G) is a Borel (HO) subset of S(G) as well. □ 

We now prove that all of the equivalence relations we are working with are 
countable Borel equivalence relations. 

Proposition 9.2.5. For countable groups G, the equivalence relations TC(G), 
TCm(G), TCf(G), TCmf(G), and TCp(G) are all countable Borel equivalence re- 
lations. 

Proof. We saw at the beginning of this section that they are all countable 

equivalence relations. So we only need to check that they arc all Borel. Since 
Sm(G), Sf(G), and Smf(G) are Borel subsets of S(G), we only need to check that 
TC(G) and TCp(G) are Borel. 

For a block code /, wc will let f : 2'^ ^ 2'^ be the function induced by /. Let 
{Un : n € N} be a countable base for the topology on 2*^. For A,Bg S(G) we 
have 

{A, B) e TC(G) ^ 3 block codes /i, h 

h{A) =BA f2{B) = AA ih of,)\A== id^ A (A o f^) \ B = ids. 

For a fixed block code A the set {iA,B) e S(G)2 : f-^{A) = B} is Borel (in fact 
Gg) since 

fi{A) = B ^ {yn € N B nUn ^ An fr\Un) 7^ 0) 
^ {A,B) e f]{{{Ki,K2) eS{Gf -. K^n f^\Un) ^ A K^nU^ ^ 0} 

neN 

U{(Ki,i^2) e S(G)2 : C 2« - /f A C 2^ - [/„}). 

Also, for fixed block codes /i and /2, the set of A G S(G) with (/2 o /i) |" A = id^ 
is Borel (in fact closed) since {x & 2'^ : /2 o fi (x) ^ x} is open and 

(/2 of^)\A = idA^An{xe2^:f20 h{x) ^x} = 0. 

So we conclude that TC(G) is a Borel equivalence relation (in fact it is S3). 

Now we consider TCp(G). Note that if /i is a block code and fi{x) = y, then 
/i([a;]) = [y] since /i is continuous and [x] is compact. Also, if /2 is another block 
code, then {z G 2"-^ : /2 o fi{z) = z} is closed and G-invariant. So (/2 o fi) \ [x] = 
idj^ if and only if /2 o fi{x) = x. Therefore 

ix,y)e TCp(G) ^ 3 block codes fi, h fi{x) ^ y A f^iy) = x 

^(^,y)e U {{{z,h{z)) : ze2^}n{{Mz),z) : z&2^}). 

block codes /i,/2 

We conclude that TCp(G) is a Borel equivalence relation (in fact it is F^^). □ 
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Corollary 9.2.6. For countable groups G and x,y € 2*^, x TCp(G) y if and 
only if there is a finite set H such that 

V5fi,52 gG {yhGH x{gih) = x{g2h) y{gx) = 2/(52)), and 

y 91,92 e G (yh e H yigih) = y{g2h) =^ x{gi) = x{g2)). 

Proof. We showed in the proof of the previous proposition that x and y are 
TCp(G)-equivalent if and only if there are block codes f\ and /2 such that f\{x) = y 
and f2{y) = X, where /i and /2 are the functions induc;cd by /i and /2 respectively. 
The existence of such block codes is equivalent to the condition in the statement of 
this corollary. □ 

Lemma 9.2.7. Let G be a countable group. Then 

(i) TCmf(G) CTCm(G)/ 

(ii) TCmf(G) ETCf(G); 

(iii) TCm(G) ETC(G); 

(iv) TCf(G) Ec TC(G); 

Proof. Use the inclusion map for each embedding. The first three embeddings 
are only Borel because we never formally fixed Polish topologies on Sm(G) and 
Smf(G). □ 

In section four, after presenting a complete classification of TC(G) and TCf(G) 
it will be a corollary that TCf(G) and TC(G) are Borel bi-reducible. In the re- 
mainder of this section, we present a relationship between the topological conjugacy 
relations on 2^, 2^, and 2^^^ for countable groups H and K. 

Let 2^ X 2^ have the product topology, and let H x K act on 2^ x 2^ in the 
obvious way. For (x, y) € 2^ x 2^ we let [{x, y)] denote the orbit of {x, y). We call 
a closed subset of 2^ x 2^ which is invariant under the action oi H x K & subflow. 
A subflow of 2^ X 2^ is free if every point in the subflow has trivial stabilizer, and 
it is minimal if every orbit in the subfiow is dense. Two subflows of 2^ x 2^ are 
topologically conjugate if there is a homeomorphism between them which commutes 
with the action oi H x K. Such a homeomorphism is called a conjugacy. Finally, 
TC(2^ X 2^), TCf(2^ X 2^), TCmf(2^ x 2^), TCm(2^ x 2^), and TCp(2^ x 2^) 
denote the obvious equivalence relations. 

Lemma 9.2.8. Let H and K be countable groups, let Ai,A2 G S(/f) and 
Bi,B2 € ?>{K), and let xi,X2 G 2^ andyi,y2 G 2^. Then 

(i) Ai X Bi is free if and only if Ai and Bi are free; 

(ii) Ai X Bi is minimal if and only if Ai and Bi are minimal; 

(iii) if Ai, A2, Bi, and B2 are minim,al then Ai x Bi is topologically conjugate 
to A2 X B2 if and only if Ai TC{H) A2 and Bi TC{K) B2: 

(iv) {xi,yi) TCp(2-'^ x 2^) {x2,y2) if and only if both xi TCp{H) X2 and 
yi TCp(i^) y2. 

Proof. The proofs of clauses (i) and (ii) are trivial. For (iii) it is clear that if 

(p : Ai ^ A2 and ip : Bi ^ B2 are conjugacics then (j) x ijj is a conjugacy between 
Ai X Bi and A2 x B2. Now suppose that Ai, A2, Bi, and B2 are minimal and 
that ^ is a conjugacy between Ai x Bi and A2 x B2. Fix j/i e Bi and xi G Ai, 
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let pH ■ 2^ X 2^ — > 2^ and : 2^ x 2^ — > 2^ be the projection maps, and set 
2/2 = PK{d{xi,yi)). Then for every h G H we have 

y2 ^ PK{d{xi,yi)) =^ pK{h ■ 0{xi,yi)) = pK(0{h ■ xi,yi)). 

Since Ai is minimal, = [xi] and therefore for every x G Ai we have ?;2 = 
PK{d(x^yi)). The same reasoning shows that for every x G A2 we have yi ~ 
PK{6~^{x,y2))- Define (f) : Ai A2 hy (f){x) = pH{d{x,yi)). This is clearly 
continuous and commutes with the action of H. It is injective and surjective since 
4>~^{x) = pH{d~^{x,y2))- Thus Ai TG{H) A2. A similar argument shows that 
Bi TC{K) B2. The proof of (iv) is essentially the same. □ 

Corollary 9.2.9. For countable groups H and K we have 

(i) TCMF(i^) X TCMF(i^) TCmf(2^ x 2^); 

(ii) TCuiH) X TCuiK) TCm(2^ x 2^); 

(iii) TCpiH) X TCp(X) TCp(2^ x 2^). 

Now we want to relate topological conjugacy in 2^ x 2^ to topological conjugacy 
in 2^^^ . The following lemma makes this easy. In the rest of this section we let 
denote the element of 2^ or 2^ which is identically zero. 

Lemma 9.2.10. Let H and K be countable groups. There exists a function 
f ; 2^ X 2^ — > 2^^^ with the following properties: 

(i) / restricted to [2^ — {0}) x (2^ — {0}) is a homeomorphic embedding; 

(ii) / commutes with the action of H x K ; 

(iii) if A& S{H) and B e S{K) then f{A x B) e S{H x K); 

(iv) ifAe Sm{H) and B e Sm{K), then f{A x B) e SuiH x K); 

(v) if Ae Sf{H) and B e Sf{K), then f{A x B) e Sf{H x K). 

Proof. For notational convenience, we denote {h,k) e H x K by hk. For 
xe 2", ye 2^, he H, and ke K define 

f{x, y){hk) = m\\\{x{h), y{k)) = x{h) ■ y{k). 

So f{x, y) = xy is the product of x and y, as defined at the beginning of Section 

(i) . Clearly / is continuous. Suppose xq.xi e 2^ — {0} and 2/0,2/1 e 2^ — 
{0} satisfy f{xQ,ya) = f{xi,yi). We claim a;o — x\ and i/o = 2/i- Towards a 
contradiction, suppose xi^ ^ x\ (the case 2/0 7^ 2/i is similar). Let h e H he such 
that xo{h) 7^ xi{h). Then for some j = 0, 1 we have Xi{h) = 0. Therefore for all 
keK 

yi-i{k) = xi^i{h) ■ 2/i-,;(fc) = f{xi^i,yi^i){hk) 

= f{xi, yi)(hk) = x^(h) ■ yi{k) = 0, 

contradicting 2/1-i 7^ 0. We conclude / is one-to-one on (2^ — {0}) x (2^ — {0}). 
Now let U C{2" - {0}) X (2^ - {0}) be open. Then U is open in 2" x 2^, and 
since /({O} x 2^ U 2^ x {0}) = ^ f{U), we have 

/([/) = /(2^ X 2^) - f{2" X 2^ - [/) 

is open in f{2^ x 2^) since /(2^ x 2^ ~ U) is compact. We have verified (i). 

(ii) . This is easily checked. 

(iii) . By (ii) f{A x B) is invariant under the action oi H x K. Since A x _B is 
compact, f{A x B) is also compact and hence closed. 
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(iv) . Fix X Cz A and y (z B. Since A and B are minimal, x and y are minimal 
and [x] = A and [y] = B. So A x B ~ [{x,y)] and f{A x B) = [f{x,y)] since 
f{A X B) is compact. So it suffices to show that f{x,y) G 2^^^ is minimal. If 
f{x,y) is identically 0, then it is trivially minimal. Otherwise, f{x,y) is minimal 
by clause (iv) of Proposition 13 . 2 . 2l 

(v) . It suffices to show that f{x,y) is a 2-coloring for every x G A and y £ B. 
li X £ A and y E B, then x and y are 2-colorings since A and B are free. So f{x, y) 
is a 2-coloring by clause (i) of Proposition 13.2.21 □ 

Define P(iJ, K) = (2^ - {0}) x (2^ - {0}). Clauses (i) and (ii) of the previous 
lemma say that P{H,K) and f{P{H,K)) are topologically conjugate. In other 
words, they have identical topology and dynamics arising from the action oi H xK . 
If we define A{H) = {x e 2^ : ^ and A{K) = {y € 2^ : ^ [y]} then we 
have the following. 

Theorem 9.2.11. If H and K are countable groups then 

(i) (TCp(/^) r A{H)) X (TCp(K) \ A{K)) TCp(i/ x K); 

(ii) TCm{H) X TGm{K) <b TCuiH x K); 

(iii) TCmy{H) X TCMF(i^) TCmf{H x K). 

Proof, (i) and (iii) follow immediately from Corollarv 19.2.91 and the previous 
lemma. Let 1 denote the element of 2^ which has constant value 1. Define Qh ■ 
Sm{H) ^ Sm{H) by 

'a ifO^A 



QniA) = 



1 if e A. 



Notice that if S A then A = {0} by minimality of A. Also, note Qh (A) TCm{H) A, 
so that QniAi) TCu{H) Qh{A2) if and only if Ai TCuiH) A^. Define Qk simi- 
larly. Then Q/f and are Borel. Now the map /o((5//x(3i<-) : Sm (^^) x Sm (-^') — > 
SM(-ff X /C) is a Borel reduction of TCM(-ff) x TCm(/^) to TCM(-ff x i^). □ 



9.3. Topological conjugacy of minimal free subfiows 

In this section, we show that Eq continuously embeds into TCp(G') and Borel 
embeds into TCmf(G) for every countably infinite group G. Something which 
makes easy to work with is that it deals with one-sided infinite sequences, as 
do our blueprints. The basic idea will be the following. We will fix a fundamental 
function c g 2-*^, and for each a; € 2^ we will build a function e(a;) e 2*^ extending 
c in such a way that, for every n > 1, e(x) \ A„0„(c) will depend only on a; I" {« G 
N : j > n — 1}. If a:, y £ 2^ are i?o-equivalent, then e{x) and e(y) will only be 
different on a small scale. So, we should be able to build a conjugacy between [e(x)] 
and [e(2/)] using a block code with a large domain. On the other hand, if x and 
y are not £Jo-equivalent, then on arbitrarily large subsets of G e(x) and e(y) will 
have distinctly different behavior and therefore will not be topologically conjugate. 
With this basic outline of the proof in mind, the details should be easy to follow. 

We begin with a very simple lemma. We point out that an immediate conse- 
quence of Theorem 17.5.51 is that every continuous function which commutes with 
the action of G and is defined on a subflow of 2*^ can be extended (not necessarily 
uniquely) to a continuous function commuting with the action of G defined on all 
of 2^. 
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Lemma 9.3.1. Let G be a countably infinite group, let (A„,f„)„gN be a blue- 
print guided by a growth sequence {Hn)nem, and let c G 2*^ 6e fundamental with 
respect to this blueprint. If y € 2^ and if there is a continuous function from 2P to 
itself which commutes with the action of G and sends c to y, then there is n > 1 so 
that 

V7, V € A„+3 (V/ e c{jf) = c(V/) =^\ffeFr, y{jf) - y{^f)). 

Proof. Let : 2*^ — > 2'-^ be a function satisfying the hypothesis. Then (j) is 
induced by a block code (p, and there is n e N with dom{(j)) C Let 7, -0 G A„+3 
satisfy 0(7/) = c{ipf) for all / € Fn+s- Then it follows from Lemma [7.5.31 that 
0(7/1) = c{4'h) for all h G Hn+i- Thus, for / G we have /dom((/)) C _ff„_ff„ C 
i?„+i, so 

{f-^l^^ ■ c) \ dom(<^) = (/-V"' • c) \ dom(<^). 
It follows that 2/(7/) = <^(c)(7/) = 0(c) (V/) = y(V>/). □ 

Let (A„, F„)„gN be a centered blueprint guided by a growth sequence (iJ„)„gN. 
Recall that such a blueprint is necessarily directed and maximally disjoint and 
furthermore (i^„)„gN is an increasing sequence and (A„)„gN is a decreasing sequence 
(see Lemma [5.3.51 and clause (i) of Lemma [5.1.5p . The following two functions will 
be very useful in defining the function e : 2^ 2'-^. Define 

r : IJ (A„ X {n}) ^ N 

n>l 

by 

r(^,n) = min{fc > n : 7 G AfcFfc} 
for (7,^) G dom(r). Additionally, define 

L : U (A„ X {n}) ^ Ai 

n>l 

SO that for (7, G dom(L) L{'j,n) = ip, where is the unique element of Aj,(-y.„) 
with 7 G 'ipFj.(^^n)- Intuitively, the functions r and L together allow one to "lift" a 
A/j-translate of Fk, say ^Fk, to a A„i-translate of Fm containing 7^1-, where m > k 
is least with 'jFk C AmF„i. Formally this is expressed as '^F^ C i(7, fc)Fr(^ fc). For 
convenience we let £"(7, n) — 7, r*'(7, n) = n, = L, and = r. In general, for 
fc > 1 let 

r'^'(7, n) = r(L'^-i(7, n),r^-^{n, n)), 

and 

L'=(7,n)=i(L'=-i(7,n),r'=-i(7,n)). 
These functions will only be used in this section. 

Lemma 9.3.2. Let G be a countably infinite group and let (A„,i<"„)„gN be a 
centered blueprint guided by a growth sequence {Hn)neN- Then we have the follow- 
ing: 

(i) if n > 1, J € An, and 1 < k < n then r(7, k) = k + 1 and ^(7, k) = 7; 

(ii) 7 G L^{j,n)F^k(^^ n) for a^/ n > 1, 7 G A„, and k G N; 

(iii) if ^ £ A„, m > n > 1, cr G A™ , and 7 G crFm, then there exists fc G N 
with r''{'-f, n) — m and L''{'~f, n) — a; 

(iv) for all n > 1 and 7 G A„, there is N N so that for all k > N L''{'~f, n) — 
la andr^{-f,n) ^ k ~ N + r^ {j,n); 
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(v) for all 1 < k < n, X E D^, and 7 G A„, i/ m e N satisfies either 
r™(A, k) ~ n or r'"(7A, k) = n then for all < i < m 

r*(7A, k) = r'(A, fc), and 

VijX,k)^-/V{X,k); 

(vi) for all n > 1, 76 A„, and m > 1 

L([L'"(7,n)]-iL™-i(7,n),r™-i(7,n)) = 1g 

and 

r([L"(7, n)]-iL"-i(7, n), r™-i(7, n)) = r"(7, n). 

Proof, (i). Clearly 7 e and 7 € 7^^ for all 1 < fc < n. 

(ii) . By definition 7 £ L^{j,n)Fri(^^n)- Suppose 7 G i™(7, n)Frm(-), Then 
L™{'y,n) e Arm(^,„) and L"^{^,n) G X™+-^(7, n)-FV'"+i(7.")- ^° coherent 
property of blueprints 

7 e L'"(7,n)F,™(^,,) C i:'"+i(7,n)F,™+i(^,„). 

(iii) . Note that in general for {ip,i) G doni(r), r(^p,i) > i. If n = m then 
7 = cr and (iii) is satisfied by taking k = 0. Otherwise, let fc G N be maximal with 
r*''(7,n) < m. Then by (ii) L^{'-^ ,n)F^ki^^_n-^ n 7^ 0- By the coherent property 
of blueprints L'^(7,n) G cri^m- Since k is maximal with r''(7,7i) < m, it follows 
from the definition of r and L that ^'^"'"^(7,71) = to and L'^"'"^(7,n) = cr. 

(iv) . This follows from clause (iv) of Lemma 15.1.51 together with (iii) and (i). 

(v) . Notice that m must exist by (iii). If m = then k — X ~ 1g, and the 
claim is trivial. So assume to > 0. Clearly A,7A G A„F„, so r(A, fc), r(7A, /c) < n. 
By clause (vii) of Lemma [5. 1.41 A G A^Fs if and only if 7A G AsF, for fc < s < rt. 
It then follows from the definition of r that r(A, fc) = ?'(7A, k) = t < n. Set 
tjj — L{X,k) G At- We have A G F„ n ipFt, so by the coherent property of blueprints 
ip G -D". Since 77/^ G At and 7A G 71/' ^tj we have L{-fX,k) = ^ip. Thus we have 
verified the claim for i = and i = 1. The claim then follows by induction: replace 
A with 7p and fc with t. 

(vi) . L"-i(7,n) G L"(7,n)F^,.(^,„), so there is A G i:',CiT("^.„) such that 
L"-i(7,n) = L™(7,n)A. Then by (v) 

L™(7, n) = L(i'"-i(7, n), r™-i (7, n)) = L™(7, n)L(A, r'»-i (7, n)), 

which implies 

L([L'"(7,n)]-iL"-i(7,n),r— i(7,n)) = L(A, r™-i(7, n)) = Iq. 
Clause (v) also implies that 
r([L"(7, n)]-iL"-i(7, n), r— ^ (7, n)) = r(L™-i (7, n), r™"! (7, n)) = r™(7, n). 

□ 

We are now prepared to prove the main theorem of this section. The following 
theorem appears to be quite nontrivial as it relies on all of the machinery developed 
in Chapters [5] and [71 

Theorem 9.3.3. For any countably infinite group G, Eq continuously embeds 
into TCp(G) and embeds into TC(G), TCf(G), TCm(G), and TCmf(G). 
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Proof. For n > 1 and fc e N define p„(fc) = 4 • {2k'^ + 1) • {12k^ + 1) and 
qn{k) = 2k^. Then {pn)n>i is a sequence of functions of subexponential growth. 
By Proposition 16.3. Tl there is a centered blueprint (A„, i^„)„gN guided by a growth 
sequence {Hn)neN with |A„| > qn{\Fn-i\) + logs Pn{\Fn\) for each n > 1 and 
such that for every g £ G — 2(6*) and every n > 1 there are infinitely many 
with 73 7^ 57. We are free to pick any distinct a„,^„,7„ e D^-i for 
each n > 1. We choose 7n = 1g f^nd let a„ and /3„ be arbitrary for every n > 1. 
By clause (i) of Lemma 15.3.51 the blueprint is directed and maximally disjoint, and 
by clause (vih) of Lemma |5J^ PlneN ^n^n = plnGN^"^" = ^- Apply Theorem 
15.2.51 to get a function c G 2-*^ which is canonical with respect to this blueprint. 
By Proposition 17.3.51 the function c is A-minimal. Apply CoroUarv 17.4.71 to get a 
function c' 3 c which is fundamental with respect to (A„,i^„)„gN, is A-minimal, 
has |8„(c')| > 1 + log2 (12|F„|'* + 1) for each n > 1, and has the property that 
every extension of c' to all of G is a 2-coloring. Now apply Corollary 17.5.81 to 
get a fundamental and A-minimal c" D c' and a collection {vf G A„+5 : n = 1 
mod 5, 1 < z < s{n)} where s{n) = 2 if n ee 1 mod 10 and s{n) = |-F„F-i - Z(G)| 
otherwise. We have that |e„(c")| > 1 for all n > 1, c"(/) = c"{vff) for aU n = 1 
mod 5, 1 < « < s(n), and / e F„+4 n dom(c"), and ii x,y G 2*^ extend c" and 
a;(/) = x{vf f) for all n = 1 mod 5, 1 < i < s(n), and / G then [x] and [y] 

are topologically conjugate if and only if there is a conjugacy mapping x to & y- 
centered element of [y\. By using Lemma l7.4.5l (with /i identically 0), Lemma l7.3.6[ 
and Lemma [7.3.81 we may suppose without loss of generality that |G„(c")| — 1 for 
all n > 1. 

For fc e N, let and be defined as in the paragraph preceding Lemma 
19.3.21 We wish to find a function 

M : IJ ({7 e : 1 < fc < n, r(7, fc) = n} x {n}) -> {0, 1} 

n>2 

which satisfies: 

(1) for each n > 2 /i(lG',fi) = 0; 

(2) for each n > 2 there is ■0 G D^_^ with ii{i/j,n) — 1; 

(3) if (7, n) e dom(/x) and 7 ^ -D^_i then ^(7, n) — 0; 

(4) for every fc = 1 mod 5, 1 < i < s(fc), and to e N 

, k + 5)]-ii"(Kf , fc -f 5),r™+i(;.f , k + 5)) 

= A*(lG,r™+i(z.f,fc + 5))=0. 

It may aid the reader to note that dom(/i) may be expressed in a possibly more 
understandable form. Let tti : G x N — > G be the first component projection map. 
Then 

dom(^) = (J 7ri[L"^(lG) n r^^{n)] x {n}. 

n>2 

Note that x {n} C dom(/i) for each n> 2, and that the expression in (4) lies 

in the domain of /z by conclusion (vi) of Lemma 19.3.21 

Clearly (1), (2), and (3) are achievable, and (4) is consistent with (1) and (3). 
The only difficulty is to show that (2) and (4) can be simultaneously achieved. 
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However, we only need to observe that if r™+^(z^*^, fc + 5) — n then k + 5 < n and 

J2 m< E |Ffcp<n.|F„_ip<|F„_i|3<i|i?;^,|. 

k = 1 mod 5 fc = 1 mod 5 

k < n — 5 k < n — b 

The last inequality holds due to the definition of qn and c in the first paragraph. 
Therefore (2) and (4) can be simultaneously achieved, and such a function exists. 

For each n > 1, let 6'„ be the unique element of 0„(c"). For a; S 2^ define 
e{x) S 2*^ so that e{x) 3 c" and for n > 1 and 7 G A„ 

CO 

e(a;)(70„6„_i) = ^ ^('''(^' " 1) ' n)]-'L\-i, n), r''+' (7, n)) mod 2. 

A;=0 

This sum is finite by clause (iv) of Lemma 19.3.21 and property (1) of /i. Moreover, 
the number of indices for which the summand is nonzero is bounded independent of 
X € 2^. It is therefore easy to see that e : 2^ — >■ 2*^ is continuous (where 2^ has the 
product topology). By Lemma [9.2.31 the map x 1— >■ [e{x)] is Borel. The expression 
above is well defined as clause (vi) of Lemma 19.3.21 implies that 

([L'=+i(7,n)]-iL'=(7,n),r'=+i(7,n)) e dom(/.) 

for all G N, n > 1, and 7 £ A„. The function e{x) has two useful properties 
which we list below. 

(a) Let a; G 2^, 1 < /c < n, 7 e A„, and Ai,A2 G satisfy r(Ai,fc) = 
r(A2, fc) = n. If x{k — 1) = 1 then 

e(x)(7Ai6'fe6fe_i) = e{x){j\20kbk-i) <=^ A^(Ai, n) = iJ.{\2,n) 

and if x{k — 1) = then e{x){'~f\i9khk-i) — e{x){'jX20kbk-i) always. 

(b) Let x G 2^*^, n > 1, and 7 G A„+i. Then for every / G - dom(c") 

e(a;)(76'„+i6„) = e(x)(6'„+i6„) <^=> e{x){"ff) = e{x){f). 

We spend the next two paragraphs establishing the validity of (a) and (b). 

(a) . By clause (v) of Lemma [9.3.21 rfo-Ai . fc) = r(7A2,fc) — n, and so by the 
definition of L we must have L(7Ai, fc) = L{jX2,k) = 7. By the definition of 
and r™, it follows that r"(7Ai,fc) = r™(7A2,fc) and L"(7Ai,fc) = L™(7A2,fc) for 
all m > 1. Thus when considering the summations defining e{x){'yXi9kbk-i) and 
e{x){jX20kbk-i), we see that all the summands are equal except possibly the first. 
If ^(fc — 1) = 1, then the first summands are equal if and only if ^(Ai, n) = /i(A2, n). 
If x(fc— 1) = 0, then the first summands are always equal. Property (a) now clearly 
follows. 

(b) . Fix / G F„-dom(c"). Since G-doni(c") = Ufe>i ^kSkbk-i, there is fc > 1 
with / G Ak9kbk-i- Since 7„+i = 1g, 1g G A„+i, and /?„+i ^ 7„+i G 0"^+^, we 
have that if fc > n + 1 then 

7^ F„ n Ak0kbk-i C A„+i7„+iF„ n A„+i/3„+ii^„ = 0, 

a contradiction. So fc < n + I (one can further show that k < n, but we do 
not need this). Since / G Fn+i D AkFk (recall F„ C Fn+i since our blueprint 
is centered), it follows by the coherent property of blueprints that there is A G 
with / = XOkbk-i- Let TO G N be such that r"'{X,k) = n + 1. Then 
L"'{X,k) = 1g. By clause (v) of Lemma [1321 we have that r*(7A,fc) = r'(A,fc) 
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and L'(7A,fc) — ^U{\,k) for all < « < m. It follows that in the summations 
defining e{x){-^\9kbk-i) and e(a;)(A6'fc6A:-i), the first m terms (the terms where the 
index of the sum is between and m — 1, inclusive) are respectively equal. Let S 
denote the common value of the sums of the first m terms. For i > m we have that 
L'{X,k) = L*-™(lG,n + 1), r''(A,fc) = r'-'"(lG, n + 1), r*(7A,fc) = r*-™(7,n + 1), 
and L'^i'fX, k) = iy*^™(7, n + 1). Therefore we see that 

e(a;)(7A6'fe6fc_i) = S + e{x){'y9n+ibn) 

and 

e{x){X6kbk-i) ^ S + e(x)(6'„+i6„). 
Recalling that / = XO^bk^i, we conclude 

e(x)(76'„+i6„) = e(a;)(6'„+i6„) -4=> e{x){'jf) = e{x){f). 

For X € 2^*, define e{x) = [e(a;)]. We will show that e : 2^ 2'-^ is a continuous 
embedding of Eq into TCp(G) and that e : 2"*^ -> Smf(G) is a Borel embedding 
of Eq into TCmf(G). From this the validity of the theorem will follow by Lemma 
19.2.71 As mentioned immediately after the definition of e, the function e is indeed 
continuous and the function e is indeed Borel. In the next two paragraphs we prove 
that the image of e is contained in Smf(G) and that e is injective. An immediate 
consequence of this is that e is also injective. 

We check that e{x) is a minimal 2-coloring for all a; £ 2^. From this it will 
follow that the image of e is contained in Smf(G). The fact that e{x) is a 2-coloring 
is immediate since e{x) extends c". So we check that e{x) is minimal. The function 
e(x) is defined on all of G and extends the fundamental function c". Thus e{x) is 
fundamental. Since our blueprint is centered, directed, and a„ 7^ 7„ = 1q ^ j3n 
for all n > 1, we have that HneN ^nbn = by clause (viii) of Lemma [5. 1.51 So by 
Corollarv l7.2.6[ it suffices to show that for every fc > 1 there is n > fc so that for all 
7 G A„ there is A € with e(a;)(7A/) = e{x)(f) for ah / € Fk- So fix fc > 1. Since 
c" is A-minimal, there is m > fc so that for all 7 G we have c"{'-ff) — c"{f) 
for all f E Fk n doni(c"). We now proceed by cases. Case 1 : x{i — 2) = for all 
i > m. Set n = m + I and let 7 g A„. Set A = 1g G After inspecting the 

summation defining e{x) we see that 

e{x){'yX9n-ibn-2) = e(a;)(76l„_i6„_2) = = e(a;)(e'„_i&„„2)- 

We have that 7 A G A„_i — Am, so by our choice of m and property (b) we have 
e{x){jXf) = e{x){f) for all f € Fk- Thus e{x) is minimal. Case 2 : There is n > m 
with x{n — 2) = 1. Fix 7 G A„. By (a) and properties (1) and (2) of fi there 
must be A G D'^_i with e(x)(7A0„_i6„_2) — eix){0n-ibn-2)- Again by (b) and 
our choice of m we have e(x)(7A/) = e{x){f) for all f £ Fk- We conclude that e{x) 
is minimal. 

Now we check that [e{x)] 7^ [e(?/)] for x 7^ ?/ G 2^^. It will suffice to show that 
e(x) and e{y) are orthogonal. Fix x ^ y £ 2^, and let n > 1 be such that x{n — l) ^ 
y{n-l). Set T = F„+if^-_^\F„+i, and let 91,92 G G be arbitrary. Let t G F„+iF„^^ 
be such that git G A„+i. If 52* ^ A„+i or if e{x){gitenbn-i) 7^ e{y){g2t9nbn-i) 
then we are done. So suppose (?2* € A„_|_i and e{x){git9nbn-i) = e{y){g2t9nbn-i)- 
By property (2) of /i, let ip G D"+^ be such that /i(V',n+l) = 1 7^ = fi{lG,n + l). 
Then it follows from (a) that e{x){gitip9nbn-i) e{y){g2t'ip9nbn-i) ■ As i'06'„6„_i G 
T, we conclude e{x) is orthogonal to e{y) and [e{a;)] 7^ [e{y)]- 
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Now we move into the final stage of the proof. The remaining task is to show 
that for x,y e2^* 

xEoy^ eix) TCp(G) e{y) ^ e{x) TCmf(G) e{y). 

In order to achieve this task, we rely on the rigidity constructions from Section [7. 5 1 
In particular, we invoke the fact that c" originated from Corollarv l7.5.8l In the next 
paragraph, we will show that e(a;)(i^"/) = e(x)(/) for all n = 1 mod 5, 1 < i < 
s(n), / e F„+4, and x e 2^. So by CoroUarv lTXSl we have that e{x) TCmf(G) e{y) 
if and only if there is a conjugacy sending e(x) to an e(y)-centered element of [e{y)] . 
Therefore, in the second paragraph we briefly study e(a;)-centered elements of [e{x)] 
for a; e 2^ . Then in the final two paragraphs we prove the validity of the displayed 
expression above, completing the proof of the theorem. 

For a; e 2^, n = 1 mod 5, and 1 < i < s{n), by considering property (4) of fi 
and the summation defining e(x), we see that 

e{x){h'^9n+5bn+4:) = = e(a;) (6'„+56„+4) . 

By the definition of c" we have that e{x){vf f) = e(x)(/) for aU / G F„+4ndom(c"). 
So by (b) we have 

e{x){uU) = e{x)U) 
for all ri = 1 mod 5, 1 < i < s(n), / G and x E 2^. 

We now bricfiy discuss e(x)-centered elements of [e(a:)]. Let w € [e{x)] be 
e(a::)-centered. By Lemma [7.3.91 we have that w{g) — e{x){g) for all g S dom(c"). 
Fix g ^ dom(c"). Then there is A: > 1 and if: e with g = V'^'fe^fc-i- Since our 
blueprint is centered and directed, there is n > A: with -0^^ C Fn (clause (iv) of 
Lemma [S.l.Sp . Let m > n and note tp € C Z?^. Since w is an e(a;)-centered 
element of [e(x)], by clause (i) of Proposition 17.1.11 there is 7 £ A,,,, with w{f) = 
(7"^ • e{x)){f) = e{x){jf) for all / e Fm- We have the following equivalences: 

w{g) = e{x){g) -4=> w{i;9kbk-i) = e{x){tpOkbk-i) 

e{x){Tip0kbk-i) = e{x){^p0kbk~i) <^=^ e{x){-fOrnbm~i) = e{x){0rnbrn-l) 

<^=> w{0mbm-l) = e{x){9mbm-l) 

(the second line is due to (b)). Therefore, we have that w{g) — e{x){g) if and only if 
w{9mbm-i) — e{x){9mbm-i) for all sufficiently large m. Since the second condition 
does not depend on g E G — dom(c"), we have that either w = e{x) or else 

^^^.j ^ |e(a;)(.9) if5gdom(c") 
1 1 — e{x){g) otherwise. 

So [e(a;)] contains at most two e(a;)-centered elements (counting e{x) itself). More- 
over, an important observation is that if w ^ e{x) is an e(a;)-centered element of 
[e(a::)], then w satisfies properties (a) and (b) with respect to the sequence x e 2^^. 
Although we will not make any use of this fact whatsoever, we do mention that 
if [e{x)] does contain two e(a;)-centered elements, then they are never TCp(G)- 
equivalent, despite their strong similarities. 

In the remaining two paragraphs we prove that for x,y E 2^'^ 

xEoy^ e{x) TCp(G) e{y) ^ e(a;) TCmf(G) e{y). 

Here we prove that the negation of the leftmost expression implies the negations of 
the other two. In the next and final paragraph we prove that the leftmost expression 
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implies the other two expressions. Let x,y £ 2^ he such that -^{x Eq y), or in other 
words x{n) ^ yin) for infinitely many n e N. Without loss of generality we may 
assume x{n) ~ y('^) for infinitely many n e N. Towards a contradiction, 
suppose e{x) is TCp (G)-equivalent to some e(t/)-centered z G [e(y)] (potentially 
z = e{y)). By Lemma r9.3.1[ there is n > 1 such that if 7, -0 e A„+3 and e{x){jf) = 
e{x){tpf) for all / G -F„+3 then 2(7/) = z['ij;f) for all / G F„. Since c" is A-minimal, 
there is m > n + 3 so that e{x){'-ff) — e{x){f) for aU 7 e A^ and / G Fn+3 n 
doni(c"). Pick k > m with x{k - 1) = 7^ y{k - 1), and pick 7 e -D^'^^ C Afe with 
n{-f, fc + 1) = 1. Then L{-f, k) = 1g = L{1g, k) and r(7, fc) = fc + 1 = r(lG, fc), so 
by (a) e{x){^Okhk-i) = e{x){9kbk-i) and z{j0kbk-i) 7^ z{6kbk-i) (since z satisfies 
properties (a) and (b) with respect to the sequence y G 2^). Since 7 G A/j C A^ 
and k — 1 > n + 3, we have by (b) that e{x){'~ff) = e{x){f) for all / G -^^+3- It 
follows that z{jf) — z{f) for all / G Fn- In particular, z{"f9nbn-i) = z{9nbn-i) 
which, by (b), is in contradiction with z{j9kbk-i) 7^ z{9kbk^i)- 

Now let X, 2/ G 2^ be such that x Eq y. To complete the proof of the theorem, 
it suffices to show that e{x) TCp e{y). Let G N be such that x{n — 1) = y{n — 1) 
for all n> N. Set K ^ F~^Fn. To show e{x) TCp(G') e(y), it is sufficient, by 
Corollarv l9.2.61 to show that 

yg,heG (Vfc G K e{x){gk) = e{x){hk) => e{y){g) = e(y)(/i)), and 

\fg,heG (Vfc G K e{y){gk) = e{y){hk) =^ e{x){g) - e{x){h)). 

By symmetry of information regarding x and y, it will be enough to verify the first 
property above. Let g,h & G he such that e{x){gk) = e{x){hk) for ah k € K. We 
will show e{y){g) = e{y){h). Note that e{x) and e{y) Agree on dom(c") and on 
IJjj^^ An9nbn~i- So wc may suppose at least one of g, h is in 

G- dom(c")U IJ Am9rnb„,-i 

\ m>N J l<m<N 

However, by our choice of K, for m < N one of 5 or /i is in Am9mbm-i if and 
only if both are (since e{x) has a A,„ membership test with test region a subset 
of Fm C Fn). So let 1 < m < TV be such that g,h € A,n9mbm-i- Let n < TV be 
maximal with g G A„i^„. Again, since e{x) has a A„ membership test, this same 
n equals the maximal i < N with h £ AiFi. It follows that there are 'jjip £ A„ 
and A G DJJj with g — 'j\9mbm-i and /i = 'ipX9mbm-i- Let fc > — 1 be such that 
r'^+^(7A, m) = n. By conclusion (v) of Lemma [9.3.21 for any w G 2^ 

k 

^w{r\-i\,m) - 1) •/i([L*+i(7A,m)]-iLX7A,m),r*+i(7A,m)) mod 2 

k 

= ^w{r\i,\,m) - 1) • ^l{[L'+^{i>\,m)]-^L\^|:\,m),r'+^{'^pX,m)) mod 2. 

In particular, the first fc + 1 terms of the sums defining e{y){g) and e{y){h) are 
respectively equal. Since e{x){g) = e{x){h), the above equality implies 

00 

x{r\-i\,m)-l)- ii{[V+^{-f\m)Y^L\-i\,m),r'+^{-i\,m)) mod 2 

i=fc+l 
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oo 

= x{r'{ijX,m)~l) ■ fi{[L'+\tl;X,m)]-^V{i;X,m),r'+\4;X,m)) mod 2. 

i=k+l 

If n = iV, then r''+^{^X,m) = r'^+^{ipX,m) — N so 

oo 

x{r'{jX,m) -1) ■ n{[L'+\-fX,m)]-~^L'{jX,m),r'+\jX,m)) mod 2 

oo 

= y{r'{jX,m)-l)- fi{[L'+\-fX,m)]-^L'(jX,m),r'+\-fX,m)) mod 2, 

i=fc+l 

and similarly for "0 in place of 7. On the other hand, if n < A^, then since 
r'''+^(7A, m), r'^+^(-0A, m) > N, property (3) of ^ gives 

00 

Y x{r'{jX,m) -1) ■ n{[L'+\-fX,m)]-^L'{jX,m),r'+\jX,m)) mod 2 

00 

= 0+ ^ x{r'{-/X,m) -1) ■ fi{[L'+'^{jX,m)]-^L'{-fX,m),r'+'^{jX,m)) mod 2 

00 

= 0+ ^ y{r'{-fX,m) - 1) ■ i2{[L'+\jX,m)]-'^U{jX,m),r'+\jX,m)) mod 2 

i=k+2 
00 

= E yir\l\,m)^l)-fi{[V+\^X,m)]-'L\jX,m),r^+\jX,m)) mod 2, 

i=k+l 

and similarly for ip in place of 7. Therefore all terms after the (A; + 1)'^' term in 
the sums defining e{y){g) and e{y){h) are respectively equal. We conclude that 
e(y)(5) = e(y)(M. □ 

The above theorem has two immediate corollaries. We point out that on the 
space of all subflows of we use the Vietoris topology (see Section |9^ . or equiv- 
alently the topology induced by the Hausdorff metric. In symbolic and topological 
dynamics there is a lot of interest in finding invariants, and in particular search- 
ing for complete invariants, for topological conjugacy, particularly for subflows of 
Bernoulli flows over Z or Z". The following corollary says that, up to the use 
of Borel functions, there are no complete invariants for the topological conjugacy 
relation on any Bernoulli flow. 

Corollary 9.3.4. Let G be a countably infinite group and let k > I be an 
integer. Then there is no Borel function defined on the space of subflows of fc*^ 
which computes a complete invariant for any of the equivalence relations TC, TCp, 
TCm; or TCmf- Similarly, there is no Borel function on k^ which computes a 
complete invariant for the equivalence relation TCp . 

The above theorem and corollary imply that from the viewpoint of Borel 
equivalence relations, the topological conjugacy relation on subflows of a common 
Bernoulli flow is quite complicated as no Borel function can provide a complete 
invariant. However, the above results do not rule out the possibility of the exis- 
tence of algorithms for computing complete invariants among subflows described 
by finitary data, such as subflows of finite type. 

The above theorem also leads to another nice corollary. We do not know if the 
truth of the following corollary was previously known. 
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Corollary 9.3.5. For every countably infinite group G, there are uncountahly 
many pairwise non-topologically conjugate free and minimal continuous actions of 
G on compact metric spaces. 

9.4. Topological conjugacy of free subfiows 

In this section we present a complete classification of the complexity of both 
TC(G) and TCf(G) for every countably infinite group G. We show that for a 
countably infinite group G, the equivalence relations TC(G) and TCf(G) are both 
Borel bi-reducible with Eq if G is locally finite and are both universal countable 
Borel equivalence relations if G is not locally finite. In particular, by Lemma [9.2.71 
we have that for every countably infinite locally finite group G, all of the equivalence 
relations TCp(G), TCmf(G), TCm(G), TCf(G), and TC(G) are Borel bi-reducible 
with Eo. We remind the reader the definition of a locally finite group. 

Definition 9.4.1. A group G is locally finite if every finite subset of G gener- 
ates a finite subgroup. 

We first consider locally finite groups. The main theorem of the previous section 
allows us to quickly classify the associated equivalence relations. We need the 
following simple lemma. 

Lemma 9.4.2. Let G he a countable group, and let /, g : 2*^ 2*^ be functions 
induced by the block codes f : 2^ — > 2 and g : 2^ — >■ 2, respectively. Then f o g is 
induced by a block code on HK . 

Proof. Clearly, f o g is continuous and commutes with the shift action of G. 
So by Theorem l7.5.5[ f o g is induced by a block code. It therefore suffices to show 
that ifx.y e 2^ agree on HK then [f o g{x)]{lG) = [f o g{y)]{lG). So fix a;,?/ G 2'^ 
with X \ HK = y \ HK. Then for each h e H we have (h-'^-x) \ K = ih-'^-y) \ K. 
Therefore for h E H 

g{x){h) = g{{h-' ■x)\K)^ g{{h-^ ■ v) \ K) ^ g{y){h). 

So g{x) \ H - g{y) \ H and therefore f{g{x)){lG) = f{g{y)){lG)- □ 

Theorem 9.4.3. Let G he a countably infinite, locally finite group. Then 
TC(G), TCf(G), TCm(G), TCmf(G), and TCp(G) are all Borel hi-reducible with 
Eq. In particular, these equivalence relations are nonsmooth and hyperfinite. 

Proof. By Theorem 19.3.31 we have that Eq Borel embeds into each of the 
equivalence relations. By Lemma [9. 2. 71 it will suffice to show that both TC(G) and 
TCp(G) are hyperfinite since it is well known that hyperfinite equivalence relations 
Borel reduce to Eq ( |DJK| ). We remind the reader that a Borel equivalence relation 
is hyperfinite if it is the increasing union of finite Borel equivalence relations. 

Since G is locally finite, we can find an increasing sequence, (i/„)„gN, of finite 
subgroups of G whose union is G. For each n G N, define En C S(G) x S(G) by the 
rule: A En B if and only if there is a conjugacy (j> between A and B for which both 
ip and 4)~^ are induced by block codes on iJ„. Then En is an equivalence relation 
as transitivity follows from the previous lemma (since Hn is a subgroup of G) . Also 
the proof of Proposition 19.2.51 immediately shows that each equivalence relation 
En is Borel. Since UneN-^n ~ '^^ have that TC(G) = Ukgn^"- we use 
the fact that G is locally finite. Each Hn is finite, so there are only finitely many 
block codes on Hn and hence each equivalence relation En is finite. We conclude 
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that TC(G') is hyperfinite, and therefore Borel reducible to Eq. A similar argument 
shows that TCp(G) is hyperfinite as well. □ 

The proof of the previous theorem seems quite simple, but one should not 
overlook the fact that it relies on Theorem l9.3.3l The authors do not know if there 
is a simpler proof of Theorem 19.3.31 in the context of locally finite groups. 

Now we change our focus to nonlocally finite groups. We prove that for count- 
ably infinite nonlocally finite groups G the equivalence relations TC(G) and TCf(G) 
arc universal countable Borel equivalence relations. Unfortunately, we are unable 
to classify TCm(G), TCmf(G), and TCp(G') for nonlocally finite groups. 

The authors' original interest in studying the complexity of the topological 
conjugacy relation, TC(G), stemmed from the following theorem of John Clemens. 

Theorem 9.4.4 ([C]). TC(Z") is a universal countable Borel equivalence rela- 
tion for every n > 1. 

Our proof roughly follows Clemens' proof for Z. However, substantial additions 
and changes to his proof are required since we want to both extend his result to 
all nonlocally finite groups and extend it from TC to TCp. One of the crucial 
components of our proof is constructing elements of 2'~^ which mimic the behavior 
of elements of 2^. The following lemma is a small step towards this construction. 
After this lemma are three more lemmas followed by the main theorem. 

In this section, for x € 2^ we let —x denote the element of 2^ defined by 
—x{n) — x{—n) for all n E Z. Clearly a; G 2^ is a 2-coloring if and only if —x is a 
2-coloring. 

Lemma 9.4.5. There is a 2-coloring tt G 2^ for which w and — tt are orthogonal. 

Proof. Let c be any 2-coloring on Z. Define 

if n = mod 8 
if n = 1 mod 8 
if n = 2 mod 8 
if n = 3 mod 8 
if n = 4 mod 8 
if n = 8m + 5 
if n = 6 mod 8 
if n = 7 mod 8 

Then tt is a 2-coloring since it clearly blocks 8n for all n G Z (see Corollarv l2.2.6p . 
Let 51,52 G Z and set T = {0, 1, 2, . . . , 10}. Clearly there is < n < 7 with 
gi + n = mod 8 and hence Tr{gi -\- n) — n{gi + n + 1) = 1. If —TT{g2 + n) ^ 1 
or — 7r((72 -l- n -l- 1) 7^ 1 then we are done since n,n + 1 G T. Otherwise we must 
have that —52 — n = 1 mod 8. It follows that —52 — n — 3 = 6 mod 8 and thus 
7r((7i -t-n-|-3) = l7^0 = —T^{g2 + ?i + 3). Since n -|- 3 G T, this completes the proof 
that TT and — tt are orthogonal. □ 

The following is a technical lemma which will be needed briefly for a very 
specific purpose in the proof of the main theorem. 

Lemma 9.4.6. Let X be a compact metric space, let Z act continuously on X , 
let y E X be minimal, and let d G N. Let {^n)neti and {i'n)neti be sequences of 
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functions from N N. Suppose that each such function is monotone increasing 
and tends to infinity. Then there exists an increasing function s : N N+ such 
that y = lims(n) • y and for n, n', fc G N we have the implication: 

-2d+t^ki{M + l)(s(fc + 1) - s{k) - 8) - 2d) 

< (4d+ l)|s(n) - s(n')| < 
2d + a((4d + l)(s(fc + 1) - s{k) + 8) + 2d) 
implies max(n, n') ^ k + 1. 

Proof. Let p be the metric on X. We claim that if e > and n € N, then there 
is fc > n with p{k ■y,y) < e. To see this, let z be any limit point of {fc • j/ : k> n} 
(a limit point must exist since X is compact). By minimality of y, we must have 
y € [z]. In particular, there is m G Z with p{m-z, y) < |. Since Z acts continuously 
on X, m-2; is a limit point of {{m + k)-y : k > n}. So there is A; > n with m+k > n 
and p{{m + k) ■ y,m- z) < |. Then p{{m + k)-y,y) < e and m + k> n, completing 
the proof of the claim. 

Fix a sequence (e„)„gN of positive real numbers tending to 0. We will choose a 
fimction s : N ^ N+ which will have the additional property that p{s(n) - y, y) < e„ 
for all n e N. Pick s(0) > with p(s(0) ■y,y) < eq. Let ti > s(0) be such that 

-2d + lyoiiM + l)(ii - 8) - 2(i) > 

{ti exists since vq tends to infinity). Pick s(l) > s(0) + ti with p{s{l) ■ y,y) < e\. 
Suppose that s(0), s(l), • • • , s(n— 1) have been defined and satisfy all of the required 
properties. Let m € N bo the maximal clement of the union 

{2d + a((4(i + l){s{k + 1) - s{k) + %) + 2d : k + Kn} 

|J{(4(/+l)|s(A;')-s(A;)| : k,k' <n}. 
Let t„ > m be such that 

-2Q!+i^„_i((4rf+l)(t„ -8)~2d) >m>0 

[tn exists since Vn-i tends to infinity). Now pick s(n) > s{n — 1) + 1„ with p{s{n) ■ 
y,y) < e„. This defines the function s : N N+. 

Clearly we have y = lims(n) • y. Let n,n',k G N satisfy max(n, n') ^ k + 1. 
We must show that either 

-2d + UkiiM + l){s{k + 1) - s{k) - 8) - 2d) > {M + l)\s{n) - s{n')\ 

or 

(4d + l)\s{n) - s{n')\ >2d + a((4d + l){s{k + 1) - s{k) + 8) + 2d). 

By swapping n and n' , we may suppose that n > n'. If n = n' then we are done 
since 

(4d + l)|s(n) - s(n')| = < -2d + i^fe((4rf + l){tk+i - 8) - 2d) < 

-2rf + z/fe((4d+l)(s(/c + l) -s{k)-8) - 2d), 

where the second inequality follows from being monotone increasing. If n > fc + 1 
then by our construction we have 

{Ad + l)\s{n) - s{n')\ > {Ad + l)(s(n) - s{n - 1)) > s{n) - s{n - 1) 

>tn>2d + a((4rf + l)(s(fc + 1) - s{k) + 8) + 2d). 
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Finally, if n < fc + 1 then n' < k + 1 and 

(4rf+ l)|s(n) - s{n')\ < -2d + i^kUM + l){tk+i - 8) - 2d) 

< -2(i + i/fc((4d+ l)(s(fc + 1) - s{k) - 8) - 2d), 

where again the second inequality follows from V). being monotone increasing. This 
completes the proof. □ 

Let G be a finitely generated countably infinite group. Call a set S C G 
symmetric ii S = S~^. Let 5 be a finite symmetric set which generates G. The 
(right) Cayley graph of G with respect to S, Ts, is the graph with vertex set G and 
edge set {{g,g-s) : ,g G G, s G S}. Since S generates G, this graph is connected. 
Also, G acts on Ts by multiplication on the left and this action is by automorphisms 
of Ts- This is the only action of G on Fg which we will discuss. We define a metric, 
Ps, on G = V(r<j) by setting ps{g, h) equal to the length of the shortest path joining 
g and h in Ts- This metric is left- invariant, meaning that ps{tg, th) = psid, h) for 
all t,g,h G G. In particular, G acts on Fg by isometrics. We will call ps the left- 
invariant word length metric associated to S. For g,h £ G, we let [g,h]s denote 
the set of shortest paths P : {0,1, ps{g, h)} — >■ V(rs) which begin at g and 
end at h. Notice that for t,g,h G G we have that t ■ [g,h]s = [tg,th]s, where 
{t ■P){n) = t- P{n) for paths P. 

Lemma 9.4.7. Let G be a couviahly infinite group generated by a finite symmet- 
ric set S. Let ps be the left-invariant word-length metric associated to S, and let 
d> 1. Then there is a bi-infinite sequence P : Z ^ G such that ps{P{n),P{k)) 
i; II — k\ for all n,k gZ. 

Proof. Let Ts be the (right) Cayley graph of G with respect to S. Since 
G = UneN'^" ^® infinite and S is finite, we must have that 5*"+^ % 5" for all 
n e N. For every n > 1, pick g„ G 5^" - 5^"~^ and Qn e [Icgnjs- Notice 
that ps{lG,gn) = 2n and therefore dom{Qn) — {0, 1, . . . , 2n}. Also notice that 
Ps{Qn{ki) , Qn{k2)) — \ki — fel whenever ki,k2 € dom((5„). For n > 1 define 
P„ : {-n, -n + 1, . . . , n} -> V{Ts) by setting 

Pn{k) = Qn{n)-^ -Qnik-^-n). 

Clearly each P„ is a path in Fg and furthermore by the left-invariance of ps we 

have that ps{Pn{ki),Pn{k2)) = \ki — k2\ whenever ki,k2 € dom(P,i). Clearly 
Pn{0) = 1G) and since P„ is a path in Fg we must have that Pn{k) G S'^ for all 
k e dom(P„). Since S'^ is a finite set, there is a subsequence {Pn(i))i&N such that 
for all k G Z the sequence of group elements (P„(j)(fc))igN is eventually constant. 
Define P : Z — > G by letting P{k) be the eventual value of (P„(j) (fc))jgN- Clearly 
P(0) = 1g and ps{P{kx), P{k2)) = — ^2] for all ki,k2 G Z. The proof is complete 
after defining P : Z ^ G by P(n) = P{dn). □ 

We let F = (o, h) denote the nonabelian free group on the generators a and b. 

Recall that E^o denotes the equivalence relation on 2"^ given by x Eoo y [x] = [y] . 
Eao is a universal countable Borel equivalence relation, or in other words, it is the 
most complicated countable Borel equivalence relation. 

We introduce some terminology which will be helpful in the next lemma. If g G 
F is not the identity element, then the reduced word representation of g is the unique 
ordered tuple {s\,S2, ■ ■ ■ , Sn) where g = s\ - S2 - ■ ■ Sn, each Sj G {a, a~^, b, b~^}, and 
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Si 7^ for 1 < i < n. If s £ {a, a^^ ,b,b^^} then we say that g £ ¥ begins 
with s if g is not the identity element and the first member of the reduced word 
representation of g is s. We call the nonidentity elements of (a) U (6) segments. 
A segment is even if the length of its reduced word representation is even and is 
otherwise called odd. For s e {a, a~^, b, b^^} we say a segment g is of type s if there 
is n > 1 with g = s"'. For nonidentity g G F, the segment representation of g is the 
unique ordered tuple (si, S2, ■ • ■ , s„) where g = si ■ S2 ■ ■ ■ Sn, each Si is a segment, 
and for 1 < i < ^ the type of Si is neither the type of Si_i nor the inverse of the 
type of Si_i. For example, if g = a^b^^a then the reduced word representation of 
g is 

(a, a, a, b^^, 6^^, a) 
and the segment representation of g is 

(a^b-^a). 

For nonidentity g G F, the segments of g are the members of the segment representa- 
tion of g, and the n"' segment of g is the n**^ member of the segment representation 
of g. 

The following lemma is due to John Clemens. We include a proof for complete- 
ness. 

Lemma 9.4.8 ('C'). There is a Borel set J Q'2F which is invariant under the 
action of¥ and satisfies: 

(i) Eac Eao \ J , SO E^o \ J is a universal countable Borel equivalence 
relation; 

ill) For x,y € J with ^{x Eoo y) there are infinitely many 5 G F with x[g) ^ 

yig); 

(iii) For every a; G J there are infinitely many <? G F with x{g) = 1. 

Proof. Let _ff C F be the subgroup generated by and 6^. Let 4> :¥ ^ H he 
the isomorphism induced by 0(a) = and 0(6) = 6^. For x £ '2F define f{x) G 2"^ 

by 

{x{u) if w = <f){u) for some u or w — <j){u)abv for some u and v 
with V not beginning with b^^; 
1 otherwise. 

Then / is a continuous injection, so the image of / is Borel. Let J = IJgeF 9 ' fi'^^)- 
Clearly J is Borel. Clause (iii) is immediately satisfied. 

Suppose x,y & 2^ satisfy x Eoo V- Then y = g ■ x for some g G F and it is easy 
to check that f{y) = f{g ■ x) = 0(g) • f{x). Thus /(x) E^o f{y). Pick any y G 2^ 
and g G F. To complete the proof, it suffices to show that if fiy) and g ■ f{x) agree 
at all but finitely many coordinates then [y] = [x] (and hence [fix)] = [/(?/)])• If 
f{y) has value 1 at all but finitely many coordinates, then f(y) is identically 1, as 
are f(x), x, and y and hence [y] — [x]. So we may suppose that there is fc G F 
with y{k) = and hence f{y){(f>{k)) = f{y){(j){k)abv) — for all u G F which do 
not begin with b~^. Let t, ft, G F be such that g ~ h(j>{t) and such that the reduced 
word representation of ft does not end in aa, a^^a^^, bb, or b^^b^^. Then 

f{y) 9 ■ fix) ^h-f{t-x)^h- fix') 
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(—* denotes equality at all but finitely many coordinates) where x' — t-x. lih — If, 
then we are done since / is injective. Towards a contradiction, suppose that h ^ If- 
If h~^4'{k)ab — 6^™ for m € Z (possibly m — 0) then set si = b and S2 ~ a~^. 
Otherwise let Si G {a, a~^} be such that s^^ is not the last element in the reduced 
word representation of h~^<p{k)ab, and let S2 = b. We must have that for some 
n > 1 

= /(y)(0(fc)a6(siS2)") = [h ■ f(x')]{cf>{k)ab{siS2r) = f{x'){h-^4>{k)ab{siS2T). 

By the definition of /, there must be p, u G F with v not beginning with b~^ and 

h'^(t){k)ab{siS2T = (t){p)abv or /i" V(A;)a&(siS2)" = <j){p). 

By choosing a larger value of n if necessary, we can assume (j){k)ab{siS2)^ = 
(f>(p)abv. Notice that since the first segment of is odd, the first segment of 
h~^cf){k) must also be odd. If the initial segment of h~^(j){k)ab is not odd, then 
h~^(p{k) must have at most two segments and h~^(j){k)ab must be either a^™6 or 
jj2m £qj. gQjjjg m e Z (possibly m = 0). In (j){p)abv, the first odd segment of type b 
is preceded by an odd segment of type a or a^^. So for m e Z we have 

a2"6a±is2(siS2)""^ ^ (p{p)abv ^ b^'^ba-^ {siS2T-^ . 

Therefore a^™6 h~^4){k)ab ^ 6^™ (recall the definition of si and S2). Thus the 
initial segment of h~^(p{k)ab must be odd. So the initial segment of (j){p)abv must 
be odd and thus we must have that (j){p) = a?"^ for some m G Z. Then the initial 
segment of h~'^4'{k)ab must be of type a or a^^ and hence the initial segment of 
h~^(p{k) is of type a or a~^. We cannot have h~^(f){k) G {a) as otherwise the initial 
segment of h~^(f>{k)a,b would be even. So h~^(j)(k) has at least two segments and 
the first segment is of typo a. or a^^ . Since 

h-^c^{k)ab{siS2T = a^'^+'bv 
the second segment of h~^<j){k) must be of type b (as opposed to being of type 6^^). 

Let ti G {6, b"^} be such that t^^ is not the last clement of the reduced word 
representation of h~^(j>(k). Set ^2 = a. Then there is iV G N with 

fivmrnmr) - [h ■ /(x')](<^(fc)(tit2)^). 

Clearly <f){k){t\t2)^ is not in the image of (f). Also, the first odd segment of 
(f){k){tit2)^ is of type b or b~^, so there cannot exist k',v' G F with v' not be- 
ginning with b~^ and (f>{k){tit2)^ = (f>{k')abv'. By the definition of / we have 
/(y)(0(fc)(tit2)^) = 1. However, there is f ' G F not beginning with b ^ with 

h-^(j){k){tit2)^ = <j){p)abv' 

(where p is the same as in the last paragraph) . We have 

[h ■ f{x')]{m{trt2f) = f{x'mp)abv') = f{x'mp)abv) = 0. 

This is a contradiction. We conclude h = lw- □ 

We are now ready for the final theorem of this chapter. This theorem states that 

TC(G) and TCf(G') are universal countable Borel equivalence relations when G is 
not locally finite. We mention that John Clemens claims to have an independent 
proof of this theorem, however as of yet he has not made his proof public. 

To give a very rough outline of the proof, we will construct elements of 2*^ 
which have behavior very similar to elements of 2^ and then we will adapt and 
implement Clemens' proof of this result for TC(Z). 
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Theorem 9.4.9. Let G be a countably infinite, nonlocally finite group. Then 
TC(G') a77.rf TCf(G) are universal countable Borel equivalence relations. 

Proof. Since G is not locally finite, there is a finite symmetric 1g G 5* C G 
with (5) infinite. Setpi(fc) = 16-(2fc'* + l) and for n > 1 setp„(fc) = 2fc'* + l. Then 
(Pn)n>i is a sequence of functions of subexponential growth. By Corollary 15.4.81 
there is a centered, directed, and maximally disjoint blueprint (A„,F„)„gN with 
|An| > log2 Pn{\Fn\) for all n > 1. It is easy to see from the proof of Corollarv l5.4.8l 
that the blueprint can be chosen to have the additional property that Fi C [S). 
Recall that we are free to fix a choice of distinct a„,/3ri,7„ G Dn~i fo^' all rt > 1. 
For n > 1 set 7„ = 1g and let q;„,/3„ € — {1g} be arbitrary but distinct. 

By claus e (viii ) of Lemma [SXH we have fl^^pj A„a„ = flngN^"^" = ^- Apply 
Theorem 15 . 2 . 51 to get a function c which is canonical with respect to this blueprint. 
By Proposition 17.3.51 c is A-minimal. Apply Corollarv 17.4.71 to get a fundamental 
and A-minimal c' with |0i(c')| > log2(16) = 4 and with the property that every 
element of 2*^ extending c' is a 2-coloring. A trivial application of Lemma 17.4.51 
(with /i identically 0), Lemma l7.3.6[ and Lemma 17.3.81 gives us a fundamental and 
A-minimal x S 2-*^ extending c' and with the property that |0i(x)| — 4 and 
Qn{x) = for n > 1. Let 6*1, 6*2, 6*3, 0^ be the distinct elements of Oi(x). From this 
point forward 0i will denote Qi[x). 

Equip {S) with the left-invariant word length metric p induced by the generat- 
ing set S. We define a norm on {S) and on finite subsets of {S) by 

II5II = P{9. 1g), and 

— niax{p(a, Iq) : a e A} 

for g e (S) and finite A C (S). Notice that if A.B C (S) are finite then \\AB\\ < 
+ Set 

rf=||FiFfi||. 

This expression is meaningful since Fi C (5*). Apply Lemma 19.4.71 with respect to 
the number Ad + 1 to get P : Z ^ {S) C G. Recall that lo E S and therefore for 

m e N 

m 
1=0 

We claim that for every n E Z 

{keZ : P{k)FiF^^ n P{n)FiF^^FiF^^S^'^+^FiF^^ ^ 0} = {n - l,n,n+ 1}. 
Indeed, if fc e Z is in the set on the left then 

so 

|fc-n|(4d+ 1) = \\P{k)-^P{n)\\ <d + d+{4:d+l) + d + d = 8d+l. 

Thus|fc-n| < 1. On the other hand, if fc e Z and |/c-n| < 1 then P(fc) e P(n)S"*'^+i 
since \\P{n)^^P{k)\\ = |fc - n\{Ad + 1) < 4d+ 1. For each n e Z, pick Q{n) e Ai 
with Q{n) e P(n)PiPf ^ Note that Q{n) ^ Q{k) for n ^ fc. Also, we have that 
for all 71 e Z 

{fc e Z : Q{k) n Q(n)PiPf ^S'^'^+^PiPf ^ ^ 0} ^ {n - l,n,n + 1}. 
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Let TT e 2^ be a 2-coloring with tt and — tt orthogonal (see Lemma HAS]) ■ Define 
x' G 2<^ by 

!x[g) if 5 S dom(a::) 
7r(n) if 5 = Q{n)B2 
1 if5eQ(Z)03' 
otherwise 

Note that x' admits a Q(Z) membership test. Specifically, 
g e Q(Z) ^ 5 e Ai and a;'(g03) = 1- 

Set 

X = {w(^ \x'\ : 1g e A5" and w{Q^) = 1}. 
Notice that X n [a;'] = Q(Z)^^ • x'. It follows from the definition of (see Section 
I7.ip that X is a clopen subset of \x'\. Therefore, if w = limg„ ■ x' ^ X then 
Qn ■ x' ^ X and g,7^ G Q(2) for all but finitely many n G N. So approximating 
w G X by points in X n \x'\ = Q(Z)~^ • x' gives 

Notice that w is in the set on the left. We put a graph structure, F, on X as follows: 
w, w' G X are adjacent in F if and only if w ^ w' and 

w' G FiF^^S^'^+^FiF^^ ■ w. 

Then every element of X has degree precisely 2 in F. Note that for k G Z the 
vertices adjacent to Q{k)^^ ■ x' are precisely Q{k — ■ x' and Q{k + ■ x' . 
Again, approximating points in X by points in X H [x'] = Q(Zi)^^ ■ x' shows that 
every connected component of F is infinite and in particular is isomorphic to the 
standard Cayley graph of Z. 

We claim that for w G X the connected component of F containing w is precisely 
[w] nX. Clearly the connected component of F containing w is contained in [w] nX. 
We now show the opposite inclusion. So suppose that h & G and h ■ w G X. We 
can approximate w by points in [a;'] H X to find g G G such that g ■ x' ,hg ■ x' £ X . 
Since [x'] n X C [S) ■ x' and x' has trivial stabihzer, we have that g, gh G {S) and 
thus h G {S). Let n G N be such that \\h\\ < n(4ci + 1) + 2d. Again, approximating 
w by points in [x'] n X, we find g' G G such that tg' ■ x' E X t ■ w E X for 
every t G 5'"(4<i+i)+2d gQ g' . x',hg' ■ x' E X and thus there are —n < m < n 
and k E Z with g' — Q{k)^^ and h = Q{k + m)^^Q{k). So for |i| < |m| we have 
Q(k + iy^Q{k)g' ■ x' E X and thus Q{k + i)~^Q{k) ■ w E X . Therefore there is a 
path in F from w — Q{k)~^Q{k) ■ w to h ■ w = Q{k + m)^^Q{k) ■ w. We conclude 
that [w\ n X is precisely the connected component of F containing w. We point out 
for future reference that this argument showed that if w G X and h ■ w E X then 

/iG Q(z)-ig(z). 

We now define an action, *, of Z on X. Let 7\/ G N be such that for all ni,n2 G Z 
there is —M < t < M with 7r(rii + 1) ^ 7r(n2 — t) {M exists since tt is orthogonal 
to — tt). Fix w E X. Set wq = w and let W-m ,W-m+i ■ ■ ■ ,wm-i,wm G X be the 
vertices which can be joined to wq in F by a path of length at most M . Rearranging 
the indices if necessary, we may assume that {wi, lUi+i) G E(F) for each —M<i< 
M . By approximating wq by elements of [x'] H X, we see that there is n G Z with 
either Wi{62) = 7r(n + i) for all —M < i < M or Wi{92) = — 7r(— n + i) = n{n — i) 
for all —M < i < M . By the definition of M, one of these two possibilities must 
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fail for all n G Z so in particular the two possibilities cannot be simultaneously 
satisfied. By swapping Wi and w-i for each — M < i < M if necessary, we may 
assume that there is n G Z with 10^(^2) = T^in + *) for all —M < i < M. We 
define * = wq, 1 * uiq = wi, and — 1 * = W-i. In general, recursively define 
k*WQ — 1* {{k — 1) * wq) and — fc * wq — —1 * ((— fc + 1) * wq) for fc > 1 and wq £ X. 

We claim this action of Z on X is continuous. Since X is clopen in [x'], there 
is a finite 1g & B C G and F C 2-^ such that for w' € [x'] we have w' £ X ii and 
only if It;' \ B G V. By approximating = wo G X by elements of [a;'] n X and 
recalling the definitions of P and Q we see that 

Let w' d X and let w'_j^^.j, . . . , be defined similarly to before, with Wq = w' . For 
—M < i < M let gi G G he such that Wi = 17.; • wq. If 

then if -w'o) \ B ^ if ■ wq) \ B for all / e S'A^(4'i+i)+2d and hence w[ = g, ■ w'q 
and w[{92) = ^1(^2) for all — Af < i < A/. So if w' and w satisfy the displayed 
expression above and if w' is sufficiently close to w, then \ * w' = gi ■ w' is close to 
\ ^ w = gi ■ w since the action of G on 2*^ is continuous. Similarly — 1 * w' is close 
to — 1 * w. We conclude that the action of Z on X is continuous. In fact, since X 
is compact, for each A; g Z the map w 1— ^ fc * w is uniformly continuous. 

X is a clopen subset of [x'] and is therefore compact and Hausdorff. Therefore, 
there is y G X which is minimal with respect to the action of Z (Lemma I2.4.2|) . 
For notational simplicity for the rest of the proof, we redefine tt g 2^ by 

7r(n) = (n * y){92). 

Notice that this new tt is in the closure of the orbit of the old tt, the new tt is a 
2-coloring, and it is orthogonal to its refiection — tt. 

Fix an increasing sequence (C„)„gN of finite subsets of G with \q e Co, C„ — 
C-\ and U„eN C'n = G. For n € N define C„ : N ^ N by 

e„(m) = ||C-i5'"C„n(5)||. 

Then for each n e N the function ^„ is monotone increasing, tends to infinity, and 
m < S,n(jn) ^ S,n+i(jn) for all m e N. The functions ^„ may not map bijectively 
onto N, but we define functions Vn which behave similar to 1^,7^ ■ For n, fc G N we 
define 

Vn{k) = min{m G N : ^n(m) > fc}. 
We again have that for each n G N the function is monotone increasing, tends 
to infinity, and Vn+iik) < t'n(fc) < k. 

Apply Lemma 19.4.61 to get an increasing function s : N — > N+ such that 
lims(n) * y ^ y and for all n, n', fc G N the following implication holds: 

-2d + i/fe((4d + l)(.s(fc + 1) - s(fc) - 8) - 2d) 

< (4d+ l)|s(n) - s(n')| < 

2d + £,k{{4d + l)(s(fc + 1) - s{k) + 8) + 2d) 

implies max(n,n') = fc + 1. The reader is discouraged from thinking too much 
about the technical condition above. The technical requirement on the function s 
is needed briefly for a very specific purpose near the end of the proof. Aside from 
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this, we will only make use of the fact that linis(n) * y = y and that s{n) > for 
all n e N. 

For n G Z let q„ e G be the unique group element with ■ y = n * y. Note 
that qo — Iq, {Qu ■ n G Z} C A\ C (5), and for n, fc G Z 

{4:d+l)\n- k\-2d< llg^^Qfcll < {M + l)\n - k\ + 2d. 

Although it is a bit of a misnomer, we will refer to {qn)n£i, as a bi-infinite path, 
and for t G Z we will refer to {qn)n>t as a right-infinite path and {qn)n<t as a 
left-infinite path. The point y G 2*^ in some sense mimics tt G 2^. The rest of the 
proof will proceed by working with certain elements of 2*^ which agree with y on 
all coordinates not in A\Qi. Find a sequence (gn)neN in G with y — lim (7„ • x' and 
set z = limf/„ • x. Note that the limit exists, 1g G Af ~ A^, and for all g ^ A\Qi 
z{g) = y{g). Since z G [x], z is A-minimal, every element of 2'~^ extending z is 
a 2-coloring, and G — dom(z) = Af0i. We also have the useful property that 
\imq~^^^ ■ z = z. From this point forward we will work with y and extensions of z 
and therefore no longer need a; or a;'. 

Let F denote the nonabelian free group with two generators a and b. Let J C 2^ 
be as referred to in Lemma [9.4.81 Define c : F — > 2^'*' by setting 

c(1f) = 11000011, 

c(a) = 11100011, 

c(a-i) = 11010011, 

c(6) = 11001011, 



and 



c{b'^) = 11000111, 
c{g) = c(ei)'"c(e2)" • • c(e„) 



where denotes concatenation, G F — {If}, et G {a, a^^, 6, 6^^}, and g = ei ■ 
62 • • • e„ is the unique reduced word representation of g. Note that c{g) has length 
8 times as long as the length of the reduced word representation of g (for g ^ ly). 
Let (/ii)igN be an enumeration of F with Hq ~ 1^. For i, fc G N and m G J define 



f{u,i,k){g) 



z{g) if 3 G dom(z) 

c(hi){n — s{k)) if n > s{k) An — s{k) G dom(c(/i.j)) A g 

7r(n) if n > s(fc) A g = qn02 

1 if n > s{k) A g = qnO^ 

{hi-u)(hk) if g = 6*4 

otherwise 



The values of /(w, «, k) are shown in Figure WM Basically, f{u, i, k) extends z and 
has special values at 9^ and along the right-infinite path {qn)n>s{k) and is zero 
elsewhere. Along the path {qn)n>s{k): is used to record c{hi), O2 is used to 
record tt, and 63 provides a simple {g„ : n > s{k)} membership test. The single 
point 04 is used to record {hi ■ u){hk). For u G J we define the subflow A{u) to be 



A{u) ^G-{f{u,i,k) : i,ke N}. 



By clause (ii) of Proposition 16.1.21 A{u) is a free subflow of 2*^ for every u E J. 
To complete the proof, it suffices, by Lemma 19.2.71 and clause (i) of Lemma [9. 4. 8[ 
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Figure 9.1. The values of f{u,i,k) for n > s(fc) and for g € dom(z). 



to show that A is a Borel reduction from Eoo \ J to TCf(G'). In other words, we 
must show that A : J ^ Sf(G') is a Borel function and 

u V <^ A{u) TCfCG) A{v) 

for all u,v ^ J . Recall that by definition u E^o v if and only if [u] — [v\. 

We first prove that A : J Sp (G) is Borel. Recall that the topology on Sp (G) 
is generated by the subbasic open sets 

{A' e Sp(G) : KQU} and {K € Sp(G) : Kr\U ^0} 

where U varies over the open subsets of 2'^ (see Section l9^ . Let J7 C 2*^ be open. 
Temporarily define fi,k{u) = f{u,i,k). Then each fi^k : J — )■ 2"^ is continuous. 
Since U is open we have A{u) O U if and only if there are i,k € N with 
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[f{u, i, k)]r\U ^ 0, or equivalently f{u, i, k) G UgeG 9 ' ^- Therefore 



A-\{K&^^{G) : KnU^0})= [j fr^ [j g ■ U 



j,feeN \geG 



which is Borel since each fi,k is continuous. Define Un = {x G 2^ : d{x, 2'^ — U) > 
1/n}. Then each Un is closed and we have that A(u) C [/ if and only if there is 
n > 1 so that for all i, A; e N [f{u, i, k)] C J7„ (this follows from the compactness 
of A{u)). The condition [f{u,i,k)] C Un is equivalent to f{u,i,k) e flgeGfl' ' 
Therefore 



which is Borel since each fi^k is continuous. We conclude A : J ^ Sf(G) is Borel. 

For u G J we define X{u) C A{u) similar to how we defined X before. Specif- 
ically, w E A{u) is an element of X{u) if and only if Iq G A^" and u>(03) = 1. 
We point out that X{u) is a clopen subset of A{u). Notice that for i,k & N the 
elements of [f{u, i, k)] n X{u) are precisely the points ■ f{u, i, k) for n > s{k). 
We put a graph structure, r(ii), on X{u) just as before. There is an edge between 
w, w' G X{u) if and only if w ^ w' and 



It is clear from the definition of A{u) that every element of X{u) has degree either 
1 or 2 in r{u). As before, by approximating w G X{u) by elements of X{u) (iG ■ 
{f{u, i,k) : i,k E N} wc sec that every connected component of r(M) is infinite 
and that for w S X(u) the connected component of T(u) containing w is precisely 
[w\ f\X{u). Since some vertices in T{u) have degree 1, we cannot define an action 
of Z on X{u) similar to before. We can however define an action of N on X{u) 
which we again denote by *. If if G X{u), then w lies in an infinite connected 
component of r(w), so there are wo,w\,. . . ,W2m € X{u) (where M is as before) 
with {wi,Wi+i) E E(T(ii)) for each < i < 2M and with w = Wk for some 
< A; < 2M. By re-indexing the Wj's if necessary, we may assume that there 
is n e Z with 'Wi{02) = 7r(n + i) for all < i < 2M. If fc < 2M then we 
define 1 w = 1 Wk = Wk+i- If A; = 2M then an approximation by elements of 
X{u) n G ■ {f{u,i,k) : i,k & N} shows that w has degree 2 in r(w) and hence 
there is W2m+i w^m-i which is adjacent to Wk = w^m- In this case, we define 
1* w = u>2M+i- In general, define m* w = 1 * ((m — 1) * w) and * w = w. This 
action is well defined due to the properties of M and tt. The same argument as 
for the action of Z on X shows that the action of N on X{u) is continuous, and 
hence for each fc G N the map w ^-^ k * w is uniformly continuous. In fact, that 
previous argument shows something stronger which we will need. There is a finite 
set B C G such that \it> 2M and w, w' G X{u) satisfy 



A-\{K€SHG):KCU})=[J f] f] 9 ■ U, 




then fov g G G and <i <t we have 



I * w = g ■ w <s=^ i*w = g ■ w , 



i* {g ■ w) =w <s=^ i* {g ■ w') = w' , 
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and ii g-w G X{u) and i*{g-w) = w or i^w ~ g-w then (g-w) \ Oi ~ {g-w') \ &i. 

We will now prove that ii u,v E J and u Eoo v then A{u) TCf(G) A{v). So 
fix 7i,w e J with u Eoo v, or in other words [u] = [v]. Let g € F be such that 
u — g ■ V. By considering the reduced word representation of g in the generators a 
and b and using the fact that TCf(G'), being an equivalence relation, is transitive 
and symmetric, we see that it suffices to consider the cases u = a ■ v and u = h ■ v. 
We will treat the case u = a-v as the case u = h-v \s nearly identical. We must show 
that A{u) TCf(G') A{v). Define the permutation : N ^ N by setting a{i) = j 
if hitt = hj. Let (p be the function sending g ■ f{u,i,k) to g ■ f{v,a{i),k) for each 
g G G and i,k G N. The function (p is well defined as it is easy to check that 
[f{u,i,k)] 7^ m)] for i,j,k,m G N with («, fc) ^ {j,m) (since f[u,i,k) and 

f{u,j,m) extend z, one can apply clause (i) of Proposition 16 . 1 .21) . Notice that 

/(it, i, k){04) = {hi ■ u){hk) = [hia ■ v)ihk) = (/icr(.i) • v)ihk) = f{v, (j{i),k){ei). 

Therefore (p is only changing the c{hi) data in g ■ f{u, i, k) to the c(/icr(i)) data in 
g ■ f{v, (T{i), k). Notice that in order to change c{hi) to c(/icr(i)) one only needs to 
either append c(a) (if c{hi) does not end with c(a"^) and hi ^ If), change the last 
8 digits of c{hi) (if hi = or hi = Ip), or delete the last 8 digits of c{hi) (if c{hi) 
ends with c{a~^) and h ^ a^^). Therefore if £i denotes the length of c{hi) then 
g ■ f{u, i, k) and g ■ f{v, a{i), k) agree on 

G - g{qn ■■ s{k) +£i-8<n< s{k) +£^ + SjOi. 

To show that (p is induced by a block code, it suffices to show that the map w i— >■ 
0(w)(1g) is uniformly continuous for w G G • {f{u,i,k) : i,k£ N}. If (/)(w)(1g) ^ 
w(1g), then there must be i, fc, n G N with n > s{k) and w — (qnSi)^^ ■ f{u, i, k), in 
which case w G 9^"^ ■ X[u) as ■ f{u, i, k) G X{u). So for w not in 0^^ ■ X{u) we 
have (P{w){\g) = w{1q), and thus the map w i— >■ (P{w){1g) is uniformly continuous 
outside of O^"^ ■ X{u). Since 6^^ ■ X{u) is clopen, it suffices to show that the map 
w <P{w){\g) is uniformly continuous on 

[9^^ ■X{u))r\{G-{f{u,i,k) : z,fcGN}). 

But on this set the map w i— >■ <P{w){1g) is the composition of the maps w ^ Oi ■ w 
(with domain the set above) and g ■ f{u, i, k) ^ {g ■ f{v, a{i),k)){9i) (with domain 
X{u) n G ■ {f{u, i,k) : i,k E N}). The first map is clearly uniformly continuous, 
and the uniform continuity of the second map follows from our discussion on how 
to change c{hi) to c{h„(^i)) and from the final remark of the previous paragraph. 
Therefore (fi is induced by a block code and so extends to a continuous function 
(p : A{u) — >■ A{v) which commutes with the action of G. The set cj){A{u)) is 
compact, hence closed, and contains a dense subset of A{v). So (j){A{u)) = A{v). 
By considering the block code for (p, it is easy to see that (p is injective (alternatively, 
we could have just as easily shown that the inverse map (p~^ : G ■ {f{v, i,k) : i,k £ 
N} G • {f{u,i,k) : z, fc G N} is induced by a block code and so extends to 
0-1 : A{v) A{u)). We conclude that A{u) TCf(G) A{v). 

Before proving A{u) TCf(G) A(v) implies u Eoo we first have to shed more 
light on the properties of A{u). In order to better understand the subflow A{u), we 
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make a few more definitions. For i £ N define 
z{g) if 5 € dom(z) 

c{hi){n) if n > A n e dom(c(/ij)) Ag = QnOi 
f(i){9) = { 7r(n) if n > A 5 = g„6»2 
1 ifn>0A5 = q„e3 

otlierwise 

The function f{i) is very similar to f{u,i,k), but differs in two ways. First, f{i) 
has special values along the path ((7„)„>o, while f{u, i, k) has special values along 
the path {qn)n>s{k)- Second, f(i){Oi) = while f{u,i,k)(04^} = (h, ■ u){hk). Wc 
define Zq to be the extension of z which is zero everywhere z is not defined, and zi 

by 

' z{g) if5'edom(2;) 
zi{g)=ll iig = 6i 

otherwise 

We call the points in X{u) path data points. If w G X{u) and there are < j < 8 
and w' G X{u) with w'{9i) = 1, i * w' = w, and {j * w){9i) = 1 then we call w a 
c data point (hero the "c" is in reference to the function c : F — > 2^^). The final 
remark of the paragraph in which X{u) was defined shows that the set of c data 
points in A{u) is a clopen subset of A{u). By approximating w G X{u) by elements 
of G ■ {f{u,i,k) : i,k £ N} we see that the set of c data points in [w] D X{u) 
is connected in r{u). The action of N on X{u) gives us a well defined notion of 
right and left directions in X{u). Namely, if w G X{u) then 1* w is to the right 
of w, and if w has degree 2 in T{u) then the unique w' G X{u) with 1 * w' = w 
is to the left of w. With this convention, calling a connected subset of T{u) left- 
infinite, right-infinite, and bi-infinite has the obvious meaning. We use left-infinite 
and right-infinite in the strict sense, meaning that any set which is left-infinite or 
right-infinite cannot be bi-infinite. We say x G A.{u) has infinite, right-infinite, 
left-infinite, or bi-infinite path data (c data), if [x] r\X{u) (respectively the c data 
points in [x] nX{u)) is infinite, right-infinite, left-infinite, or bi-infinite respectively. 
We say x G A{u) has finite path data {finite c data) if [x] fl X{u) (respectively 
the c data points in [x] fl X{u)) is nonempty and finite. Finally we say x G A{u) 
has no path data {no c data) if [a;] fl X{u) (respectively the set of c data points in 
[x] r\X{u)) is empty. 
For w G J, we define: 

= Ui,feeN[/("'«'^)]; 

Mu) = UeN[/W]; 

A3{u) = {w G A{u) : w has infinite c data}; 

A4{u) = {w G A{u) : w has bi-infinite path data but no c data}; 

= Ifi}; 

Ae{u) = [zo]. 

Note that Ai{u) through A5{u) may not be subflows of 2"^. We spend the next few 
paragraphs proving the following: 

(i) {Ai{u),A2{u), . . . , Ae{u)} is a partition of A{u); 

(ii) Ai{u) is the set of isolated points of A{u); 

(iii) Aq{u) is minimal; 
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(iv) A4{u) C [w] for all w G A4{u); 

(v) A4(m)U A6(W) =n^,fc6N {f{u,i,k)]. 

(i) . We first check that the sets are pairwise disjoint. Notice that the points in 
Ai{u)U A2{u) have finite c data, and the points in A^{u)U Ae{u) have no path data 
and no c data. So we only need to show that Ai{u) n A2{u) = A^i^u) n Aq{u) — 0. 
Since s{k) > for all fc e N, for i,j£N we have 

f{u,i,k){e,) = o^i = f{j){e,) 

and hence f{u, i, k) ^ f{j)- If s 7^ 1g, then by clause (i) of Proposition 16. 1 . 2l there 
is t G G with i, s~^t G dom(z) and 

(s • f{u, z, k)){t) = f{u, z, k){s-H) - z{s-H) ^ z{t) = f{j){t). 

Therefore /(j) ^ and [/(j)] n [f{u,i,k)] = 0. It follows that Ai{u) and 

A2(u) are disjoint. Finally, we have zi{64) = 1 but w{64) — for all w £ Ae{u) with 
1g G A5". So ^5(u) and A6(u) are disjoint as well. Now we move on to showing 
that Ar{u) C A{u) for 1 < r < 6. This is clear for r = 1, r = 3, and r — A. Since 
z — limg^^^^ • z, a comparison of f(u,i,k) with z shows that 

f{i) = limg^^J.) • f{u,i,k). 

Therefore A2{u) C A{u). Clause (iii) of Lemma l9. 4. 81 implies that zi is an accumu- 
lation point of (/(it. 0, fc))fegN, so Arj(u) C A{u). Since 

{Ad + l)\n - m\ ~ 2d < ||g,7^9,„|| < (4d + l)|n - m| + 2d, 

some element of Ae{u) is an accumulation point of {q^^ ■ /(w, 0, 0))^^]^. So, 
temporarily assuming the validity of clause (iii), we have Aq(u) C A{u). We 
do point out that A^iu) and A4{u) are nonempty. Any accumulation point of 
iln^ ' /(w, 0, 0))„gN is an element of A4{u) and any accumulation point of (9^(1) • 
f{u, i, 0))igN is an element of ^3(11), where t{i) is half the length of c{hi). Finally, 
we must show that if w G A(u) then w G Ar{u) for some 1 < r < 6. If w has 
infinite c data then w G ^3(u). If w has no c data but has bi- infinite path data 
then w G ^4(1*). If w has no c data and no path data then it is easy to see that 
w G ^5(m) UAq{u). Finally, if w has finite c data and w ^ Ai{u) then w must be in 
the orbit of a limit point of the form limg"^^^^^^ • f{u, i{n), k{nj), where A: : N — N 
tends to infinity. However, since this limit has finite c data, i{n) must eventually 
be constant, say of value i, and hence limq~^^^^^ ■ f{u,i{n),k{n)) — f[i) (since 

l™97(fe(ri)) ■ z = z)- Therefore w G [f{i)] C A2{u). 

(ii) . From the definition of A{u) it follows that every isolated point of A{u) 
must lie in Ai{u). Since G acts on A{u) by homeomorphisms, it suffices to show 
that {^^(A:) ' f{u,hk) : i,k €N} consists of isolated points of A{u). Fix i,k £ N 
and towards a contradiction suppose there are ' fi'^^ihk) Xn £ A{u) with 
1^(1:) ' /(■"i*'^) = lima;„. Since Ai{u) is dense in A{u), we may suppose without 
loss of generality that x„ G Ai{u) for every n £ N. Since • f{u,i,k) £ X{u) 
is not in 1 * X{u) (or equivalently, has no member of X{u) to the left of it), 
we must have that x„ G X{u) ~ 1 * X{u) for all sufficiently large n £ N. For 
j,m £ N we have [/(u,j,m)] n {X{u) - 1 * X{u)) = qj^^^^ ■ f{u,j,m). There- 
fore there are functions j, m : N ^ N such that a;„ — 1^(m{n)) ' /(""■' jX"-); '^("')) 
for all sufficiently large n £ N. By recalling z and the definition of s{n) and 
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g„, we see that lim g^^^^^^-j^ • f{u,j{n),m{n)) = \imf{j{n)). So g^^^^ • f{u,i,k) = 
lini/(j(r7,)). Clearly we must have that j{n) = i for sufficiently large n. Therefore 
%{k) ' H^t'^t^) ~ contradicting the fact that Ai{u) and A2{u) are disjoint. 

(iii) . This follows immediately from the definition of zq and the fact that z is 
A- minimal. 

(iv) . Let w £ A4{u) and let h £ G be such that h ■ w £ X{u). By definition of 
A{u), there are gn £ G and functions i, /c : N — >■ N with w = lim (7„ • f{u, i{n), k{n)). 
Since X{u) is clopen, hgn ■ f{u,i{n),k{n)) £ X{u) for sufficiently large n £ N. So 
for large n we have hgn = (1^^^) "^ti^re 'm{n) > fc(n) (since the limit h ■ w is & 
path data point). Since w has no c data and has bi-infinite path data, we have 
that m{n) » k{n) + 8||i(ri)|| for large n (here ||j(n)|| denotes the reduced word 
length of i{n) £ F). Since y and f{u, i{n), k{n)) agree outside of a neighborhood of 
{qt ■ — oo < t < k{n) + 8||i(ri)||} we have that 

h-w = limg^^J^^^ • f{u,i{n), k{n)) = limm(n) * y. 

So h ■ w £ y. If X € A4{u) then we similarly have that there is g £ G with 
g ■ X £ Z * y. Since y is minimal with respect to the action of Z, we have g ■ x £ 
Z* y = Z * {h ■ w) (the action oiZ on h-w is defined since h-w £ Z* y). Therefore 
X £ [w]. We conclude A4{u) C [w]. 

(v) . Let fc, m € N with (i, k) ^ (j, m). Ifi ^ j £N then clearly [f{u, i, k)] ^ 
[/(u, j, m)] since c(/ii) and c{hj) are distinct. If i = j and k ^ m then f{u,i,k) ^ 
f{u,i,m) and furthermore by clause (i) of Proposition 16.1.21 we have [f{u,i,k)\ ^ 
[/(u,«,m)]. So («,fc) 7^ ij^rn) implies [/(u,i,fc)] ^ [/(u,j, m)]. So by clause (ii) we 
have that Ai{u) is disjoint from f]^ ^.^p, [f{u, i, k)]. Now fix i, fc G N. Since /(w, i, k) 
has finite c data, every point of [f{u, i, k)] — [f{u, i, k)] must have no c data. Also, 
if 7 G Af and f{u, i, fc)(704) = 1 then 7 = Iq- So we cannot have zi £ [f{u,i, k)]. 
Therefore 

Pi [fiu,j,m)]CA4{u)UAe{u). 

Since 

{Ad + l)\n - m\ - 2d < ||(7„g„^|| < (4d + l)|n - m| + 2d, 

there are subsequences of {q~^-f{u, i, k))~^_^ and [q^^- f{u, i, fc))^i converging to 
points in Aq{u) and A4(-u) respectively. So by clauses (iii) and (iv) A4{u)UAq{u) C 
[f{u,i,k)]. We conclude 

A4{u)uAe{u) = fl [7Kvfc)I- 

Now we begin the final phase of the proof. All that remains is to show that 
if u,?; G J and A{u) TCf(G') A{v) then u Eoo v (or equivalently [u] = [v]). So 
suppose that cj) : A{u) — > A{v) is a conjugacy. Our proof proceeds by verifying the 
following facts: 

(vi) (^(Ar(u)) = Ar{v) for alll < r < 6; 

(vii) there is a fixed g £ G with (j){{f{u, i,k) : i,k £ N}) — g ■ {f{v, i, k) : 
i,k£ N}; 

(viii) there is a finite D <Z G such that if w G A{u) and 4i{w) is a c data point 
then there is at least one c data point in D • w; 
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(ix) there is a fixed j € N so that (j){f{u, 0, k)) = g- f{v, j, k) for aii sufhcientiy 
large fc € N; 

(x) U Eoo V. 

(vi) . By clause (ii) we immediately have that <t){Ai{u)) = Ax{v) and therefore 
by clause (v) we have cp{Ai{ti) U Aq{u)) = Aa{v) U Aq{v). If w € Aq{u) and 
4>{uj) G Aq{v), then since A(i{u) and Aq{v) are minimal it would immediately follow 
that <l){A(,{u)) = Aq{v). On the other hand, if w € Ai{u) and (f>{w) £ Aq{v) then 
by clause (iv) we would have (t){Ai{u)) C ^([w]) C Aq{v). In this case we must have 
(l){A/^{u)) = Aq{v) as otherwise there is w' G Aq{u) with (j){w') G Aq{v) and hence 
(f){Atj(u)) = Ae(v), contradicting the fact that (f> is one-to-one. So either Ae{v) = 
(t>(A(!,{u)) or Af,{v) = 0(^4(17,)). The same applies to f/)^-'-, so either (f>(A(;{u)) = 
Aq{v) or else (p(Af,(u)) = A4{v). Towards a contradiction, suppose (j){A(;{u)) = 
Ai(v). Then 4){zo) has bi-infinitc path data and no c data. The functions zq and 
Zi differ at only one point, so 4>(zo) and must differ at finitely many points 
(since (j) is induced by a block code). So 0(zi) has infinite path data and hence 
(p{zi) ^ As{v)UAq{v). By making only a finite number of changes, one cannot turn 
a bi-infinite path into a right-infinite path. Therefore ^(xi) ^ Ai{v) U A2{v). Also, 
(/)(zi) can have at most finite c data, so 4'{zi) ^ A:i{v). Thus we must have 4'{zi) € 
^4(1;) = 0(A6(m)). This contradicts the fact that (p is one-to-one. Therefore we now 
know that (j){Ar{u)) = Ar{v) for r = 1,4,6. Since z\ and zq differ at only finitely 
many places and 4'{Aq{u)) = Aq{v), wc must have that 0(^15(1*)) = ^5('(;). Finally, 
we have (j){A2{u) U A3(u)) = A2{v) U As{v). For i,k €N f{i) differs from f{u, i, k) 
at only finitely many points. So every member of A2{u) differs at only finitely many 
points from some member of Ai{u). Therefore we must have (/)(A2(m)) C A2{v). 
However, the same argument applies to 0"-^, so 4'{A2{u)) = A2{v). We conclude 
(j){Ar{u)) = Ar{v) for all 1 < r < 6. 

(vii) . Pick i, k, j, m e N. Let g,h G G and i', k',j', m' e N be such that 

4>{f{u,i,k)) = g- f{v,i',k') and <i){f{u,j,m)) = h ■ f{v,j' ,m'). 

We will show that g = h. To simplify notation, set 

XI = f{u,i,k); X2 = f{u,j,m); yi = f{v,i' ,k'); y2 = /{vj' ,m'). 

Then (pixi) — g ■ yi and 0(a;2) = h ■ y2- Recall that, as stated after the definition 
of X{v), there is a finite set S C G such that if w,w' G X{v) satisfy 

w \ S^'^+'^BQi = w' \ S^'^+'^BSi 

then for every g G G we have 

1* w = g ■ w l*w' = g ■ w' . 

Since X\ and X2 differ at only finitely many places, so do g • yx and h-y2- Let p € N 
be such that 

Vn > p (5 • yi) r gqnS^'^+^BQx = [h ■ t/2) \ gqnS^'^+^ Be^. 

Such p exists since g ■ y\ and h ■ 2/2 differ at only finitely many coordinates and the 
elements (qn)ne'H are pairwise distinct. 

Since X(v) is clopen in A{v) and g ■ yi and h ■ 2/2 differ at only finitely many 
coordinates, the sets g ■ {qn ■ n > s{k')} and h ■ {g„ : n > s{m')} differ by only 
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finitely many elements. Let t > max(p, s{k')) be such that gqt € h ■ {qn '■ n > 
s{m')}. Say gqt = hqr- Then by definition of p 

{g ■ yi) \ gqtS^''+^BQ^ = {h ■ y^) \ gqtS^'^+^Be^ = {h ■ y^) \ hqrS^''+^ BQ^. 

This implies 

Let / e G be such that 1 * (qj"^ ■ yi) = / • {q^^ ■ yi)- The equality above and the 
fact that qt^ ■ yi,q^^ ■ yi € X(v) implies that 1 * {q~^ ■ 2/2) = / • {(Ir^ ■ 2/2)- However, 

Qt+i • yi = 1 * (C^ • yi) and q~l-^ -2/2 = 1* (g"^ • t/a)- 

So / = qt^iQt = Qr+iQr- It follows that 

gqt+i = gqtf~^ = /i9r/"^ = hqr+i. 

Since t + 1 > t > max(p, s(fc')), wc can repeat this argument and conclude that 
gqt+n = hqr+n for all n e N. This gives 

7r(t + n) = {g- yi){gqt+n02) = [h ■ y2)ihqr+n02) = 7r(r + n) 

for all n G N. Since tt is a 2-coloring wc must have t = r, so gqr — hqr, and hence 
g = h. 

(viii) . Let (Z?„)„gN be an increasing sequence of finite subsets of G with 
Un6N ~ Towards a contradiction, suppose that for every n G N there is 
Wn € A{u) with Dn -Wn Containing no c data points and with 0(u;„ ) a c data point. 
Let w € A{u) be an accumulation point of Since is continuous and the 
set of c data points is a closed subset of A{v), we have that 4>{w) is a c data point. 
If (7 G G then g ■ w is an accumulation point of {g ■ and there is n G N with 
g € Dn- For k> n Dn C D^, so g-Wk is not a c data point. Since the c data points 
in A{u) is an open subset of A{u) we have that g ■ w is not a c data point. Since 
g G G was arbitrary, we have that w G ^4(1*) U ^5(1*) U Aq{u). However, di'iv) is a 
c data point and therefore (t){w) ^ A4{v) U A5{v) U ^6(1;). This contradicts clause 
(vi). 

(ix) . Let g € G be as in clause (vii) and let C G be as in clause (viii). Recall 
the increasing sequence (G„)„£n of finite symmetric subsets of G and the functions 
(Cn)raeN and (fn)neN used in defining the function s : N N. Let n e N be such 
that D C On- Let k> n + 2 and let jo,ji,j2, mo,mi, m2 € N be such that 

(f>{f{u,0,k-t)) = g - f{v,jt,mt) 

for < t < 2. Then 

• f{u, 0,k- t)) = q-^^^^ ■ fivJt, mt) 
is a c data point. As the c data points of [f{u, 0,k — t)] are precisely 

{q~^ : s{k-t)<r< s{k -t) + 8}- f{u, 0,k-t) 
we have that by (viii) 

{g-i : s{k-t)<r< s{k - i) + 8} n Cnq;(l^-^g-^ ^ 0. 

Therefore 

<ls(m.t) e g~^{qr ■■ s{k-t) <r< s{k -t) + 8}G„ 
and hence for t = 0, 1 we have that q~^^^qs{mt+i) an element of 
C-^{q-^ : s{k-t) <r< s{k-t)+8}{qr : s{k-t-l) <r< s(A; - 1 - 1) + 8}G„. 
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Notice that for /ii,/i2 G (S) 

hi e C-'h2Cn =^ l'„(||/l2||) < \\hi\\ < U\\h2\\). 

After recalling that 

{M + l)\r - t\ - 2d < \\q~^qt\\ < {M + l)\r - t\ + 2d 
for all r,t gN, we have that 

z/„((4d + l){s{k -t)-s{k-t-l)-8)- 2d) 

^ lk7(L()9s(mt+i)ll < 

(4d + l)|s(mt+i) - s(mt)| + 2d 

and 

(4rf+ l)|s(mt+i) - s{mt)\ - 2d 

- Il9s(mt)5s('"t+i)ll - 

e„((4d + l)(.s(fc - t) - s(fc - i - 1) + 8) + 2d). 
However, for all r G N wc have C„(r) < ^fe-t(r) and Vk-tii") < i^nir)- So 
i/fc-t((4d + l)(s(fc -t)-s{k-t-l)-8)- 2d) 
< i/„((4d + l)(s(fc - - s(A; - t - 1) - 8) - 2(i) 

and 

C„((4d + l)(s(fc - <) - s(fc - i - 1) + 8) + 2d) 
< Cfe-t((4d + l)(s(fc - t) - s(fc - t - 1) + 8) + 2d). 
Therefore by the definition of s : N — >■ N we must have that max{mf, rrit+i} = k — t. 
So mi < max(mi, m2) = k — 1 and max(mo,mi) = fc together imply that mo = k. 
This gives (/>(/(«, 0, fc)) = ,g • /(w,jo, fc). Since A; > n + 2 was arbitrary, we conclude 
that for all > n + 2 there is j{k) G N with 

cl){f{u,0,k))=g-fiv,jik),k). 

Since z = lirng"^^^ • z, we see that /(O) = limg"^^^ • f{u,0,k). By clause (vi) 

there is j e N and he G such that <j>{f{0)) = h ■ f{j). Then h ■ f{j) = limq~^l^g ■ 

,f{v,j{k), k). Wc have that f{j) = h~^ ■ {h- f{j)) is in the clopen set X{v) — l*X{v) 
and therefore for sufficiently large k wc must have h~^q~^^^g ■ f{v,j{k), k) £ X{v) — 

I * X{v). Since [f{v,j{k),k)] n (X(«) - 1 * X{v)) = • f{v,j{k),k), we must 



have h ^qg(\\g = qg(\\ for all sufficiently large fc e N. Therefore 



s(fe) 

s(fc)y — ys(fe) 

/(j) = ^"^ •limC(fe)5'- /(^'i(^)'^) = l™97(fe)/(t',i(fc),A) 

so j(fc) = j for sufficiently large fc e N. 

(x). Let g G G be as in clause (vii) and let j G N be as in clause (ix). For 
i = 0, 1 let = {ken : u{hk) = i} and JsT^ = {fc G N : {hj ■ v){hk) = i}. Pick 
any i = 0,1 with Kf' infinite. We have 



lim f(u, 0, k) 



Applying (j) to both sides we get 



</.(zi) = Jm f{u, 0, fc)J = Jm 0, fc)) 

= lim 9 ■ f{v,j, k)=g- lim f{v,j, k). 



204 9. THE COMPLEXITY OF THE TOPOLOGICAL CONJUGACY RELATION 



A priori we know that if ImikeK" f{v^j, k) exists then this limit must be either zq 
or zi. Since the hmit does exist, [hj ■ v){h^.) must be constant for aU but finitely 
many k S K" and by clause (vi) and the equations above we have that this constant 
value must be i. Thus if" — is finite. 

By clause (iii) of Lemma [9.4.81 we have that is infinite. Thus if" — Ki is 
finite. We now consider two cases. Case 1 : Kq is infinite. Then Kq — Kq is finite. 
Since N = if^ U wc have that K ^ {K^ n K^) U {K]" D K^) is cofinitc in N 
and u{hk) = {hj ■ v){hk) for all k (z K. Thus u and hj ■ v differ at only finitely 
many coordinates. So by clause (ii) of Lemma 19.4.81 we have u Eao v. Case 2 : 
Kg is finite. Since N = U K^, we have that K]" is cofinite in N. Thus both 
Ki and Ki n Ki are cofinite in N. So for all but finitely many fc e N we have 
u{hk) = 1 = {hj ■ v){hk). Thus u and hj ■ v differ at only finitely many coordinates. 
So by clause (ii) of Lemma [9.4.81 we have u Eoo v. □ 

Corollary 9.4.10. For every countahly infinite group G, TC(G) and TCf{G) 
are Borel bi-reducible. 

Problem 9.4.11. For a countably infinite nonlocally finite group G, what are 
the complexities of TCp(G), TCm(G), and TCmf(G)? 

We point out that strangely we do not even know the answer to the above 
question in the case G = Z. 



CHAPTER 10 



Extending Partial Functions to 2-Colorings 

In this chapter we study the problem when a partial function on a countably 
infinite group can be extended to a 2-coloring on the entire group. The answer 
is immediate (and afhrmative) if the partial function has a finite domain, since 
the set of all 2-colorings is dense (Theorem 16.2.31) . Results in this chapter can 
therefore be regarded as a strengthened form of density. A partial function with 
cofinite domain has only finitely many extensions. In a group with the ACP such 
a function can be extended to a 2-coloring iff any extension of it is a 2-coloring. 
However, in a non-ACP group G we know that there are functions with domain 
G — {1g} so that one of the two extensions is a 2-coloring and the other is periodic 
(c.f., e.g., the proof of Theorem I6.3.3p . These results suggest that it might be 
difficult to provide a unified solution to the above problem by stating an intrinsic 
condition on the partial function. Thus in this chapter we focus on the domain of 
the partial function. In Sections 110. II and 110. 21 we characterize subsets of the group 
on which any partial function can be extended to a 2-coloring of the full group. In 
Section 110.41 we determine the countable group(s) G for which any extension of a 
2-coloring on a nontrivial subgroup is a 2-coloring on G. 

10.1. A sufficient condition for extendability 

For a countably infinite group G and a subset A C G, we ask when any function 
with domain A can be extended to a 2-coloring on G. This problem will be the 
focus of the first two sections of this chapter. 

In this section we give a sufficient condition on A for this extendability to hold. 
Although this result will soon be superseded by the results of the next section, we 
include it here for two reasons. First, its proof is much easier and shorter than those 
in the next section. Second, the proof involves a new way to apply the fundamental 
method. In fact, the following proposition is a strengthening of Theorem 16 . 1 . 1 1 with 
a similar proof. It results from a careful scrutiny of what the technique used in the 
proof of Theorem 16.1.11 can achieve. 

Proposition 10.1.1. Let G be a countably infinite group and /et r : N — > N 
be any Junction. Then there exists a sequence {Tn)nen of finite subsets of G with 
the following property: if {un^i €G:n£N, 0<i< r{n)} is any collection of 
group elements then there is a fundamental c G 2-*^ such that for every n G N and 
< i < r{n), Tn witnesses that c blocks Un^i- 

Proof. For n > 1, define p„(fc) ^ 2 ■ ■ {r{n - 1) -I- 1). Then (p„)„>i is 
a sequence of functions of subexponential growth. By Corollaries 15.4.81 and 15.4.91 
there is a blueprint (A„,F„)„gN and a fundamental cq G 2-*^ with 

|e„| >log2(2.|B„|4.(r(n-l) + l)) 
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for each n > 1, where Bn satisfies A„i3„i3^^ = G. For n > 1, let Vn be the 
test region for the A„ membership test admitted by cq. For n > 1 define T„ = 
Bn+iB~^^{Vn+i U Qn+ibn)- We claim (T„)„gN has the desired property. 

Let {un.i gG : n G N, < i < r{n)} be any collection of elements of G. 
For i,k eN let M,{k) be the i"^ digit fr om least to most significant in the binary 
representation of k when k > 2*^^ and Mi{k) — when k < 2'^^. For n > 1 let 
s{n) = |9„| and let O^,. . . be an enumeration of 9„. For n > 1, let r„ be 

the graph with vertex set A„ and edge relation 

(7,^)ei?(r„)^ 

30<i<r{n~ 1) e B^B-^u^^AB-'^ or 7/^-17 e B^B-^u^.^B^B-^ . 

for distinct 7, ■0 e A„. Then degr^(7) < 2 • • {r{n - 1) + 1) for each 7 e A„. 

We can therefore find, via the greedy algorithm, a graph theoretic {2\Bn\'^{r{n — 
1) + 1) + l)-coloring of r„, say /x„ : A„ ^ {0, 1, . . . , 2|B„|4(r(n - 1) + 1)}. 
Define c 3 cq by setting 



for each n > 1, 7 e A„, and 1 < i < s{n). Since 2"(") > 2|B„|4(r(n - 1) + 1), 
all integers through 2\Bn\'^{r(n — 1) + 1) can be written in binary using s(n) 
digits. Thus no information is lost between the ^„'s and c. Setting 0„(c) — 
0n(co) — {6*1 , • ■ • , ^"(„)} we clearly have that c is fundamental. 

Now an argument identical to that appearing in the proof of Theorem 16.1.11 
shows that T„ witnesses that c blocks u„_i. □ 

Theorem 10.1.2. If G is a countably infinite group and A Q G satisfies 
FA^^AF ^ G for all finite sets F C G, then every partial function c : A ^ 2 
can be extended to a 2- coloring on G. 

Proof. For each n > 1 let r„ : N — > N be the function which is constantly 1. 
Let (T„)„gN be as in the previous proposition. Fix an enumeration si,S2, ■ ■ ■ of the 
nonidentity group elements of G. By assumption we have that 



For each n > 1 set Un,o = s„ and Un.i = h~^Snhn- Let c € 2*^ be fundamental and 
such that Tn witnesses that c blocks Unfi and u„^i for each n > 1. 
Let X e 2"* be an arbitrary function. Define y G 2*^ by 



So y extends x. We will show that y is a 2-coloring of G. Fix 1g 7^ s G G. Then 
for some n > 1 we have s — s„. Set T = TnU hnTn and let g e G be arbitrary. 
Notice that A n {gT^ U gs„r„) 7^ if and only if 5 e AT^^ U AT,';^s-^. So by the 
definition of hn we have that 



c(70,r6„_i) =B,(Ai„(7)) 



{1g,s-1}{1 



G,Sn}T,,A-'AT-^ ^G. 



For each n > I pick 



hn ^ {lG,S~^}{lG,Sn}TnA-^AT-\ 




A n {gT„ U <7S„T„) ^ =^ A n {gh^T,, U <7s„/i„T„) 0. 
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If An {gTnU gSnTn) — then set k = Iq. Otherwise set k = hn- In either case we 
have A n {gkTn U gSnkTn) = 0. Therefore for all t e T„ 

y{gkt) = c{gkt) and y{gsnkt) = c{gsnkt). 

Notice that T„ witnesses that c blocks k~^Snk. Therefore, there is t e T„ with 

y{gkt) = c{gkt) ^ c{gk{k~'^ Snk)t) = c{gsnkt) = y{gsnkt). 

This completes the proof since kt gT. □ 

Note that this gives another proof for the density of 2-colorings. 



In this section we continue to consider the problem when any partial function 
with domain A can be extended to a 2-coloring on G. 

There is an obvious obstacle if the set A is too large in the following sense. We 
let xa denote the characteristic function oi A C G: 



If 1 e [xa] then there is no 2-coloring on G extending 1 e 2"^, the constant 1 function 
with domain A. This is because, for any x G 2^ extending 1 e 2^ and sequence 
(fl'n)neN of elements of G so that 1 = lim (/„ • xa, we must have lim^n • a; = 1, since 
X can have value only when xa has value 0. This shows that x is not a 2-coloring. 
A moment of reflection shows that 1 e [xa] is indeed a largeness condition since it 
is equivalent to saying that A contains a translate of any finite subset of G. 

The objective of this section is to show that this is the only obstacle for the 
extendability. We introduce the following terminology. 

Definition 10.2.1. We say that A C G is slender if 1 ^ [xa]- 

The following characterizations of slenderness are immediate. We state them 
without proof. 

Lemma 10.2.2. Let G be a countably infinite group. The following are equiva- 
lent for ACG: 

(i) A is slender, i.e., 1 ^ [xa]; 



(iii) there exists a finite T C G so that for every g G G there is t G T with 



It is easy to see that any proper subgroup is slender. In fact, ii H < G and 
T = {1(3, a} for some arbitrary a G G — H, then for any g G G, gT % H. 
The main technical result of this section is the following theorem. 

Theorem 10.2.3. Let G be a countably infinite group, AC G a slender subset, 
s G G a nonidentity element, and y G 2"^ . There exist a slender A' D A and 
Xo,xi G 2^ extending y such that 

(a) any extension of xq or x\ blocks s, and 

(b) for any zq,zi G 2^ extending xo,x\ respectively, zq-Lzi. 
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(ii) i^xa; 



gt^A. 
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Before giving the long and technical proof, we offer some remarks on its struc- 
ture and main ideas. Then during the proof we give more commentaries to elaborate 
on the ideas. In this proof we will try to recreate, as much as is possible and needed, 
the machinery used in our standard construction of a 2-coloring. However, since we 
only need to block a single element s, we do not need to construct an entire blue- 
print, but just a single A and F. The construction of A and F will run parallel to 
extending y. In extending y, we shall create a membership test for the set A. The 
membership test will rely on counting the number of I's within a finite test region, 
but it will not be a simple membership test as used in our original fundamental 
method. The bulk of the work is to strategically add a lot of I's at select locations 
but at the same time make sure they are not visible from other unwanted locations. 
This makes the A-translates of F look different from the background. 

Proof of Theorem 110.2.31 Let G, A, s and y be given. Let T C G be a 
finite set such that gT % A for any g € G. We fix a finite B C G with Ic & B such 
that for every g G G, 

\gBn{G~A)\>2. 

Such a B can be taken to be the union of two disjoint (left) translates of T, with 
one of them containing Iq. 

Much of this proof will rely on counting the number of I's of a partial function 
within some left translate of B. We define a counting function as follows. For 
z e 2^^ and g G G, let 

"i^zig) = \{b E B : gb E dom(z) and z{gb) = 1}|. 

Note that is total even if z is partial, and r^ig) < \B\ in general. Set N = \B\ — 2 
so that ma,x{ry{g) : g G G} < N. 

If we add in more I's in a particular translate gB, then these I's will be visible 
in at most the ySB^^-translates of B. In order to control the number of I's seen 
within translates of B, we will often insist that translates of BB^^ be disjoint. 
Let C be a finite symmetric set (meaning G = G~^) containing BB^^. Elements 
outside gC will not see in their translate of B newly added I's in gB. However, 
since we can not expect to have a locally recognizable function on gG, a difficulty 
is how to pinpoint the precise element of the prospective A if we already know 
it is within gC. A natural solution is to look beyond gC and use information in 
other parts of gF (which requires that the prospective F be sufficiently big). The 
following function a tells us where to look for this additional information. 

For every ci, C2 G C, fix a(ci, C2) S G so that the following conditions hold: 

Vci,C2 e G a(ci,C2) = a(c2,ci); 
Vci; C2 E G cia(ci, C2)G n G = 0; 

VCi,C2,C3,C4 E G {ci,C2} ^ {03,04} =^ Cia(ci , C2)G H 030(03, C4)G = 0. 

Note that the symmetry in the first condition implies that if {ci,C2} 7^ {03,04} 
then C2a(oi, 02)G H C3a(o3, C4)G = 0. Such a function a exists since G is infinite. 
Now let F C G be finite with 

FDG^UG- y a(oi,c2)G 

Cl,C2SC 

and satisfying 

p(F; G) - \Gf - \Gf > log2 {2\Gr+'\Ff + 1) + log2 (|G|) + 4. 
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Such an F exists by Lemma [5.4.51 

Let Do C ry^{N) ^ {g £ G : ry{g) ^ N} he & maximal subset of r-'^{N) with 
the Do-translates of CF disjoint. Similarly, let Di C ry^{N — 1) be a maximal 
subset of r-'^{N - 1) with the L»i-translates of CF disjoint and DiC^F n DqCF = 
0. In general, once Dq through D„i-i have been defined (1 < m < N), let 
Dm C r~^{N — m) be a maximal subset of ry^{N — m) with the Z3„i-translates of 
CF disjoint and 

D^C^^+^Fn y D,CF^0. 

0<i<m 

We set D = lJo<i<Af more Di might be finite or even empty (including 

Djf), but D is always infinite. To provide some perspective, the set D will soon be 
modified slightly (each element of D right translated by an element of C) to create 
A. 

We point out two important properties of D. First, let g e G and let < m < 
be such that ry{g) = N — m. Then by the definition of D„i either 

gC^"'+^Fr] [j D,CF^0 

a<i<m 

or else gCF n D„iCF ^ 0. In any case, 

g£ y D,CFF-^C^'^+^ C DCFF-^C^'^^^. 

a<i<m 

Second, let < m < A^, let d e D„i, and let g e dC^. Then for any t < m 
gC^t+ip^ y D,CF C DmC^"'+^Fn y D,CF = 

0<i<t 0<i<m 

and therefore ry{g) ^ N — t. It follows that ry{g) < N — m for all g E D„iC^. Thus 
each point in D achieves a local maximum Tj^-value. 

In what follows we will go through a number of consecutive extensions of ?/, 
and in the middle of these extensions we will also define A. We first extend y to yi 
so that 

dom(j/i) — dom(y) U DC 

and for every d E D all elements of dC — dom{y) are assigned the value except 
for precisely 2 elements in dB — dom(y) which are assigned the value 1. yi exists 
since the D translates of C are disjoint {1g ^ C C F) and every left translate of B 
contains at least 2 elements not in dom(y). Notice that for g E C, 

ry{g) < ry,{g) < ry{g)+2 

and 

ryda) > ry{g) ^ g e DC. 
Next we extend yi to y2 where j/2 has domain 

dom{yi)U D{cia{ci,C2) : ci ^ C2 G CjS 
and satisfies for each d £ D and each ci 7^ C2 G C 

3b e B y2idcia{ci,C2)b) ^ 2/2((ic2a(ci, 02)6), 

and 



ry^{dc\a{c\,C2)) + ry^{dc2a{ci, 02)) < Tj^i (rfcia(ci, C2)) + ry^{dc2a{ci,C2)) + 1. 
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Notice that for ci,C2 G C, cia{ci,C2)B C F, so one can extend t/i to j/2 by consid- 
ering one D-translate of F at a time. Also, by the construction of the function a we 
have that for any d G D and Ci, C2 € C, dcia{ci,C2)B (1 DC = 0. Thus for d e D 
and ci,C2 G C, rfcia(ci,C2)B contains at least 2 elements not in dom(?/i). When 
ci 7^ C2, (icia(ci,C2) 7^ rfc2a(ci,C2) so one can achieve the last two requirements 
listed above. Finally, by construction dc\a{c\,C2)B n dcza{cz,Ci)B = for any 
d G D and ci C2, C3 ^ C4 G C with {ci, C2} 7^ {03, C4}. Therefore the function 2/2 
exists. In the above argument, we showed that various group elements had disjoint 
B translates. However, the reader can easily check that they all have disjoint C 
translates. We therefore notice that 2/2 has the following properties for every g £ G: 

ry{g) < Ty^ig) <ryig) + 2; 
ry2{9) > ry{g) =^ g e D{C VJ |J cia(ci, C2)C); 

ci7^C26C 

ryA9)>ry{g) + l^ g^DC. 
For further extensions we set 

V = {a{ci,C2) : ci /C2 e C}C. 
Now extend 2/2 to 2/3 where 

doni(2/3) = dom(2/2) U DCV 

and for all g G dom(2/3) — dom(2/2), 2/3(9) = 0. Since 2/3 extends 2/2 using only the 
value 0, 2/3 also satisfies the three properties listed above for 2/2- 

Now we can modify D to get A. The construction of yi was a naive attempt 
of creating a membership test for D by placing several I's within a translate of B. 
The problem is that we may not be able to uniformly tell the difference between 
elements of DC and elements of D only using a finite set. As we will now see, the 
construction of 2/2 and 2/3 allow us to recognize a particular element of dC for each 
d G D, though this recognized element may not be d itself. 

By the definition of 2/2, we have for any d G D and ci 7^ C2 S C, there is b € B 
with 2/2(rfcia(ci, 02)6) 7^ y2{dc2a{ci , C2)b) and hence 

((rfci)-i • 2/3) \ V^{{dc2)-'-ys)\V. 

Also, by definition of 2/3, for every d € D and c € C, ((dc)~^ • 2/3) \ V G 2^. 
Arbitrarily pick a total ordering, on 2^. We define a function 

q:D= [j D^^DC 

0<m<N 

as follows. If e Dtoj then we let q{d) = dc, where c is the unique element of 

S={c' gC : ry,{dc') = N-m + 2} 
so that {{dc)~^ ■ yz) \V is the ^-largest among 

{((rfc')-' ■yi)\V -.c^G S). 

We define A = q{D), and for each < m < we define A^ = q{Dm)- Since 
the -D-translates of CF are disjoint, from the definition of q it follows that the 
A-translates of F are disjoint. 

Although we have defined the sets A and F, a membership test for A has 
to wait until we have further extended 2/3- One can expect that the prospective 
membership test will be inductive on A^, and it will necessarily use the property 
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that Am elements not only have local maximum values for the counting function, 
but also achieve the maximum in the ^-ordering among their local competitors. All 
these desired properties are already in place by our construction so far. However, it 
seems that, in order to carry out the induction successfully, we need to make use of 
the maximal disjointness properties imposed on elements of D when it was defined. 
It is therefore necessary for us to create also a membership test for D at the same 
time. And this will be implemented by trying to code information contained in 
the function q by parities of the counting function values. This extra coding is the 
main idea of the following extensions. 

Let K ^ F he such that the A-translates of C are contained and maximally 
disjoint within F. Notice that: 

|{A e A : C\C n C ^ 0}| = |{A e A : A e C^}\ < |C|3; 

|{A G A : C\C n CI/ 7^ 0}| = |{A e A : A e CVC}| < \Cf. 
We have |A| > p{F; C), and therefore there are at least 

log2 (2|C|3^+3|^|2^i)^iQg^ (|C|)+4 

elements of A which are in neither of the sets above. Let Ai, A2, . . . , Am enumerate 
the elements of A which are in neither of the above sets. Let K be the least integer 
greater than log2 (|C|). Notice that M -K -2> log^ (2|Cp^+3|F|2 + 1). 

As {Ai, A2, . . . , Am}C C F and the £)-translates of CF are disjoint, it follows 
that the A-translates of {Ai, A2, . . . , Xm}C are disjoint. Also, by the choice of Ai 
through Am, we have for each 1 < i < M 

AXiC n D{C U CV) C DCXiC n D{C U CV) = 0. 

Since 

2/3 f (G - D{C U CVj) =y\{G~ D{C U CV)) 

each A{Ai, A2, . . . , AM}-translate of B contains at least 2 elements not in the do- 
main of ys. Let 2/4 extend ys by only assigning the value and have a domain with 
the property that every A{Ai, . . . , AM}-translate of B has exactly one undefined 
point and that no other points besides these are undefined. To be more precise, we 
require 

Vg e dom(j/4) - dom(y3) 7/4 (g) = 0, 
G - A{Ai, . . . , Am}-B C dom(t/4), 

and 

|(C?-dom(y4))n7AiB| = 1 

for every 7 G A and 1 < i < M. It follows from the properties of 1/3, the properties 
of the Aj's, and the definition of 7/4 that for every 5 G G: 

ryig) < Ty^g) < ry{g)+2; 
ryAg)>ry{g)^geD{CUCV); 
rydg) > ry{g) + 1 =^ g e DC. 
Moreover, we have that if 2; e 2*^ is any extension of 2/4 then for every g G G: 

ryig) < r^{g) < ry{g)+2; 
rM > ryig) ^geDiCuCVU G{Ai, . . . , Am}G); 
rzig) > ryig) + l^g€DC. 
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For i,k £ N, we let Mi{k) E {0, 1} be the i^^ digit from least to most significant 
in the binary representation of k when k > 2*^^ and Bi(fc) = when k < 2^~^. Let 
p : C — ^ 2^ be any injective function. Extend 1/4 to 1/5 so that 

dom(?;5) = dom(y4) U A{Ai, A2, . . . , Xk}B 

and for every 7 G A and 1 < i < K 

rj,,(7A.) = B»(p(rf"S)) mod 2 

where d £ D is such that 7 G dC (or equivalently, d = q~^{'j))- Recall that 
K > log2 (|C|), so no information is lost between the function p and its "encoding" 
into 1/5. The function and any extension of it still satisfy the last 3 properties 
listed at the end of the previous paragraph. 

We claim that for any < m < N admits a membership test if and 
only if it admits a Dm membership test. Fix < m < N and first suppose that 7/5 
admits a A^ membership test. Let 2; S 2*^ be an arbitrary extension of 2/5. Then 
for 5 e G, 5 e Dm iff 

there is c e C so that gc G Am and for every 1 < i < K 

r,{gcXi) = Mi{p{c)) mod 2. 

If d E Dm, then clearly there is c G C with dc G Am and the last requirement is 
satisfied by definition of 2/5. Now suppose g & G has the stated properties. Let 
c G C be such that gc G A^. It is clear that for any 7 G A the parities of rz{'yXi) 
(1 < i < K) uniquely determine an element c' G C with j{c')~^ G D. Therefore, 
the property satisfied by g clearly implies g G Dm- Now suppose that 2/5 admits a 
Dm membership test. Let 2; G 2*^ be an arbitrary extension of y^. Since z is defined 
on all of G, we can define a relation on G by 

g<,h^ {g-^ ■z)\V^ (h-^ ■z)\V. 

The relation -<z is a quasiordering, i.e. it is reflexive and transitive, but fails to be 
antisymmetric. An important property of is that the construction of t/3 ensures 
that is a total ordering whenever restricted to a single D- translate of C. We 
claim that for g € G, g G Am iff 

''^z{g) = N — m + 2, there is c G G with gc G Dm, and h <z g for 
all elements h G gcC with rz{h) = N — m + 2. 
By the way A^ was defined, it is clear that elements of A^ have these properties. 
If 5 G G satisfies these properties, then let c G G be such that gc = d £ Dm- 
Let 7 G Am n dC- By definition, 7 is -<2-largest among all elements h G dC with 
fz{h) = N — m + 2. So ,g -<2 7, 7 -<z g, and 7,5 G dC. Therefore g = j E Am- 

Now we will show that 1/5 admits a A membership test. For this, it will suffice 
to show that each Am has a membership test. We will use induction on m. 

We begin with Aq. Let z G 2*^ be an arbitrary extension of 1/5. Let -<z be 
defined as above. We claim that for g E G, g E Aq iff 

rz{g) = N + 2 and h g for all h G gC^ with rz{h) = N + 2. 
First, let 7 G Aq. Then clearly rzij) = N + 2. By construction, G^ C F, so the 
D-translates of G^ arc disjoint. Let d G Do be such that 7 G dC. Then 7G^ C dC^ 
and therefore if d' E D and 7G^ H d'C ^ 0, then d' = d. Additionally, every 
element h G G with rz{h) = N + 2 is an element of DC. Therefore, 

{h G 7G^ : rz{h) =N + 2}CdC- 
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It then follows from the construetion of Ao that h "f for all sueh h. Conversely, 
let g € G be such that rz{g) = N + 2 and h <z g for all h e gC"^ with rz{h) = N + 2. 
By construction, we immediately have g € D^C. Let d G be such that g S dC. 
Let 7 G dC n Aq. Now 7 e dC C gC^ and r^i-^) = iV + 2, so 7 5. However, 5 
and 7 are both in dC and by construction g 7. It follows g = 7 G Aq. 

For the inductive step, let < m < and suppose that 2/5 admits a Aj- 
membership test for all t < m. Then 2/5 also admits a Dj-membership test for all 
t < m. Let 2; G 2*^ bo an arbitrary extension of y^, and define -<z as before. We 
claim that ioi g £ G, g £ Am iff there is c G C such that 

rzig) = iV - TO + 2; 
"^zigc) = N — m + 2; 
gcC^rn+ip^^ y DtCF) = 0; 

0<t<m 

and h <z g for aU G .gC^ with r2(/i) = N - m + 2. 
Note that one can test the truth of the third requirement by only checking the 
values of 2 on a finite set. One only needs to run the Dj-membership test for each 
< f < TO and each element of gcC^"'+^FF-'^C. First suppose 7 G Am. Then 
clearly there is c G C with 7c = d G Dm- By construction, fx (7) = rz^'jc) = 
N — m + 2. Also, from the definition of Dm we have that d = 7c satisfies the third 
condition listed above. It follows from the paragraph following the definition of 
D that ry{h) < N - m for all h € jC^ C dC^. Therefore every h G jC^ with 
rz{h) = N — m + 2 must lie in DC. Since the i'-translates of are disjoint, it 
follows that 

{h e-fC^ : rzih) ^ N -m + 2} C dC. 
So it follows from the definition of A^ that 7 is ^2 largest among all such h. 

Conversely, suppose g G G and c G C satisiy the conditions above. Then for 
every i < m we have 

gcC^'+^Fn{ y DtCF) = 

0<t<i 

and 

gcCF n DiCF C gcC^"'+^F D DiCF = 0. 

Therefore, it follows from the definition of that for every < z < to ry{gc) ^ 
N—i. So ry(gc) < N — m. Since rz{gc) = N — m+2, it must be that ry(gc) = N — m 
and gc G DiC for some m < i < N. As mentioned in the paragraph following the 
definition of D, we have ry{h) < N—i for all h G DiC^. So we must have gc G DmC. 
Let d G Dm bo such that gc G dC. Then g G dC"^ . We have ry{g) < N — m. Since 
''2(5) = N — m + 2, it must be that ry{g) = N — m and g G DC. Since the 
£)-translates of are disjoint, g G dC. Then dC C pC^ C dC^. It follows that 

{/i G ffC^ : r2(/i) = TV - m + 2} C dC. 

If 7 G dCdAm, then r2(7) = A'' — m + 2 so 7 5. By construction of A^, g -<z 7- 

Therefore g = -f E Am- This finishes the proof that 1/5 admits a A membership 
test. It follows also that j/5 admits a D membership test. 

The rest of the proof uses familiar techniques in the fundamental method. The 
remaining tasks arc to extend to block the clement s, to reach further orthogonal 
extensions, and at the same time to maintain the slenderness of the domain of the 
partial functions constructed. 
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Recall that for any g € G 

g gDCFF-'^C^^+'^. 

Therefore, for any g G G 

geAC^FF-'C^''+\ 
Let r be the graph with vertex set A and edge relation given by 

(7, V) e £;(r) 3h e c^ff-'^c^^^^ {jhsh-^ ^^y iphsh'^ = 7) 

for 7,^ € A. Then each element of A has degree at most 2|Cp''^+^|-Fp in T. By 
applying the greedy algorithm, we can find a graph-theoretic coloring of F using 
2|c|3Ar+3|^|2 _^ ^ j^^jjy coXovs, Say /i : A ^- {2\C\^^+^\F\^ + 1). Now we extend 1/5 
to X so that 

dom(a;) = dom(y5) U A{Aif+i, Xk+2, ■ • ■ , \m-2}B 

and 

rx{.l>^K+i) = Bi(M(7)) mod 2 
for all 7 e A and 1 < i < M - ii: - 2. Since 

M-K-2> log2 (2|C|3^+3|f |2 + 1) 

no information is lost between /x and x. 

We claim that any extension of x blocks s. Let W be the test region for the 
A-membership test admitted by x. Let Tq = C^^+^ FF'^C'^ , T = Tn{F\JW), and 
let g € G be arbitrary. Since ATq"^ = G, there is t e Tq with gt € A. If gst ^ A, 
then gt passes the A-membership test while gst fails. Therefore there is w G W 
with gtw,gstw G dom(a;) and x{gtw) ^ x{gstw). As tw e T, this completes this 
case. Now suppose gst G A. Then gst = gt{t~^st) so gt and gst are joined by 
an edge in Y. It follows n{gt) ^ \i{gst^. So there isl<i<M— if — 2 with 
7^Bi(MM)- Thus 

Txigt^K+i) # TxigstXK+i) mod 2 

and therefore there is 6 € -B with x{gt\K+ib) ^ x{gst\K+ib) (recall AXk+iB C 
dom(a;)). This completes the proof of the claim since tXx+ib S TqF C T. 
Now for L = 0,1 define a;^ so that 

dom(a;t) = dom(a;) U AAm-iS 

and 

rx{"/XM-i) = t mod 2 
for all 7 e A. Let Tq, W, and T be as in the previous paragraph. We claim that 
for any go,gi G G there is r e T such that goT,g\T G dom(xo) = dom(a;i) and 
xo{goT) 7^ xi{giT). Clearly it follows that zq -L zi for any 2:072:1 G 2p extending 
xojXi respectively. To prove the claim, let .go,, 91 G G. Then there is t G Tq with 
got G A. If g\t A then g^t passes the A-mcmbcrsliip test while g\t fails. Thus, if 
g\t ^ A then there \sw gW with x{got'w) 7^ x{g\t'w). Clearly tw G T. So suppose 
git G A. Then 

rxo{9otXM-\) # rxi{g\tXM-\) mod 2 
so there is b E B with X(){g()tXM-ib) ^ xi{gitXM-ib). 

Finally, we verify that A' = dom(a;i) is slender. This is immediate since if Tq 
is as before then for every g G G there is t gTq with gt G A and 

\gtXMB n (G - dom(a;j))| = 1. 
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□ 

The main result of this section now follows quickly. 

Theorem 10.2.4. Let G be a countably infinite group and A ^ G. Then the 
following are equivalent: 

(i) A is slender; 

(ii) There exists a 2-coloring on G extending the constant function 1 £ 2^ ; 

(iii) For every y S 2^ there exists a 2-coloring on G extending y; 

(iv) For every y £ 2^ there exists a perfect set of pairwise orthogonal 2- 
colorings on G extending y. 

Proof. We have shown (ii) ^ (i) at the beginning of this section by noting 
that if A is not slender then 1 G 2^^ cannot be extended to any 2-coloring on G. 
The implications (iv) => (iii) ^ (ii) are obvious. 

It suffices to verify (i) ^ (iv). For this we consider an additional clause: 

(v) For any enumeration si, S2, • ■ • of the nonidentity elements of G and y £ 
2^, there is a collection {x„ £ 2-^ : u £ 2<^^} such that for all u £ 2<^, 
(va) y ^ C a;„"Oi 

(vb) Xu blocks Si for all i < \u\, 

(vc) for u ^ V £ 2<^ with |u| — \v\, if £ 2*^ extend x^Xy respec- 

tively, then z„ _L 
(vd) {1g, Si, S2, • • ■ , C dom(x„). 
We show (i) ^ (v) =^ (iv). 

(i) (v). Let si, S2, • ■ • be an enumeration of the nonidentity elements of G and 
let y £ 2^. If necessary, arbitrarily define ^(Ig) so that Iq £ dom(y). Applying 
Theorem 110.2.31 to si and U0 = y, we obtain and xi. Again, if necessary, 
arbitrarily define X{){si) and a;i(si) so that si £ dom(a;o), dom(a;i). In general, 
given Xm apply Theorem 1 1 . 2 . 31 to S|i,|_(.i and Xu to obtain x^^g and x^-^i. Again, 
arbitrarily define a;„"0 and x^-i on S|„|_|_i so that S|u|+i £ dom(x„^o); dom(xi,"i). 
The collection {xu ■ u £ 2<^} has the desired properties. 

(v) ^ (iv). Let y £ 2^^, and let {x„ : u £ 2<^} be as in (v) with respect to 
any enumeration of G — {1g}- For t £ 2^, let — UneN^T-fn- clause (vd), 
Zr £ 2'^ . Each Zt is a 2-coloring, and foi a ^ t £ 2^, Zcr-Lz-r- To see {z^ : t £ 2^} 
is a perfect set, it suffices to verify that the mapping a i-^ z^ is continuous, since 
it is obviously injective. Given e > there corresponds a finite B C G with the 
property that d{wi,W2) < e if and only if wi and W2 agree on B. By clause (vd) 
there is n € N so that B C dom(a;Trn)- So Zr and Za agree on B for any cr G 2^ 
with a \ n = T \ n. Thus the map fi M- is continuous and injective, so the image, 
{zr ■■ T £ 2^}, is perfect. □ 

Since every proper subgroup of G is slender, the following corollary is immedi- 
ate. 

Corollary 10.2.5. Let G be a countably infinite group and H < G a proper 
subgroup of G. Then every partial function with domain H can be extended to a 
2-coloring on G. 

It may not be so obvious to the reader why the condition in Theorem 110.1.21 
implies the slenderness of A. Here we give a direct argument. Suppose FA~^AF ^ 
G for any finite F £-G. In particular A^^A ^ G. Let a £ G — A~^A be arbitrary. 
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Then a ^ Ig- Let T = {lea}. Then T-^T g A-^A. We clahn that T witnesses 
the slenderness of A. For this let g E G. Then gT % A, since otherwise T~^T — 
T~^g~^gT C A~^A, a contradiction. 

By carefully analyzing the proof of Theoreni llO.2.31 we see that we can actually 
prove something stronger. 

Corollary 10.2.6. Let G he a countably infinite group, and let A C G be 
slender. Then there is a set of continuous functions {Er : r G 2'*'} such that 
Er{y) is a 2-coloring on G extending y for each y £ 2^ and r e 2^. Moreover, if 
a ^ T E 2^'' , then E„{y) and Eriy) are orthogonal. 

Proof. Fix an enumeration si, S2, ■ • • of the non-identity elements of G. Let 
Z denote the set of ordered triples {y, T, i) where y € 2-'^ has slender domain, 
T C G is finite and witnesses the slenderness of dom(y) (meaning that for every 
g £ G there is i e T with gt ^ dom{y)), and i € N is either or else y blocks 
Si for every / < i. We view Z as a. subset of 2-*^ x Pfin(G) x N, where N has 
the discrete topology, Pfin{G) is the collection of finite subsets of G and has the 
discrete topology, and 2-*^ has the topology coming from 3*^ as described at the 
end of Section 12.11 Let tti , 7r2 , and tts denote the projections from Z to its three 
components. Denote by Zi the set Tf^^ii) C Z. We claim that there are two 
continuous functions Eq, Ei : Z ^ Z satisfying the following: 

(i) Eo{Z,),Ei{Z,) C Z,+i for ah i £ N; 

(ii) {Ig, Si, S2, . . . , Si+i} C dom(7ri(i?o(2))), dom(7ri(£'i(z))) for alH e N and 

z £ Zi, 

(iii) 'K\(Eq{^z)) and 7ri(_Ei(z)) both extend i^\{z) for every z £ Z; 

(iii) any extensions of 7ri(i?o(2)) and of 7ri(£'i(z)) to 2'^ are orthogonal, for 
every z £ Z. 

Before defining Eq and E\ , we show how the statement of this corollary follows 
from their existence. Fix a slender set AQ G. Let T C G be finite and have the 
property that for every g £ G there is t £ T with gt ^ A. Notice that the inclusion 
y £2^ 1-^ {y, T,0) £ Z is continuous. For y £ 2^ and r e 2^ we define 

Er{y) = IJ 7rioi;^(„)oi;^(„_i)0---oi;^(o)(?/,T,0). 

By clauses (ii) and (iii) we have that Er{y) is an element of 2^ which extends y. 
Since Eq and Ei are continuous, it follows from clause (ii) that the map y i— >■ Er^y) 
is continuous for y £ 2^ and fixed r £ 2^. Also, by clause (i) and the definition of 
Z it follows that Er{y) is a 2-coloring. Finally, by clause (iii) we have that Er{y) 
and Erj{y) are orthogonal for every y £ 2^ and r ^ cr G 2^. 

Now we define Eq and Ei . This is not too difficult of a task since Eq and Ei 
were in some sense implicitly defined in the proof of Theorem 110.2.31 In the proof 
of that theorem, we began with y £ 2"^ with A slender a non-identity s € G, we 
picked a finite set T C G witnessing the slenderness of A, and we described how to 
construct a sequence of functions, namely yi, 2/2, 2/3, 2/4, j/5, and x, which ultimately 
led to two functions xq and xi. The functions xq and xi had the property that 
they have slender domain, they extended y, they block s, and any extensions of 
Xq and xi to 2^ are orthogonal. If s = s^+i and y blocks all si for I < i then we 
essentially want to dcfmc EQ{y,T,i) = (xq, Tq, i-l- 1) and Ei{y,T,i) = {xi,Ti,i + l), 
for some finite sets Tq,Ti C G to be specified. So we must simply trace through 
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the constructions appearing in the proof of Theorem 110.2.31 and show that these 
can be done in a continuous manner. 

Let z = {y,T,i) € Z. Set A — dom(y). So A is slender and for every g G G 
there is t e T with gt ^ A. Set s — s^+i. Looking back at the proof of Theorem 
110. 2. 3[ we see that many objects appearing in that proof are defined solely in terms 
of T. Namely, the following objects are defined solely in terms of T: B, N, C, 
a : C X C ^ G, V, ^ (the total order on 2^), F, A, {Ai, A2, . . . , Aa/ }, K, and 
p : C ^ 2^ . By fixing a choice of each of these objects for every finite T C G, 
we get that these objects vary continuously with z Z (we view these objects as 
points in a discrete topological space) . If xq and x\ are as constructed in Theorem 
110.2.31 with respect to z and s, then it is explicit in that proof that the finite set 
C^^~^^FF~^C^XmB witnesses the slenderness of dom(xo) = dom(a;i). We will 
define Eoiz) and Ei{z) so that Tr2iEQ{z)) = Tr2{Ei{z)) = C^^+'^FF'^C^XmB and 
TT3{Eo{z)) — TT3{Ei{z)) = i + 1. Thus Eq and Ei will be continuous as long as 
TTi o Eq and tti o Ei are continuous. So we only need to show that the functions xq 
and xi in the proof of Theorem 110.2.31 can be constructed continuously from y, T, 
and i. 

We first show that Dm, Dn-i, ■ ■ ■ , Dq S 'P(G) can be defined continuously in 
terms of {y,T,i). Here ViG) is the power set of G, ViG) = {M : M C G}. 
We identify 'P{G) with 2*^, the correspondence being given by characteristic func- 
tions, and use the corresponding topology. Fix an enumeration gojffi,--- of G. 
This enumeration of G gives rise to an order on V{G) which we will denote <-p(G). 
Specifically, if M, N C G then M <v{g) N if either M = iV or else g„ £ M ~ N 
where n is least with gn G {M — N) U {N — M). Now if we define _Djv to be the 
<73(G)-least set satisfying the conditions stated in the proof of Theorem llO.2.31 then 
it is not difficult to see that depends continuously on {y,T,i). Once has 
been defined in this way, we then define -Djv-i to be the <-p(G)-least set satisfying 
the conditions stated in the proof of Theorem 110.2.31 Again, D^^i depends con- 
tinuously on {y,T,i, Dn) and hence continuously on {y,T,i). Continuing in this 
manner, we see that Dn, D^-i, . . . , Dq can be defined continuously in terms of 
{y,T,i). In particular, the map {y,T,i) 1— )• {y,T,i, Dpf, D^-i, . . . , Dq) is contin- 
uous. Similar methods of choosing well orderings and picking the least element 
satisfying conditions given in the proof of Theorem 110.2.31 show that the functions 
yi, y2, and 2/3 can be defined continuously in terms of (y, T, i, D^, . . . , Dq). 

As mentioned earlier, both V and the total order -< on 2^ depend contin- 
uously on T. Thus it is easy to check that each is a continuous function 
of {y3,T,i,DN,---,Do). So {y3,T,i, Dn, ■ ■ ■ , Dq, An, ■ ■ ■ , Aq) depends continu- 
ously on {y,T,i). Again, by picking total orderings and choosing the smallest 
elements relative to the appropriate conditions, we see that j/4 and 7/5 depend con- 
tinuously on {y3,T,i^ Dn, ■ ■ ■ , Dq, An, ■ ■ ■ , Aq). This uses the fact that K and 
p : C 2^ depend continuously on T . Now we must consider the graph color- 
ing of F, ^ : A ^ (2|G|3^+3|i^|2 -t- 1) (the vertex set of F is A). We view such 
functions /i as elements of (2|Cp^+^|i^p -I- 2)*^ by declaring fi to be constantly 
2|(7|3Af+3|^|2 + 1 on G - A. We define ^ continuously as follows. Recah that 
go^gi, . . . is an enumeration of G. We let n{go) be if go S A and otherwise we let 
fi{go) be 2|Gp^+'^|Fp + 1. In general, after fi has been defined on go,gi, ■ ■ ■ ,gn, 
we define fi{gn+i) as follows. If g„+i ^ A then we set ^{gn+i) = 2\C\^^'^^\F\'^ + 1. 
Otherwise we let fj,{gn+i) be the least number among {0, 1, . . . , 2|Gp^"''^|Fp} not 
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appearing in the set 

{fi{gr) : < r < 71, 5,. e A, and {gr,9n+i) e E{r)}. 

This definition is valid since each vertex of T has at most 2\C\^'^+^\F\'^ neiglibors. 
RecaU that (7, V') € E{T) if there is h e FF~^C^^+'^ with either -fhsh''^ = -0 or 
iphsh~^ = 7. The set C^FF~^C^^'^^ depends continuously on T, and A depends 
continuously on {y,T,i). Therefore depends continuously on (jj,T,i). Now it is 
easy to check that x and xq = tti {Eo{y, T,i)) and xi — TTi(Ei(y, T, i)) can be defined 
continuously. Note that we must slightly enlarge the xo and xi appearing in the 
proof of Theorem ll0.2.3l in order to have {1g, si, S2, • ■ • , Si+i} C dom(a;o), dom(a;i). 
However, it is easy to see that this can be done continuously. This completes the 
proof. □ 



10.3. Almost equality and cofinite domains 

Recall that for x,y G 2'~^ we say that x and y are almost equal, written x y, 
if X and y disagree on only finitely many elements of G. In this section we take 
a closer look at the behaviour of points under almost equality. We study the 
relationship between almost equality and periodicity, and the relationship between 
almost equality and 2-colorings. From these results we will derive new findings 
regarding the extendability of partial functions to 2-colorings. This section involves 
a substantial amount of geometric group theory - specifically the notion of the 
number of ends of a group and Stallings' Theorem. These geometric group theory 
concepts are introduced below. 

We first review the notion of the number of ends of a finitely generated group. 
Let G be a finitely generated infinite group, and let 5 be a finite symmetric set 
of generators. The right Cayley graph of G with respect to 5", Tj^ s, is the graph 
with vertex set G and edge relation {{g, gs) : g £ G,s G S}. The left Cayley graph 
of G with respect to S, Tl,s, is defined similarly but with edge set {{g, sg) : g S 
G, s G S}. It is traditional to use right Cayley graphs, however Tl^s and Tn^s are 
isomorphic as graphs (the isomorphism sending g £ V(rL,s) to g^^ £ V{T]i_s))- 
The number of ends of G is defined to be the supremum of the number of infinite 
connected components of Tfi^s — A as A ranges over all finite subsets of G. The 
number of ends of a group is in fact independent of the finite generating set used 
and is thus an intrinsic property of the group G. We recall here a well known 
theorem of geometric group theory. 

Theorem 10.3.1 ( |BH| . Theorem 8.32). Let G be a finitely generated group. 

(i) G must have either 0, 1, 2, or infinitely many ends. 

(ii) G has ends if and only if G is finite. 

(iii) G has 2 ends if and only if G contains as a normal subgroup of finite 
index. 

(iv) G has infinitely many ends if and only if G can be expressed as an almaga- 
mated product A^c B or HNN extension A*c with G finite, [A : G]> 3, 
and [B:G]> 2. 

As pointed out in [BH| , clauses (i) , (ii) , and (iii) are due to Hopf while clause 
(iv) is a celebrated theorem of Stallings. In |BH| . clause (iii) does not contain the 
word "normal," however normality easily follows in view of Lemma 13.1.51 of this 
paper. 
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The following theorem addresses the question of whether or not periodic points 
are almost equal to aperiodic points. 

Theorem 10.3.2. LetG be a countable group. The following are all equivalent: 

(i) there is x £ 2^ such that every y E 2^ almost equal to x is periodic; 

(ii) G contains a finitely generated subgroup having infinitely many ends; 

(iii) G contains a subgroup which is the free product of two nontrivial groups 
at least one of which has more than two elements; 

(iv) G contains a nonabelian free subgroup. 

Proof. We first show that (ii), (iii), and (iv) are equivalent. 

(ii) (iii). Let H < G he finitely generated and have infinitely many ends. By 
Theorem ll0.3.1[ H can be expressed as an almagamated product A*c B or HNN 
extension A*c with C finite, [A : C] > 3, and [B : C] > 2. First suppose that H 
is of the form A *c B. If C is trivial then (iii) holds and we are done. So we may 
suppose that C is nontrivial. We will use Lemma 6.4 of Section IILF.G on page 498 
of [BHj . This lemma states, in particular, that if oi € A, a2, 03, . . . , a„ € A — G, 
&i, . . . , bn-i (z B ~G, and b„ G B, then ai&ia2&2 • • ■ Qn^n is not the identity element 
in H = A*cB. Pick any 61, 62 € B — C, and pick any ai G A—C. Since [A : C] > 3, 
we can also pick 02 G A — G with 0201 ^ G. If 62^1 G C, then pick E A ~ G 
with a3b2biai ^ G. If 6261 ^ C, then pick any E A — G . Set u = 016102 and 
V ~ 6iai62i3&2- Then u and v generate a nonabelian free group. In particular, 
Z * Z = {u,v) < H < G so (iii) is satisfied. Now suppose that H is of the 
form A*c = {A,t\t^^ct — (f>{c)) where [A : G] > 3 and : C — > A is an injective 
homomorphism. Let C" — 4>{G). We again use Lemma 6.4 of Section III. P. 6 on page 
498 of [BH]. This lemma states, in particular, that if ai, 02, . . . , a„_i S A—{GUG') 
and mi, 7712, . . . , m„ G Z — {0} then ait"^^ a2 ■ ■ ■ t'"""ia„_ii™" is not the identity 
element in iJ = A^c- Since G is finite, G' cannot properly contain G and therefore 
C" cannot contain any coset aG with a ^ G. Thus there is a € A — C U C". Set 
u = tat and v — t^at^. Then u and v generate a nonabelian free group. Thus 
Z * Z = {u,v) < H < G so (iii) is satisfied. 

(iii) (iv). It suffices to show that if A and B arc nontrivial groups and 
\B\ > 2, then H ^ A* B contains a free nonabelian subgroup. By Proposition 4 on 
page 6 of [S] , the kernel of the homomorphism A*B^AxB is a free group with 
free basis {a~^b~^ab : 1a a G A, 1b ^ b E B}. So we only need to show that 
this free basis contains more than one element. Since \B\ > 2, there are nonidentity 
61 7^ 62 G B. Fix any nonidentity a E A. Since H = A't'B, it is clear that a~^bi^abi 
and a~^b2^ab2 are distinct. Thus the free basis of the kernel contains at least two 
elements and therefore the kernel is a free nonabelian subgroup. 

(iv) (ii). Clearly every nonabelian free group contains a finitely generated 
nonabelian free group. Also, it is easy to see that any finitely generated nonabelian 
free group has infinitely many ends (alternatively, one could use clause (iv) of 
Theorem ll0.3.1l to see this). Thus every nonabelian free group contains a subgroup 
with infinitely many ends. 

Now we show that the negation of (ii) implies the negation of (i) . Assume that 
every finitely generated subgroup of G has finitely many ends. Let x E 2^ . Set 



P = {u E G : u Iq and 3y —* x with u ■ y — y}. 
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We point out that if u G G and u ■ x ~* x then we may not have that u Cz P 
(consider G = Z and x E 2^ given by: x{n) = 1 if and only if n > 0). We now point 
out a key observation. 

Key Observation: Consider ui,U2, ■ ■ ■ ,Uk € P and the subgroup they generate 
-ff = (mi , it2 , . . . , Ufc) . Define 

B = {g e G : 31 < i < k x{uig) ^ x{g) or x{u~^g) ^ x{g)}. 

It follows from the definition of P that B is finite. Now put a graph structure on 
G by using the edge set {{g,uf^g) : g € G, I < i < k}. Then the connected 
components of G are precisely the right cosets ol H m G and x is constant on the 
connected components of G — B. Notice that only finitely many right cosets of H 
intersect B, and therefore x is constant on all but finitely many right cosets of H. 
Also notice that every connected component of G (i.e. every right coset of H) is 
(graph) isomorphic to the left Cayley graph of H with respect to the generating 
set {uf^,U2^,...,uf^}. The number of ends of H will therefore give us useful 
information about the behaviour of x on the right cosets of H which meet B. 

Since G does not contain any finitely generated subgroups with infinitely many 
ends, every finitely generated subgroup of G must have either 0, 1, or 2 ends. The 
proof proceeds in cases. The first three cases handle the scenario where (P) is 
finitely generated, and the last three cases handle the scenario where (P) is not 
finitely generated. Note that if (P) is finitely generated, then there exists a finite 
set 5 C P with (S) = (P). 

Case 1: (P) is finitely generated and has ends. Then (P) is finite and thus P 
is finite. We define y ^ 2^ hy 

[i if.g = iG 
yig) = < if g e P 

yx{g) otherwise. 
Clearly y —* x. If /i G G and h ■ y ^ y then 

y{h) = (h-^ ■ y){lG) = y{lG) ^ I- 

So ft, ^ P and therefore h = \q and y is an aperiodic point almost equal to x. 

Case 2: (P) is finitely generated and has 1 end. Use H = (P) and consider the 
Key Observation. Using the fact that (P) is one ended, we get that x is constant 
on a cofinite subset of (P). Let i be the value of x on this cofinite set and define 
2/ e 2'=^ by 

{x{g) if.g^(P) 
y{g) = li if .g e (P) and g ^ la 
\l i \ig = lG- 

If h-y = y then h € PU{1g} since y =* x. Then y{h~^) = {h-y){lG) = yilc) = l-« 
so h = Iq. Thus y is aperiodic and is almost equal to x. 

Case 3: (P) is finitely generated and has two ends. If x is constant on a cofinite 
subset of (P), then we can repeat the argument appearing in Case 2. So we may 
suppose that x is not constant on any cofinite subset of (P). Since (P) has two ends, 
it follows from the Key Observation that there are disjoint infinte sets L, R C (P) 
(in some sense, the two ends) such that x is constant on L and R (separately) 
and L U i? is cofinite in (P) . By Theorem 110.3.11 (P) contains Z as a finite index 
normal subgroup. Although we will not make direct use of this, we point out that 
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intuitively the Cayley graph of (P) is "cyhnder-hke" and this accounts for the "two 
ends." Let v G (P) generate an infinite normal cyclic subgroup of finite index. 
Notice that the map p ^ pv induces an isometry of every left Cayley graph of 
(P). Therefore, if }?, g G (P) then for all but finitely many fc G Z we have either 
pv'^, qv'^ £ L or pv'', qv'' G R. Let Uq = Ig,cii, ■ ■ ■ , »« be a complete set of distinct 
coset representatives for the cosets of (v) in (P). In other words, as{v) r\at{v) = 
for s ^ t and (P) = U (^) ■ swapping L and R if necessary, we may suppose 
that for all suflaciently large A; > we have 

{ao, ai, . . . , a„}v~'^ C L and {ao, ai, . . . , a„}t;'^ C R. 

Since x is constant on L, wc can let i denote this constant value. Then x is 
identically 1 - i on P. Define 4>,9 £2^ by 

,,,, fi if A: < ii if fc < or A: = 1 

(p[k) = < ; 0(k) = < 

I 1 — i otherwise I -'^ ~ ^ otherwise. 

Notice that [(p] and [6] are infinite and are disjoint. Now define y € 2"^ by 

'xig) iig^iP) 
y{g) = < e{k) if 3s ^ 3fc e Z 5 = a^t;*^ 
(l){k) li^k^Z g = v^ = aQV^. 

Then y =* x. Suppose h E G and h ■ y = y. Then h € PU {1g}- Let s and k be 
such that = agV^ . Then the function 

m ^ yih-^v"") = yiasv'^v"') = y{a,v''+"') 

lies in [cj)] U [9]. However, 

<^(m) = y{v"') = (h ■ = yih^'v"'). 

So by the pairwise disjointness of [(/>] and [9] we must have that s = and = 
a^v^ = . Since the restriction of y to (w) is (essentially) and - y = y,we must 
have fc = and therefore h = 1g- Thus y =* x and y is aperiodic. 

The three remaining cases deal with the scenario where (P) is not finitely 
generated. Let Hq < Hi < ■ ■ ■ be an increasing sequence of finitely generated 
subgroups of (P) with [jHn = (P). Now each if„ has either 0, 1, or 2 ends. By 
passing to a subsequence if necessary, we may suppose that the number of ends of 
Hn is independent of n G N. We proceed by cases on the number of ends of the 
if„'s. 

Case 4: Each iJ„ has ends. Then each Hn is finite and (P) is locally finite. 

Let y G 2*^ be such that y{g) = x{g) for nonidcntity g G G and i/(1g) = 1 ^ x{1g)- 
It will suflSce to show that either a; or y is aperiodic. Towards a contradiction, 
suppose X and y are both periodic. Let a,6 G G be nonidentity group elements 
with a ■ X = X and b ■ y =^ y. Then a,b G P and therefore H = (a, b) is finite. Let T 
be the graph with vertex set H and edge relation {{h, a^^/i) : h G H}U{{h, 6^^/i) : 
h G H}. Since x and y agree on G — {1g} and a ■ x = x and b ■ y = y, we have 
that X must be constant on the connected components of F — {1g}- We have 
x{a) = x{1g) 7^ ^(Ig) = y{b) = x{b). So a and b do not lie in the same connected 
component of F — {1g}- Thus F — {1g} is not connected. Since a and b have 
finite order, a is in the same connected component as and similarly b is in the 
same connected component as b~^. Every connected component of F — {1g} must 
contain a point adjacent to 1g- Therefore there must be precisely two connected 
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components of F — {1g}, one containing a, call it A, and the other containing b, call 
it B. Multiplication on the right induces an automorphism of F, so for any h £ H 
the connected components of F — {h] are Ah and Bh. Since H is finite so are A 
and B. Suppose that \A\ < \B\ (the other case is identical). We have 1g G Aa and 
therefore 1g ^ Ba. However Ba U {a} is connected, hence connected in F — {1g}- 
Since a £ BaU {a}, we must have that Ba U {a} C A. Therefore |B| + 1 < \A\, 
contradicting < \B\ < oo. Thus either a; or y is aperiodic. In any case, x is 
almost equal to an aperiodic element of 2'-^. 

Case 5: Each i7„ has 1 end. Since each i7„ has 1 end, each Hn must be infinite. 
By the Key Observation, we have that for every rt S N and every right cosct i/„a 
of Hn, X is constant on a cofinite subset of i?„a. We claim that x is constant on 
a cofinite subset of (P) . Notice that x is constant on all but finitely many of the 
right cosets of Hq (although this constant value may change from coset to coset). 
So if X is not constant on any cofinite subset of (P), then there must be right cosets 
Hoa, Hob C (P) such that x takes the value infinitely many times on Hqq and x 
takes the value 1 infinitely many times on Hob. Since [jHm — (P), there is n € N 
with Hoa, Hgb C But then x takes the value and the value 1 infinitely many 
times on Hn, contradicting x being constant on a cofinite subset of Hn- Thus x 
must be constant on a cofinite subset of (P). Let i € {0, 1} be this constant value. 
Define y e 2'^ by ?;(1g) = 1 - «, y{p) = « for Iq ^ P e {P), and y{g) = x{g) 
for g (fi (P). Then y =* x. If h £ G and h ■ y — y then by definition we have 
h £ PU {1g}- So y{h^^) = {h ■ y){lG) = y(lG) and therefore h — Iq due to how y 
was defined on (P). So y is aperiodic and is almost equal to x. 

In Case 6 below, we consider the final possible scenario in which each Hn has 
two ends. Before handling this case, we make the general claim that Hq must be 
of finite index within each Hn- To see this, for each n let Kn be a normal finite 
index subgroup of iJ„ isomorphic to Z (see Theorem 110.3.11) . Then [H^Kn) / Kn 
is a subgroup of the finite group Hn/Kn, and thus (HoKn)/ Kn is finite. By the 
isomorphism theorems of group theory, we have that iJo/(-ffo H -fir„) ^ [H^Kn) / Kn 
is finite. So Hq H Kn has finite index in Hq. However, Hq H Kn is a subgroup of 
Kn = Z and therefore must have finite index within if„. Thus Hq D Kn has finite 
index in Hn, so in particular Hq has finite index in i7„. This proves the claim. We 
now continue to Case 6. 

Case 6: Each Hn has 2 ends. Since each Hn has 2 ends, each Hn must be 
infinite. As in Case 3, by Theorem 110.3.11 and the claim above there is t; G Hq 
of infinite order such that (v) has finite index in each _ff„. For each n £ N there 
are infinite sets L„, P„ C Hn (in some sense corresponding to the two ends of Hn) 
with Ln n Rn — 0, Ln U P„ cofiuitc within Hn, and x constant on each of L„ and 
Rn- By swapping i„ and P„ if necessary, we can assume that for each h £ Hn 
there is to G N such that hv^'^ £ L„ and hv'' £ Rn whenever k > m (see Case 3). 
It follows from this last property that i„ n Ln+i and P„ H Rn+i are nonempty. 
Since x is constant on each L„ and i„ H Ln+i ^ 0, it follows that x is constant 
on Loo ~ U and similarly x is constant on i?oo = U ■ We first show that x is 
constant on Loo U Poo • For this it suffices to show that x is constant on L„ U P„ 
for some n £ N. By the Key Observation we know that x is constant on all but 
finitely many of the right cosets of Hq in G. Since Hq is finitely generated and (P) 
is not, we must have that Hq is of infinite index in (P). So there is a right coset 
Hoa of Ho in (P) on which x is constant. Since (P) is the increasing union of the 
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HnS, there is n € N with Hoa C Now (v) has finite index in Hn, so there is 
fc e N with {v'^) <l Hn (Lemma lS.l.Sp . So Hoa{v'') = i7o(w'')a Hoa and therefore 
we have Ln H iJof^ 7^ and Rn H i?oa 7^ 0- Since a; is constant on L„, TfoQi and 

X must be constant on L„ U So for each n € N a; is constant on L„ U i?„, 
and L„ U i?„ is cofinitc in iJ„. Since every right coset of Hn in (P) is contained 
in some Hm, it fohows that x is constant on a cofinite subset of each right coset of 
each Hn in (P). An argument identical to that appearing in Case 5 now shows that 
X is constant on a cofinite subset of (P). The construction in Case 5 then shows 
that there is an aperiodic y £ 2'^ with y —* x. 

To finish the proof, we show that (iv) imphes (i). Suppose that G contains 
a free nonabehan subgroup. Since every free nonabehan group contains a free 
nonabehan group of countably infinite rank, there is a free nonabehan subgroup 
H < G oi countably infinite rank. Let 00,01,02, .. . be a free generating set for 
H. Let C C G be a complete set of representatives of the right cosets of H in 
G. Specifically, G = HC and for c ^ d G C we have HcH Hd = 0. Let F be 
the set of all functions y : A — 2 where A C G is finite. Then F is countable, 
and we can find an injective function cr : P — !■ N such that for every y £ F 
dom(?;) C (ao,ai, . . . ,aa-(y))G. Now recursively define x £ 2^ as follows. First set 
x{c) — for all c e C. Now fix 5 e G, and let h £ H be such that g £ hC. Let 
z G N be such that the reduced word representation of h begins on the left with 
a*^, where fc 7^ and |fc| is maximized. If there is y G P with a~''g G dom(?;) and 
a{y) — i — 1, then set x{g) = y{a~^g) (this is well defined since tr is injective). 
Otherwise, set x{g) — x{a^*'g) (this case is where the recursion occurs). Clearly 
oq • a; = a;. So a; is periodic. Now suppose z is almost equal to x. Then there is 
y £ F such that z{g) — y{g) for g £ dom(j/) and z{g) = x[g) for g ^ dom(y). Let 
i — a{y) + 1. We claim that ai-z = z. It suffices to show that for every fc G Z, every 
c G G, and every h £ H not beginning with or o^^ we have z{a'^hc) = z{hc). 
Fix such k, c, and h. Then a^hc ^ dom{y) since cr{y) = i — 1. li he ^ dom(y) 
then z(hc) = x{hc) = x{a^hc) — z{a^hc) (the second equality follows from the 
definition of x, for which the second case applies). Similarly, if he £ dom(?;) then 
z{he) = y{he) = x{a^hc) = z{a\hc) (by the definition of x in the first case). Thus 
ai ■ z = z. □ 

A famous problem in group theory was the von Neumann Conjecture which 
states that a group is nonamenable if and only if it contains a free nonabehan 
subgroup. The von Neumann Conjecture was disproven by Olshanskii [OJ in 1981. 
However, the above theorem provides us with a dynamical characterization for 
which groups contain free nonabehan subgroups. 

In practice, it may be useful to know for which groups the equivalent properties 
listed in the previous theorem fail. The following corollary addresses this issue. 

Corollary 10.3.3. Let C be the class of countable groups G which have the 
property that for every periodic x £ 2'^ there is an aperiodic y £ 2'^ with y =* x. 
Then C coincides with the class of countable groups which do not contain free non- 
abehan subgroups. Moreover, C contains all countable amenable groups and all 
countable torsion groups and is closed under the operations of: extensions; increas- 
ing unions; passing to subgroups; and taking quotients. 

By the operation of extension, we mean that if G is a countable group, K <iG, 
and both G/K £ C, then G G C. 
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Proof. The fact that C coincides with the class of countable groups which 
do not contain free nonabelian subgroups follows immediately from the previous 
theorem. Clearly torsion groups cannot contain free subgroups, and it is well known 
that amenable groups cannot contain any free nonabelian subgroups. Thus these 
groups are members of C It is simple to see that C is closed under the operations of 
increasing unions and passing to subgroups. It is also closed under taking quotients, 
since if a quotient G/K of G contains a free group, then one can pick any two 
elements giK,g2K G G/K which generate a rank two free group and see that 171 
and 32 generate a rank two free group in G. Finally, suppose that G is a countable 
group and K <\ G satisfies K,G/K £ C. Towards a contradiction, suppose that 
G ^ C. Then G contains a free nonabelian subgroup H . Since iJ n A' is a normal 
subgroup of the free group H, it must be either trivial or free and nonabelian (if 
it is free and abelian then it cannot be normal). Since -fC G C, we must have that 
HnK is trivial. It follows then that H embeds into G/K, contradicting G/K E C. 
We conclude that G E C and C is closed under extensions. □ 

Our argument within Case 4 of the previous theorem suggests defining and 
studying a new, but related, notion. For x,y G 2'~^ we write y —** x if a; and y 
agree everywhere on G except at precisely one point (so x 7^** x). In the theorem 
below, we study how much of the previous theorem still holds when we work with 
=** instead of almost equality. 

Theorem 10.3.4. Let G be a countable group. The following are equivalent: 

(i) if X E 2^ is periodic, then every y =** x is aperiodic; 

(ii) G does not contain any subgroup which is a free product of nontrivial 
groups. 

Notice the slight difference between clause (ii) of this theorem and clause (iii) 
of Theorem [lUXll 

Proof, ^(ii) ^(i). By the previous theorem, we are done if G contains a 
subgroup which is a free product of two nontrivial groups one of which has more 
than two elements. So all that remains is to handle the case where Z2 * Z2 < G. 
Let a,b E G he involutions (meaning — b"^ = Iq) with (a, &) = Z2 * Z2. Set 
H = (a, b). Notice that every nonidentity element of H can be written uniquely in 
one of the following four forms: 



We say h £ H ends with a if ft, can be written in one of the two forms on the left. 
Otherwise, we say h ends with b. Define a: G 2*^ by 



So if x{g) = 1 then g € H and either g = Iq or else g ends with b. It is easy to see 
that b ■ X = X. Now let ?; e 2'-' be equal to x everywhere except have the opposite 
value at 1(3. Then it is again easy to check that a ■ y = y. 

^(i) =4> ^(ii). Now suppose that x, y € 2*^ are both periodic and x =** y. We 
must show that G contains a subgroup which is the free product of two nontrivial 
groups. By replacing {x, y) with {g-x, g-y) if necessary, we can assume that 1g is the 



ababab ■ ■ ■ aba, bababa ■ ■ ■ baba, ababab ■ ■ ■ abab, bababa ■ ■ ■ bab. 












1 



if .9 ^ ^ 

li g E H and g ends with a 
otherwise. 
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single point at which x and y disagree. Let A, i? < G be the stabihzer subgroups of 
X and y, respectively. Set H = {AlJ B). We claim that H = A* B. Fix generating 
sets (possibly infinite) Sa and Sb for A and B, respectively. We also require that 
1g ^ Sa^Sb, Sa = SJ^, and Sb = Sg^. Then Sa^Sb generates H. Let F be the 
left Cayley graph of H associated to the generating set Sa^ Sb- Since A and B 
are the stabilizers of x and y and x and y differ only at Ig, it follows that x and y 
are constant and agree on each of the connected components of F — {1g}- Let Ca 
be the union of those connected components of F — {la} which contain an element 
of A. Similarly define Cb- li a e A - {1g} and h e B - {1g} then 

x{a) = x{Ig) ^ yilc) = Vi^) = ^{b)- 

From the above inequality we have that Ar\ B = {1g} and Sa^ Sb = 0- More 
importantly, since x is constant on the connected components of F — {1g}, it follows 
that Ca n Cb = 0. In particular, B n Ca = and AdCb = 0- Also notice that 
every connected component of F — {1g} must contain a vertex adjacent to 1g and 
therefore CaIJCb = H - {la}- 

Since H = {AU B), there is a surjective homomorphism <j> : A* B ^ H with 
(j){a) = a and ^(6) = b for all a € A and b £ B. We claim that ^ is an isomorphism. 
Define the length of fc e A * B to be if fc is the identity and to be 

min{n : k = C\C2 ■ ■ ■ Cn, Vj Cj € 5^ U Sb} 

otherwise. Towards a contradiction, suppose the kernel of 4> is nontrivial. Let k be 
a nontrivial element of the kernel with minimum length. Clearly k ^ AV^ B. Let 

k = C1C2 ■■■Cn 

be a minimal length representation of k. Then the sequence 

1g, <t>{Cn), 4>{Cn-lCn), '/>(ciC2 • • • C„) 

is a closed path in F beginning and ending at 1g- Therefore (by minimality of 
the length of the expression), the non-endpoint vertices traversed by this path 
lie in a single connected component of F — {1g}- Therefore we must have cither 
Ci,c„ G Sa or Ci,c„ e Sb (but not both since Sa^ Sb = 0)- We will consider 
the case ci,c„ e Sa- The argument for the other case is identical. Let m < n be 
minimal with c^, c^+i, . . . , c„ e Sa- Then m > 1 since k ^ A. By conjugating k 
by CmCm+i • • • c„ we get 

Since k' is a conjugate of k and the kernel is normal, k' must also lie in the kernel. 
Also, since k' is a conjugate of k it must be nontrivial. As k was chosen to have 
minimal length, it must be that the length of k' is greater than or equal to the 
length of k- However, the above representation of k' shows that the length of k' 
is less than or equal to the length of k- So k and k' must have the same length, 
and the above representation of fc' must be of minimal length. Now k' and its 
representation above have all of the same properties which we assumed of k and its 
represenation. Therefore, arguing just as we did before, we must have that either 
Cm, € Sa or Cm, Cm-1 G Sb- Since Cm <E Sa and Sa H Sb = 0, we must have 
Cm-i S Sa- This contradicts the definition of m. We conclude that 4> is injective 
and is thus an isomorphism. SoA*B = H<Gas claimed. □ 

In the corollary below, Stab(a;) denotes the stabilizer subgroup of a; e 2^. 
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Corollary 10.3.5. Let G be a countable group and let x,y G 2^ . If x =** y 
then (Stab(a;) U Stab(y)) Stab(x) * Stab(y). 

Proof. Set A = Stab(a::) and B — Stab(y). The claim is trivial if either 
A = {Iq} 01 B = {1g}- So suppose A and B are nontrivial. Let g e G be the 
unique group element with x{g) ^ y{g)- Set x' = g~^ ■ x and y' — g^^ ■ y. Then 
x'(1g) ^ y'(lG), g-^Ag = Stab(x'), and g-^Bg = Stab(2/')- Then 
{AUB)= g{g-'Ag U g-'Bg)g-' = {g-'Ag U g-^Bg) = g-'Ag * g-^Bg = A*B. 
where the second = follows from the proof of the previous theorem. □ 

The following corollary summarizes the two previous theorems of this section. 

Corollary 10.3.6. Let G be a countable group. 

(i) // G does not contain any subgroup which is a free product of nontrivial 
groups, then for every periodic x G 2'~^ every y —** x is aperiodic. 

(ii) // G contains Z2 * Z2 as a subgroup and if every subgroup of G which is 
the free product of two nontrivial groups is isomorphic to Z2 * Z2, then for 
every periodic x G 2^ there is an aperiodic y G 2^ with y —* x but there 
are periodic w, z G 2'~^ with w =** z. 

(iii) // G contains a subgroup which is the free product of two nontrivial groups 
one of which has more than two elements, then there is a periodic x G 2^ 
such that every y ~* x is also periodic. 

Corollary 10.3.7. Let G be a countable group. For every periodic x E 2^ 
every y =** x is aperiodic if G is: 

(i) finite; 

(ii) locally finite; 

(iii) a torsion group; 

(iv) amenable and does not contain Z2 * Z2 . 

Proof. By the previous theorem, it suffices to show that G does not con- 
tain any subgroups which are free products of nontrivial groups. Free products of 
nontrivial groups are infinite, have finitely generated subgroups which are infinite, 
and have elements of infinite order. Therefore finite groups, locally finite groups, 
and torsion groups must have the stated property. As stated previously, it is well 
known that amenable groups do not contain free nonabelian subgroups. Therefore, 
by Theorem 110. 3. 2[ the only possible subgroup of an amenable group which is a 
free product is Z2 * Z2. Therefore any amenable groups not containing Z2 * Z2 must 
have the stated property. □ 

Corollary 10.3.8. If G is a finite group and k > 1 is an integer then 
contains at least [k — many aperiodic points. 

Proof. We first point out as we did at the beginning of this paper that all of 
our results for 2'^ immediately generalize to k'^ for all fc > 1 (only minor changes 
need to be made to all of the proofs in this paper). So if G is finite. A: > 1 is 
an integer, and x,y E k^ differ at precisely one coordinate, then x and y cannot 
both be periodic. Set ^ = G - {1g}. Then |fc^| = /fcl'^'l"!. Each element of fc-^ 
can be extended in k different ways to an element of fc'-^. U x G k^, then at most 
one extension of x to A:*^ is periodic. Therefore at least fc — 1 extensions of x are 
aperiodic. Since the extensions oi x,y £ k^ are distinct ii x ^ y, we have that fc*^ 
contains at least (fc — l)fcl'^l^^ many aperiodic elements. □ 
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Now that we better understand how periodic points behave under almost equal- 
ity, we can finally prove that every near 2-coloring is an almost 2-coloring. In fact, 
we prove something much stronger. 

Theorem 10.3.9. Let G he a countable group and let x he a near 2-coloring. 
Then either x is a 2-coloring or else every y =** x is a 2-coloring. 

Proof. Suppose x is not a 2-coloring. Fix y —** x and towards a contradiction 
suppose that y is not a 2-coloring. Since x and y are near 2-colorings but not 
2-colorings, they must be periodic by clause (d) of Lemma 12.5.41 Let a,b G G he 
nonidentity elements with a-x — x and b-y — y. Set H ~ {a,b). Then H = (a) * (&) 
by Corollarv llO.3.51 Set h = ab £ H and notice that h has infinite order. Let p G G 
be the unique element with x{p) ^ y{p)- Set 

B^{p,b-'p}. 

Let A,T C G he finite with the property that 

VgeG-A3teT x{ght) ^ x{gt). 

Now pick g (z (h) with 

g (^A\JBT-^. 

Fix t G T. Then gt ^ B. Since b ■ y = y and gt ^ p ^ bgt, we have 

x{bgt) = y{bgt) = y{gt) x{gt). 

Since a ■ x = x we have 

x{hgt) — x{abgt) — x{bgt) = x{gt). 

However, g S {h) so 

x{ght) = x{hgt) — x{gt). 
Since t € T was arbitrary and g ^ A this contradicts x being a near 2-coloring. □ 

Corollary 10.3.10. For every countable group G, every near 2-coloring is an 
almost 2-coloring. 

Corollary 10.3.11. For a countable group G and x £ 2*^, the following are 
equivalent: 

(i) either x is a 2-coloring or else every y £ 2^ differing from x on precisely 
one coordinate is a 2-coloring; 

(ii) there is a 2-coloring y £ 2^ which differs from x on at most one coordinate; 

(iii) there is a 2-coloring y £ 2^ which differs from x on finitely many coordi- 
nates; 

(iv) X is an almost 2-coloring; 

(v) X is a near 2-coloring; 

(vi) for every nonidentity s £ G there are finite sets A, T C G so that for all 
g £ G ~ A there is t £ T with x{gt) ^ x{gst); 

(vii) every limit point of [x\ is aperiodic. 

Proof. The implications (i) =^ (ii) and (ii) => (iii) are obvious, (iii) =^ (iv) 
is by definition, (iv) (v) is clause (c) of Lemma [2.5.41 (v), (vi), and (vii) are 
equivalent by Lemma 12.5.31 (v) (i) is Theorem 110.3.91 □ 

These results lead to an alternative proof of the density of 2-colorings (the 
original proof was given in Theorem I6.2.3[) . 
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Corollary 10.3.12. For every countably infinite group G, the collection of 
2-colorings on G is dense in 2'^. 

Proof. By Theorem 16. l.li there exists a 2-coloring x on G. Let y € 2*^ and 
e > 0. Let r g N be such that < e, and let go,gi, ■ . ■ be the enumeration of G 
used in defining the metric d on 2*^. Define x' by 



^'(.9) = 



yig) if g = gi ioT < i < r 
x{g) otherwise. 



Then d{x',y) < 2 < e. If x' is a 2-coloring, then we are done. If x' is not a 
2-coloring, then the function x" € 2*^ defined by 



x"{9) = 



x'ig) iig^gr+i 
l-x'{g) \i g = g.r+i. 



is a 2-coloring by Theorem 110.3.91 (since x' is an almost 2-coloring, in particular a 
near 2-coloring). Also, d{x" ,y) < e. □ 

Now we can further characterize extendability of partial functions to 2-colorings. 

Corollary 10.3.13. Let y £ 2-*^ be a partial function with cofinite domain. 
The following are equivalent: 

(i) there is a 2-coloring x £2^ extending y; 

(ii) for every xo,xi G 2*^ extending y with xq —** xi, either xq or xi is a 
2-coloring; 

(iii) every element of [y\ H 2'^ is aperiodic. 

Proof, (i) ^ (ii). Let x € 2'-' be a 2-coloring extending y, and let xo,xi e 2'^ 
extend y with xq =** xi. Since y has cofinite domain, xq almost equals x and hence 
is an almost 2-coloring. If xq is not a 2-coloring, then by the previous theorem xi 
is a 2-coloring. 

(ii) (iii). Let xq, xi € 2^ extend y with xq =** xi. Without loss of generality, 
we may suppose that xq is a 2-coloring on G. Then clearly [y] n 2*^ C [xq] since xq 
extends y. Since Xq is a 2-coloring, every element of [xq] is aperiodic. 

(iii) (i). If a; G 2*^ extends y, then every limit point of [x] lies in [y]n2'-'. Thus 
every limit point of [x] is aperiodic, and so a; is a near 2-coloring by Lemma [2.5.31 
(or by Corollarv 110.3. Ill above). By the previous theorem, if x is not a 2-coloring 
then we can change the value of x at a point g ^ dom(y) to get a 2-coloring x' 
extending y. □ 

So far in this chapter we have studied, among other things, under what con- 
ditions on A C G and y : ^ 2 we can extend y to a 2-coloring on G. Although 
we were unable to answer this question in fullest generality, we were able to an- 
swer it for certain subsets A C G (specifically for sets A which are either slender 
or cofinite). In addressing the general question of which partial functions can be 
extended to 2-colorings, we make the following conjecture. 

Conjecture 10.3.14. Let G be a countable group, let A C G, let k > 1 be an 
integer, and let y : A ^ k. Then y can be extended to a k- coloring if and only if 
[y] n A;*^ consists of aperiodic points. 
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If y can be extended to a /c-coloring, then it is easy to see that [y] n k'^ consists 
of aperiodic points. The difficult question to resolve is if this condition is sufficient. 
Clearly this conjecture implies Corollary II . 3 . 1 3l Also, if A is slender and y is as 
above, then [y] H k'^ must be empty. Thus the implication (i) (iii) appearing in 
Theorem lI0.2.4l also follows from the above conjecture. We would like to emphasize 
that in all of the results of this paper, the obvious necessary conditions have always 
been sufficent. This is the main reason that we formally make this conjecture. 

10.4. Automatic extendability 

We have shown in the last section that any partial function on a proper sub- 
group of a countably infinite group can be extended to a 2-coloring of the full group. 
In this section we consider a curious question: when is it the case that any extension 
of a 2-coloring on a subgroup is automatically a 2-coloring of the full group? 

We know from early on that this happens to Z (see the discussion following 
Definition 12. 2. 7[) . The goal of this section is to determine all countable groups with 
this automatic extendability property. It will turn out that Z is the only group 
with this property. 

Proposition 10.4.1. Let G he a countably infinite group and let H < G be 
nontrivial. The following are equivalent: 

(i) If X E 2^ is a 2-coloring on H and y E^P extends x, then y is a 2-coloring 
on G; 

(ii) \G : H\ is finite and for every nonidentity g E G, (g) H H ^ {1g}- 

Proof, (i) =^ (ii). Towards a contradiction, suppose \G : H\ is infinite. Let 
H, aiH, a2-ff, ... be an enumeration of the left cosets of H in G, and let x G 2^ 
be a 2-coloring. Extend x to y G 2*^ by defining y{g) = for a\\ g E G — dom(a;). 
Then lima^^ • y = 0, a contradiction. We conclude \G : H\ is finite. 

Again, towards a contradiction suppose a £ G — {1g} satisfies {a)r)H — {1g}- 
Let a; G 2^ be a 2-coloring on H. Extend a; to ?/ G 2'-' by defining y{a"-h) — x{h) 
for all rt G Z and h E H, and set y{g) ~ for all other g E G. Then it easy to see 
that y is well-defined and periodic: a ■ y = y. This is a contradiction. 

(ii) (i). Let a; G 2^ be a 2-coloring on H, and let y E 2'^ extend x. It 
is enough to show that every w E [y] is not periodic. Fix w E [y]. Let oqH = 
H, aiH, . . . , OnH be an enumeration of all left cosets of H in G. Let (gm)meN be 
a sequence of elements of G with w = lim gm ■ y- By passing to a subsequence if 
necessary, we can assume that each gm lies in the same left coset of H, say OiH. 
For each m G N let E H he such that g^ = aihm- Then 

w = lim gm-y ^ lim (ajft.„) • y 

m— >-C30 rn— >-oo 

= lim Gi ■ {km ■ y) ^ Oi ■ { hm h„i ■ y) = at ■ z 

m— ^oo m— >C30 

where z = \imh„i • y. We must show that w = Oi ■ z is not periodic, so it will 
suffice to show that z is not periodic. Suppose g E G satisfies g ■ z — z. Clearly 
Wrnhm ■ X C z, so that z \ H is a 2-coloring on H. In particular, z \ H E 2^ is not 
periodic. Thus (g) must intersect H trivially, from which it follows that g — Iq. 
We conclude y is a 2-coloring on G. □ 

Theorem 10.4.2. Let G be a countably infinite group. The following are equiv- 
alent: 
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(i) If H < G is any nontrivial subgroup, x G 2^ is any 2-coloring on H , and 
y G 2'-' is any extension of x, then y is a 2-coloring on G; 

(ii) G = Z. 

Proof, (ii) (i) is clear from the previous proposition. 

(i) ^ (ii). By the previous proposition, every nontrivial subgroup of G has 
finite index. The result now follows from the next proposition. □ 

Recall that Z(G) denotes the center of G. 

Proposition 10.4.3. // G is an infinite group and every nontrivial subgroup 
of G has finite index, then G = Z. 

Proof. We first show that G posseses the following properties: 

(i) G is countable; 

(ii) every nonidentity element of G has infinite order; 

(iii) for every g G G — {Iq}, there is A; > with {g'') <\ G; 

(iv) every normal cyclic subgroup of G is contained in Z(G); 

(v) Z(G) is isomorphic to Z; 

(vi) G/Z(G) contains no nontrivial abelian normal subgroups; 

(vii) if G is solvable then G = Z. 

After establishing these properties we will use them to complete the proof of the 
proposition. We now proceed to prove each of the clauses above. 

(i) . This is immediate from considering the cosets of (<?) for any g £ G— 

(ii) . li g & G — {1g}i then {g) has finite index in the infinite group G. Hence 
g has infinite order. 

(ni). Let g € G — {1g}, and consider the action of G on the left cosets of {g) 
by left multiplication. This action induces a homomorphism G — > 5^ with kernel 
K, where n = [G : {g)]. So iiT is normal and has finite index. As elements of K fix 
the left coset Iq • (g), we have K C (g). Thus, K = {g'^) for some fc > 0. 

(iv) . Suppose {1g} 7^ {g) <i G and let h £ G. We will show kg = gh. Since 
{g) is normal, conjugation by h induces an automorphism of (g). If hgh~^ = g, 
then there is nothing to show. Towards a contradiction, suppose hgh~^ = g~^. 
Then h 1g, so h has infinite order and (g) is normal of finite index, so there are 
nonzero k,m G Z with h'^ = g™. We then have 

h-'^g'" = 1g = hlch-^ = hh-^g"'h-^ = h-^hg^'h-^ = h-^g-"^. 

Thus, = g~™ with m 7^ 0, contradicting (ii). 

(v) . By (ii), (iii), and (iv) we have Z(G) ^ {1g}- Let H = (h) be a maximal 
cyclic subgroup of Z(G). Towards a contradiction, suppose H ^ Z(G). Let a G 
Z(G) — H. Then {a,h) < 7i{G), so {a,h) is abelian. By (ii) {a,h) is isomorphic 
to a subgroup of Z^. However, Z? has a nontrivial subgroup of infinite index, so 
(a, h) ^ Z^. As h^ Iq, we must have (a, h) = Z. This contradicts the maximality 
oiH. 

(vi) . Let K <\ G/Z(G) be abelian, and let tt : G G/Z(G) be the quotient 
map. Now Z(G) < Tr~^{K) < G, and we want to show that K is trivial. Hence, 
by (iv) it will suffice to show that tt~^{K) is cyclic. Let H = {h) be a maximal 
cyclic subgroup of ■k~^{K) containing Z(G). Towards a contradiction, suppose 
H ^ TT-^K). Let a e tt-^K) - H, and let fc > be such that {h'') = Z(G). We 
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However, h'^ 



have iriaha 




As h has infinite order, we must have m — Q. Thus aha^^ — h so a and h commute. 
Then Z = (a, h) < tt~^{K), contradicting the maxiniality of H. 

(vii). If G is solvable then so is G/Z(G). If G = Z(G) then we are done by (v). 
Towards a contradiction, suppose G ^ '^[G). As G/Z(G) is solvable, its derived 
series terminates after finitely many steps. The last nontrivial group appearing in 
the derived series for G/Z(G) is normal and abelian, contradicting (vi). 

Now we use the properties we have established of G and complete the proof. 
By clause (v), Z(G) is nontrivial so G/Z(G) is a finite group. Let tt : G — >■ G/Z(G) 
be the quotient map and let P be any Sylow subgroup of G/Z(G). Every nontrivial 
subgroup of iV = 7r^^(P) has finite index in N. However, N is nilpotent, in 
particular solvable. Thus iV = Z by clause (vii). In particular, P = 7t{N) is cyclic. 
We now apply the following theorem of group theory (Theorem 10.1.10 of ^). 

Theorem 10.4.4 (Holder, Burnside, Zassenhaus). If K is a finite group, then 
all of its Sylow subgroups are cyclic if and only if K has a presentation 



where r" = 1 mod m, m is odd, < r < m, and m and n{r — 1) are coprime. 

Let a, 6 e G/Z(G) be as in the presentation above for K = G/Z(G). Then (a) 
is a normal abelian subgroup of G/Z(G). Hence by clause (vi) (a) is trivial and 
a — 1g/z(G)- But then (6) = G/Z{G) is a normal abelian (improper) subgroup. 
Again we conclude b = 1g/z(g)- Thus G/Z(G) is trivial, so G = Tj{G). Now G = Z 
by clause (v). □ 



K — {a,b : a 



Ik = b-^ab = a'') 



CHAPTER 11 



Further Questions 

Throughout the paper we have mentioned a number of interesting further ques- 
tions that we do not have answers to. In this final chapter we collect them together 
and mention some general directions for further studies. The problems will be listed 
according to their nature, not in the order of the chapters covering them. To make 
this chapter a useful reference for the reader, we repeat some definitions, recall 
some proven facts, and include some remarks on the listed problems. 

11.1. Group structures 

Much of what we did in the paper was to provide a combinatorial, and in 
fact almost geometric, analysis of the structure of a general countable group. The 
results we obtained were sufficient for our purposes. But the analysis is to a large 
extent incomplete. 

The strongest sense of geometric and combinatorial regularity of group struc- 
tures is given by the notion of a ccc group. Recall that a countable group is ccc if it 
admits a coherent, cofinal, and centered sequence of tilings. This notion is closely 
related to the study of monotileable amenable groups by Weiss. In particular, the 
following problem raised by Weiss was explicit in |W| . 

Problem 11.1.1 (Weiss |Wj). Is every countable group an MT group? That 
is, does every countable group admit a cofinal sequence of tilings? 

Weiss proved that the class of all MT groups is closed under group extensions 
and contains all residually finite groups and all solvable groups. In contrast we 
showed that the class of all ccc groups contains all residually finite groups, free 
products, nilpotent groups and polycyclic groups. But we only know that the class 
is closed under products and finite index group extensions. We do not know of any 
countable group which fails to be ccc. This prompts the following questions. 

Problem 11.1.2. Is every countable group ccc? In particular, is every solvable 
group ccc? 

Turning to a different subject, we also introduced the purely group theoretic 
notion of a flecc group and showed the curious property that a countably infinite 
group G being flecc corresponds to the class of all 2-colorings of G forming a Sg- 
complete subset of 2*^. Recall that a countable group G is flecc if there is a finite 
set A C G — {1g} such that for every non-identity g G G there is n e Z and h G G 
with hgh^^ G A. The following basic questions about fiecc groups are open. 

Problem 11.1.3. Is a quotient of a flecc group flecc? 

Problem 11.1.4. Is the product of two flecc groups flecc? 
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Partial results are given in Section [8.31 In particular, we showed that a normal 
subgroup of a flecc group is flecc. Also, the product of two flccc groups, where at 
least one of them is torsion, is flecc. We also completely characterized the abelian 
flecc groups. It turns out that this class coincides with the class of all abelian 
groups with the minimal condition. 

11.2. 2-colorings 

In this paper we succeeded in constructing numerous group colorings with var- 
ious properties. However, several construction-type problems remain open. In this 
section we summarize some typical ones. 

We have shown that any countably infinite group G admits perfectly many 
pairwise orthogonal 2-colorings (this even occurs within any given open neighbor- 
hood of 2*^). It is a trivial consequence that the same holds for /c-colorings for any 
A; > 2. A curious problem is to consider finite groups. Here the group G and the pa- 
rameter k both matter in determining the maximal number of pairwise orthogonal 
fc-colorings on G. 

Problem 11.2.1. For each finite group G compute the maximal number of 
pairwise orthogonal fc-colorings on G for all fc > 2. 

We obtained quite a few results involving almost equality —* , especially in our 
proof that all near 2-colorings are almost 2-colorings. The fact that a 2-coloring 
can be almost equal to a periodic element (which is equivalent to saying that there 
are groups without the ACP) is still a bit counter-intuitive and surprising. Even if 
we have given a complete and satisfactory characterization for all groups with the 
ACP, there are questions which appear to be only slightly more demanding than the 
ACP and which we do not know the answers to. For instance, the simplest group 
without the ACP is the meta-abelian group Z2 * Z2 (which can also be expressed 
as a semidirect product of Z with Z2). One can directly construct a 2-coloring x 
on Z2 * Z2 so that the result of turning ^(Ig) to 1 — x{\g) is a periodic element. 
However, we do not know if the 2-coloring x can be minimal. In general, we have not 
been able to construct any almost-periodic 2-coloring that turns out to be minimal. 

Problem 11.2.2. Is there a minimal 2-coloring on Z2 *Z2 that is almost equal 
to a periodic element? 

In the last chapter we considered some extension problems about 2-colorings. 
We showed that Z is the only countable group with the property that any extension 
of a 2-coloring on a subgroup is a 2-coloring on the whole group. We also completely 
characterized all subsets ^ C G for which an arbitrary function c : A ^ 2 can be 
extended to a 2-coloring on G. In this direction the ultimate question seems to 
be: which partial functions on G can be extended to 2-colorings on G? Here we 
mention a necessary condition that might be sufficient. 

Given a partial function c : G ^ 2 define [c] as follows. Let c* : G — > 3 
be defined as c*{g) — c{g) if <? G dom(c) and c*{g) = 2 otherwise. Then let 

[i = Fln2«. 

Problem 11.2.3. Given a partial function c on G, are the following equivalent: 

(i) c can be extended to 2-colorings on G; 

(ii) [icF(G)? 
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It is easy to see that (i)=>(ii). So the real question is whether the converse 
holds. 

We have seen that the set of 2-colorings always has measure zero and is always 
meager. Thus, in some sense, the set of 2-colorings is very small. However, on 
the other hand, we have shown that every non-empty open subset of 2*^ contains 
continuum-many 2-colorings with the closure of their orbits pairwise disjoint. This 
was even further strengthened in Section 110.21 So under certain viewpoints, the 
set of 2-colorings is large. The following two questions address other notions of 
largeness. 

Problem 11.2.4 (Juan Souto). For groups G in which a notion of entropy 
exists, what is the largest possible entropy of a free subflow of 2*^? 

Problem 11.2.5 (Juan Souto) . For a given group G, what is the largest possible 
Hausdorff dimension of a free subflow of 2'-^? 

Finally, the fundamental method has been seen to be a tremendously useful tool 
for the constructive study of Bernoulli shifts. In Chapter[7]we developed specialized 
tools which work in conjunction with the fundamental method in order to produce 
minimal elements of 2^ and also pairs of points of 2"-^ whose orbit closures display 
some rigidity with respect to topological conjugacy. There are likely other general 
constructions which combine with the fundamental method in order to produce 
more specialized elements and subflows of 2*^. The constructive methods in this 
paper would be of much more interest to the ergodic theory community if the 
following question were to have a positive answer. 

Problem 11.2.6 (Ralf Spatzier). Can the fundamental method be improved 
in order to construct a variety subflows of 2'-^ which support ergodic probability 
measures? 

11.3. Generalizations 

One of the most intriguing questions for us is: to what extent can the results 
of this paper be generalized? This takes many forms and can be probed in many 
directions. The most important direction, it seems to us, is to generalize results 
about Bernoulli flows to more general dynamical systems. 

Problem 11.3.1. Let G be a countable group acting continuously on a Polish 
space X. Suppose there is at least one aperiodic element in X. Does there exist a 
hyper aperiodic element? 

We do not know the answer even when X is assumed to be compact. In 
addition, for dynamical systems in which hyper aperiodic elements do exist, one 
can inquire about their density, orthogonality, etc. 

Recall that (2^)*^ is a universal Borel G-space. If X is a compact, zero- 
dimensional Polish space on which G acts continuously, then there is a contin- 
uous G-embedding (which is necessarily a homeomorphic embedding preserving 
G-actions) from X into (2^)'-^. Therefore, studying hyper aperiodic elements in 
(2'*)'' might be relevant to the above general problem, at least for the case when 
the phase space is compact and zero-dimensional. 

We are fairly certain that our methods used in this paper can be used to 
answer many questions about the space (2^)*^, although we have not worked out 
their details. 
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Also throughout the paper we have considered some variations of 2-colorings 
whenever it is convenient. For instance, for the concept of two-sided 2-colorings, 
it is trivial to note that for abelian groups they are identical to the concept of 
2-colorings. We also constructed examples of two-sided 2-colorings for the free 
groups, and examples of 2-colorings on free groups that are not two-sided. We have 
not attempted to systematically study this concept in conjunction with minimality, 
orthogonality, etc. Any such question is likely open. 

Yet another direction of generalization is to consider the concept of 2-colorings 
on semigroups (with the definition given by the combinatorial formulation of 2- 
colorings). Other than the results we mentioned about N nothing is known about 
their general existence and properties. 

Finally, the notion of hyper aperiodicity or 2-coloring can each be generalized 
to the context of uncountable groups and their actions. We do not know of any in- 
teresting connection between different formulations and any significant consequence 
they might entail. 

11.4. Descriptive complexity 

The most significant application of the fundamental method in this paper is 
the determination of the descriptive complexity of the topological conjugacy rela- 
tion for free Bernoulli subflows. Working in conjunction with the method Clemens 
invented in [C], we showed that, as long as the group is not locally finite, the 
topological conjugacy relation for free subfiows is always universal for all count- 
able Borel equivalence relations (this result was also independently obtained by 
Clemens). However, understanding the complexity of this relation restricted on 
minimal free subfiows has met significant challenges. The following very concrete 
problem is still open. 

Problem 11.4.1. What is the complexity of the topological conjugacy relation 
for minimal free subfiows of 2^? 

We also showed that, for locally finite groups G, the topological conjugacy 
relation for all subfiows of 2*^ is Borel bireducible with Eq. Moreover, the same 
is true when this relation is restricted on free subflows or minimal free subfiows. 
For general groups G, we only know that the conjugacy relation for minimal free 
subflows is always at least as complex as Eg in the Borel reducibility hierarchy. The 
general problem of determining their complexity is wide open. 

Problem 11.4.2. For an arbitrary countable group G that is not locally fi- 
nite, what is the complexity of the topological conjugacy relation for minimal free 
subflows of 2^7 
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